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PREFACE 


This book makes no claim to originality. Acknowledgments on 
a subsequent page and in the text indicate the many sources to which 
I am indebted, and there may be others, although I hope few, inadver- 
tently omitted. The book has been written primarily for the interest 
of writing it, and I trust that some of my own interest may have 
communicated itself to the printed page. 

An attempt has been made to preserve interesting historical material 
and to hold theory and practice as close together as possible. Detailed 
references are given throughout, in the hope that they may be useful 
to students who wish to read more widely. 

I have had much help^from Dr. G. E. Pringle, who has been re- 
sponsible for Chapter XVI, has made many valuable suggestions and 
has read the })roofs. I am also indebted to my former secretary, Miss 
Wright, for her careful and accurate work on the typescript and for 
preparation of the material for the illustrations. Finally, I am gi‘ateful 
to tlie household of the j>eaceful farm on a Norfolk river where, on 
annual visits, most of the book was written. 

A.W. 

Emmanuel Coll rue, 

Cambkidoe 


PUBLISHER’S NOTE 

This masterly text- book is now reprinted in its original form, having 
been first published in 1940 . Although there have been major develop- 
ments since then in the electrical techniques of sound reproduction, 
these are mainly the province of the electrical engineer. It was felt 
that a revision by another hand to cover the needs of both engineers 
and physicists would serve no useful purpose. 


March, 1960 
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CHAPTER I 


Wave Motion 

1. Nature of Wave Motion. 

The concept of wave motion is one of the most important in 
modern physics. We use it to elucidate and relate to one another 
not only the phenomena of sound but also those of light, wireless, 
X-rays and y-radiation. What does the term wave in its most 
general sense mean? We talk of waves on the sea, of waves caused 
by the wind on a field of standing barley, of a heat wave which is 
on its way from America, or a wave of crime spreading through the 
country. Have these uses of the word “ wave ” anything in common? 

In general, two requirements are implied: (1) a condition which 
is propagated, and (2) a medium through which the condition is propa- 
gated. In some cases the insistence on a medium arises from a desire 
to picture to ourselves hidden processes, which are familiar in other 
connexions, and in terms of which the observed facts of propagation 
can be described. Thus, free space has properties which allow the 
propagation of electromagnetic waves; we sometimes express this by 
saying that electromagnetic waves arc “ propagated in the ether ”, 
but when the relevant equations have been derived the behaviour of 
the waves can be deduced without reference to the properties of any 
material medium. 

Waves are classified according to the nature of the forces concerned 
in them. Sound waves are a special kind of elastic wave; these occur 
in media which have two properties, inertia and elasticity. If an 
element of the medium is displaced it must be subject to a restoring 
force tending to annul the displacement, and if the medium is to be 
capable of transmitting a train of waves it must possess inertia, so 
that when it is restor^ to its undisplaced position, the momentum 
which it has acquired may carry it through that position to a dis- 
placement opposite to the original one. If the waves are of constant 
t 3 q)e, i.e. if the various characteristics of a particular wave are un- 
changed during its propagation, then we can describe the propagation 
by assuming that all the particles or elements of the medium execute 
identical orbits in the same time, each element being a little later than 
its neighbour nearer the source and a little earlier than its neighbour 
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more remote from the source. In other words, the phase of the vibra- 
tion vari(^s continuously along the line of propagation. If the wave 
involves visible displacement the impression produced on an observer 
is that of a definite shape imposed on the medium and travelling with 
a definite velocity. 

2. Types of Wave. 

The orbits of the elements of the medium may vary enormously, 
giving different types of waves. The orbits may be linear and executed 
in the line of propagation. This is the case for sound waves in a fluid, 
for compressional waves along a spring, and, approximately, for “long’’ 
water waves in shallow water. Waves of this type are said to be longitu- 
dinal, On the other hand, the orbits, still linear, may be executed at 
right angles to the direction of propagation. This is the case for trans- 
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Fig. 1.1. — Wave travelling from right to left, due to particles describing circular orbits 
anticlockwise, e.g. wave on the surface of water 


verse waves along a stretched string. Waves of this type are said to be 
transverse. The orbits, however, need not be linear. In the case of 
waves on the surface of deep water the orbits are vertical circles about 
the undisplaced position. Thus, A, B (fig. 1.1) are undisplaced positions 
of water particles. A', B' are displaced positions at the instant when 
A is at the crest and B at the trough of a wave moving from right to 
left. The figure explains the fact, familiar to swimmers, that water 
at the crest of a wave is always moving forward, whereas that at the 
trough of a wave is always moving backward. Here the plane of the 
circle is parallel to the direction of propagation. In the case of tor- 
sional waves along a rod the orbits are again circular (or circular arcs), 
but now the planes of the circles are perpendicular to the direction of 
propagation of the waves. 

3. Displacement Curves. 

The form of a wave may be shown graphically by means of a dis- 
placement curve. This is a graph in which distance along the line of 
propagation is measured along the x-axis and the corresponding dis- 
placement along the y-axis. It enables the state of displacement along 
the line of propagation to be seen at a glance. For transverse waves 
the curve shows the actual displacements, but for longitudinal waves, 
where the displacements are in the line of propagation, we have to 
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apply a convention. It is usual to represent forward displacements by 
upward ordinates and backward displacements by downward ordinates. 
Thus if tbe curve shown in fig. 1.2 applies say to the transverse waves 
along a stretched string, OABCDE may represent the undisplaced 
position of the string, while OA'BC'DE' may represent the string as 
it transmits the waves at the instant chosen. The portion of the string 
from 0 to B is displaced upwards, from B to D, downwards, and so 
on. On the other hand, if the string is transmitting longitudinal waves 
(evoked by rubbing the string with resined cloth), or if OE represents 
a line of propagation of sound waves in air, then, interpreting the 
diagram in terms of our convention, we see that the portions of the 
medium normally lying between 0 and B are displaced forwards, 



Fig. 1.2. — Displacement diagram for a simple harmonic or sine wave 


those between B and D backwards, those between D and F forwards, 
and so on. The displacement curve in fig. 1.2 is a sine curve, corre- 
sponding to simple harmonic waves (p. 53), It is worth noticing that 
since each element of the medium describes the same vibration and 
these vibrations show a continuous change of phase as we pass from 
0 to D, the simultaneous displacements of successive elements are 
represented by the same curve as that which represents the successive 
displacements of any one element. Therefore if w^e regard OF as a time 
axis our displacement curve shows the successive displacements of any 
particular element of the medium. 

Continuing to apply our curve to waves in air, we see that since 
the layers from A to B are displaced forwards and those from B to C 
backwards, B must represent a compression. Similar reasoning shows 
that D represents a rarefaction. Since the curve at A' and C' is parallel 
to the cr-axis it follows that layers in the neighbourhood of A and C 
are displaced by the same amount. These are therefore places of 
normal density, and if we draw a curve to represent the variation of 
pressure along the line of propagation it will take the form shown by 
the dotted line, the pressure being in excess at B, in defect at D, and 
normal at A and C. 

If the waves are moving from left to right we can represent the 
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position at an instant later than the one originally chosen, by the 
thin line. The difference of the ordinates of the two curves at any 
point represents the change in displacement and is therefore propor- 
tional to the velocity. Obviously the velocity at A and C is zero. 
Between A and C the velocity is a forward one, greatest at B ; between 
C and E the velocity is a backward one, greatest at D. We thus see 
that all the elements in compression are moving forwards, the layer in 
maximum compression having the maximum velocity, and all the 
elements in rarefaction backwards, the layer in maximum rarefaction 



Fig. 1.3. — Relation between displacement, density and particle velocity 


again having the maximum velocity. Layers at normal density are at 
rest. The distribution of particle velocity and density for a progressive 
air wave is shown in fig. 1.3. 

4. Wave-Front and Ray. 

The wave-front may be defined as the continuous locus of the 
points in the medium which are in the same phase of their vibration. 
If the waves are emitted by a point source immersed in the medium 
the wave-fronts are obviously concentric spheres. If the source is very 
distant the radii of the spheres are very great and the wave-fronts 
become practically plane. After reflection or refraction the wave- 
fronts may assume different forms, but plane and spherical waves 
are the only ones we are much concerned with in the subject of sound. 

The ray is the path of an element of the wave-front. In the case 
of unobstructed sound waves the ray is always normal to the wave- 
front. If we use the analogy of a line of men on the march — like the 
waves on the surface of water, a good illustration of a wave in two 
dimensions — then the line of men represents the wave-front and the 
path of each individual man, which is ordinarily at right angles to 
the line, is a corresponding ray. Thus for plane waves the rays are 
parallel lines normal to the wave-fronts, while for spherical waves 
they are radii of the corresponding spheres. 
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6. Huyi^ens’ Principle. 

Huygens (1629-1695) stated a principle, applicable to all waves, 
which gives a simple method, although only an approximate one, of 
treating many of the phenomena of wave motion. The principle states 
that in a medium traversed by waves each point on a wave-front at 
any instant may be treated as the source of secondary wavelets. The 
subsequent position of the wave-front is obtained by constructing the 
envelope of the secondary wavelets due to point sources distributed 
over the initial position of the wave-front. Plainly we can use this 
principle to obtain the ordinary cases of propagation of waves. If 
we take a plane wave in any given position and apply the principle 
to find its position t seconds later, then about each point in the plane 
we describe a sphere of radius where c is the velocity of the dis- 
turbance in the medium. The envelope of these spheres — i.e. the 
surface that touches them all — is another plane parallel to the first 
at perpendicular distance ct from it. 

Two limitations have to be applied: 

(1) We must assume the secondary wavelets to be effective only 
where they touch their envelope, otherwise the disturbance would be 
distributed through the intervening parts of the medium instead of 
being concentrated in the new wave-front. 

(2) We must assume that there is no propagation backwards, 
otherwise we should be led to expect a second wave-front moving 
backwards and at a distance ct to the rear of the original position of 
the wave-front. 

The physical reasons for those restrictions will become clear later. 

6. The Inverse Square Law. 

Waves carry both momentum and energy, so that if there is no 
dissipation of energy in the waves and they are spherical waves 
diverging from a point, it follows that the energy crossing any unit of 
area at right angles to the direction of propagation must vary inversely 
as the square of the distance of the area from the source. In the case 
of light waves this gives us the well-known relation that the intensity 
of illumination of a surface is inversely proportional to the square 
of its distance from the source of light. Since the energy is as a rule 
proportional to the square of the amplitude, the amplitude is in- 
versely proportional to the first power of the distance from the source. 

7. Impact of Waves on an Obstacle. 

Here we have to distinguish two cases: 

(1) Dimensions of the obstacle large compared with the \mve-length . — 
In this case we get a reflected wave moving back from the obstacle, 
a shadow behind the obstacle, and a certain amount of diffraction or 
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bending round the edges of the obstacle. A small island in the ocean 
has calm water in its lee, although the waves may be seen spreading 
round both ends. The same is true of an artificial breakwater, 
and here the diffraction round the end is quite obvious. A perfect 
circular disc of the size of a threepenny-piece is a large obstacle for 
light waves, and if light from a pinhole is allowed to fall on a disc of 
this size it produces a circular shadow but with a bright spot in the 
centre, showing that diffraction has occurred. 

The curvature of the reflected waves will in general be different 
from that of the incident waves. A convex surface will increase 
convexity, a concave surface will diminish convexity, and a plane 
surface will leave the curvature unaltered. The reflection of a plane 



Fig. 1 .4. — Huygens’ construction for reflection of a plane wave AB at a plane surface AC 


wave from a plane surface can be deduced at once by applying Huy- 
gens’ principle. 

If AB in fig. 1,4 represents a plane wave incident on a plane surface 
AC, then the end B will continue to travel along the normal to the 
wave-front (the ray) EB, until it meets the surface at C. Meanwhile 
the secondary wavelet which started from A will have travelled a 
distance AH equal to CB. The reflected wave will be the envelope of 
a series of hemispheres representing the secondary wavelets generated 
as the wave reaches various points on the surface. The reflected 
wave-front is represented by the line HC, which makes the same angle 
with AC as the incident wave AB does. The incident and reflected 
waves are thus equally inclined to the reflecting surface and the rays 
are therefore equally inclined to the normal to the surface, i.e. angle 
i = angle r. 

If the incident wave is spherical we can draw the position AEB 
(fig. 1.6) which it would have occupied if the reflecting surface CD had 
not been there. To find the reflected portion of this wave we draw 
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any ray ORT. The distance RT is the distance that the secondary 
wavelet will have gone after the primary wave struck the surface 
at R and before its edges reached the position CA and DB. Accord- 
ingly, with centre R and radius RT we describe a hemisphere. If we 
do this for a number of rays we get a sufficient number of hemispheres 
to define the position of their envelope, which is found to be CFD, 
having the same curvature as AEB but in the opposite direction, i.e. 
the reflected wave appears to diverge from a point I on the normal 
to the surface and as far behind the surface as the original source 0 
is in front. In optical language, I is the image of 0, and as the waves 



Fig. 1.5. — Spherical wave reflected at a plane surface CD 


only appear to diverge from it and have never actually passed through 
it, it is a ‘‘ virtual ” image. If the construction is applied to the case 
of a concave reflecting surface and a wave diverging from a point 
distant from the surface by not less than half the radius of curvature 
of the surface, it is found that the reflected wave is convergent and 
therefore gives rise to a real image. 

(2) Dimensions of the obstacle small compared with the wave- 
length . — In this case the phenomenon is very different. No true re- 
flection takes place. If we watch waves impinging on the supports 
of a pier we see no sign of a “ shadow ” behind the pier. The waves 
seem to divide, pass and join again behind, giving no reflected waves 
and no sheltered water in the rear. Shadows are cast only by obstacles 
which are large in proportion to the length of the wave. Careful 
observation in the case of small obstacles, however, will often reveal 



8 


WAVE MOTION 


[Chap. 


the fact that the obstacle has become the source of a new set of waves 
spreading out in every direction. This is the phenomenon of scattering, 
which is very important in the case of light waves and gives rise to 
the blue of the sky, and, in the case of water holding fine particles 
in suspension, to the blue colour of many mountain lakes. (The latter 
must not be confused with the reflection of the blue sky.) 

8. Impact of Waves on the Surface separating two Media in which 
they travel with different Speeds. 

Here two sets of waves are in general produced: one, the reflected 
set, travels back again in the original medium ; the other, the refracted 
set, travels on into the second medium, with, in general, a change of 
direction. After what has already been said the reflected system of 
waves requires no further comment except that reflection may take 
place with change of phase If one end of a rubber cord is fixed 
to a wall, and we hold the other end in the hand and then give the 
hand an upward jerk, the corresponding upward displacement is 
propagated along the cord, but on reaching the fixed end it is suddenly 
transformed into a downward displacement and returns along the 
cord to the hand as such. The displacement and particle velocity are 
reversed. A similar phenomenon is familiar in the case of light waves 
and explains the black area seen in very thin films of transparent 
substances when viewed by reflected light. The phenomenon can 
be illustrated by means of various wave models. One of the simplest 
is that in which two lengths of rubber tubing joined end to end are 
suspended by vertical strings. One is filled with sand to increase its 
linear density. A wave transmitted from either end gives rise to two 
waves at the junction, one travelling on and the other back. When the 
original impulse is sent along the sand-filled tube it is reflected with 
the direction of displacement unchanged, but when sent along the 
empty tube it is reflected with the direction of displacement reversed. 
We shall find later that a pulse travelling up an organ pipe is reflected 
with the direction of displacement reversed if the end of the pipe is 
closed. If the end of the pipe is open the wave is reflected with the 
direction of displacement unchanged. 

The refracted system of waves can be illustrated using the analogy 
of a line of men (CA in fig. 1.6) on the march and approaching a boim- 
dary line (AB) between grassland and ploughed land. If (a) each part 
of the line is to be kept straight and (6) each man must always march 
at right angles to the line, then since the velocity on ploughed land is 
less than it is on grass, the line must swing round, taking the position 
HF, and travelling on with the wave-front parallel to this new direc- 
tion. The path of an individual man — i.e. a ray — is refracted as DAH. 

We can obviously use the same diagram for Huygens’ construction. 
If AC is the incident wave-front, the velocity of the wave in the 
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first medium, and Vg tilie velocity of the wave in the second medium, 
then the element C takes a time to reach F given by CF/v^. In this 
time the secondary wavelet starting from A travels a distance 
AH= X CFjv^, With A as centre and X CF/v-j^ as radius we 
accordingly describe a sphere. The plane, perpendicular to the plane 
of the paper, which touches this sphere and passes through F will 
be the refracted wave. 


E 



Fig. 1.6. — Refraction of a plane wave AC at a plane surface AB 


This is, of course, the method of derivation of Snells law for wave 
motion generally. From fig, 1.6 we have 

CF 

sini — sin DAN = sin CAB = 

AF’ 

ATT 

sinr = sinPAH = sinHFA = 

Ah 


. sini CF __ 

sinr AH 

or sini — /a sinr, 


where ft = 




9. Interference or Superposition. 

Interference or superposition is a very important phenomenon. It 
was first referred to by Thomas Young (1773-1829) in a letter written 
from Emmanuel College, Cambridge, in 1799. Writing again on the 
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same subject in 1804 he describes the phenomenon in terms of water 
waves: “ Suppose a number of equal waves of water to move upon 
the surface of a stagnant lake, with a certain constant velocity, and 
to enter a narrow channel leading out of the lake. Suppose then 
another similar cause to have excited another equal series of waves, 
which arrive at the same channel, with the same velocity and at the 
same time with the first. Neither series of waves will destroy the 
other, but their effects will be combined; if they enter the channel 
in such a manner that the elevations of one series coincide with those 
of the other, they must together produce a series of greater joint 
elevations; but if the elevations of one series are so situated as to 
correspond to the depressions of the other, they must exactly fill up 
those depressions and the surface of the water must remain smooth; 
at least I can discover no alternative either from theory or from 
experiment.” 

The extension of this principle means that the same portion of 
a medium may transmit simultaneously any number of different 
series of waves. These proceed independently, each undisturbed by 
the presence of the others, the displacement of the medium at any 
point at any instant being the algebraic sum of the displacements 
due at that instant to each separate wave system. It will be obvious 
from this that the use of the term interference to denote the pheno- 
menon is not very happy and that the term superposition is more 
suitable. The former term has undoubtedly arisen from the con- 
centration of attention on the points where the sum of the displace- 
ments is always zero and where, therefore, the medium is always at 
rest owing to the fact that it is transmitting simultaneously two or 
more sets of waves. It can easily be seen that if we have two sources 
vibrating in the same period and in the same phase the state of 
vibration will be the same at all points of the medium for which the 
difference of the distances from the two sources is the same. Thus if 
A and B are the two sources and P any point, then all points for which 
AP — BP has the same value will be in the same state of vibration. 
Now 

AP — BP = constant 

gives a rectangular hyperbola as the locus of P. Thus the loci of maxi- 
mum and minimum vibration are a series of rectangular hyperbolas 
with A and B as foci, if we consider the problem as a two-dimensional 
one. If we extend our consideration to three dimensions, the loci are 
hyperboloids of revolution obtained by rotating the curves about the 
line AB as axis. The interference fringes which vre ordinarily observe 
in the case of light are the intersections of these surfaces of interference 
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with the screen on which the fringes are examined or the plane on 
which the observing microscope is focused. 

In the case of light waves we cannot deal with single sources. A 
pinhole or slit includes a large number of such sources. Interference 
cannot be observed when two independently illuminated pinholes or 
slits are used, since, on the wave theory, each point source on the one 
produces interference with each point source on the other and confusion 
results. The two sources are said not to be “ coherent If, however, 
one pinhole or slit only is used and the light is taken by two paths 
to the point at which the interference is to be observed, then each 
point source produces its own interference effect at the point of 
observation, and if the sources are not too large fringes will be visible, 
although some confusion may appear. The confusion sets a limit to 
the size of source admissible. In the case of sound waves, however, 
individual sources may be used; two such sources will be coherent 
even if independent, and will give rise to interference effects. 

10. Diffraction. 

Diffraction is the name given to the departure from rectilinear 
propagation shown by light under certain conditions. If the truth of 
Huygens’ principle is assumed, the difficulty is not to account for 
these departures but to account for the law of rectilinear propagation. 



This law of propagation obviously holds closely in the case of light, 
and if it breaks down manifestly in the case of sound, how can both 
sound and light be explained in terms of wave propagation? It was 
this line of argument which considerably delayed the acceptance of 
the wave theory of light after the wave theory of sound had been 
established. 

If we take first the case of the shadow thrown by the edge of an 
obstacle it is clear that if 0 (fig, 1.7) represents a source of waves and 
CA an instantaneous position of a wave-front originating at 0, then 
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the region between AD and AB which lies inside the “ geometrical 
shadow must receive waves from points on AC, by Huygens’ principle. 

The case of the divergence from a slit is still more interesting. 
Let AB (fig. 1.8) represent a slit on which plane waves are incident 
from the left. Let C be the mid-point of the slit. Then AB may be 
regarded as the instantaneous position of a wave-front and each point 
on it may be regarded as the source of a set of secondary waves. With 
centre B and radius A, the wave-length of the disturbance, describe 
the arc of a circle and from A draw AD to touch this arc. Join BD. 
Then in the direction BD the waves from B start a wave-length behind 
those from A, while those from C start half a wave-length behind 



those from A. The waves from C and from A are thus mutually de- 
structive, and for each point source in AC we can find a corresponding 
point source in CB for which this holds; so no wave motion is pro- 
pagated in the direction BD which makes with the normal to the 
slit an angle 6 such that sin0 = A/c, where e is the width of the slit. 
A more rigorous discussion of the phenomenon shows that some wave 
motion is propagated in directions more oblique than this, but the 
proportion is very small, so that broadly speaking all the energy propa- 
gated lies within a wedge whose edge lies parallel to the slit and whose 
semi-angle is sin~^A/6. 

We see, then, that for a given wave-length the narrower the slit, 
the wider the divergence, and for a given width of slit the longer the 
wave-length, the wider the divergence. If e = A, then 0 = 7r/2 and 
the waves spread from the slit in all directions. For e < A there is 
no real value for 9 and we still get a spread in all directions. 

We can also see from elementary considerations that the shadow 
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of a circular disc presents an interesting case. If we place a source 
of waves on the axis of the disc we can consider the effect of the waves 
at a point on the axis on the opposite side of the disc. If we suppose 
Huygens’ point sources to be distributed round the edge of the disc 
the secondary waves from these all arrive at any point on the axis 
of the disc at the same time and therefore in the same phase. It follows 
that at the centre of the geometrical shadow there must be considerable 
disturbance. This is manifested in the bright spot at the centre of the 
shadow of a circular obstacle, the existence of which was demonstrated 
by Fresnel (1788-1827) and Arago (1786-1853). 

11. Wave Models. 

! 

Many of the phenomena associated with wave propagation become 
much more intelligible when we study the behaviour of suitable models. 
The fundamental distinction between the motion of the wave and the 
motion of the medium may be made clear by the use of the model in 
fig. 1.9 (p. 14). If the handle seen on the right of the figure is turned, 
each of the balls at the top performs an up-and-down motion. These 
motions are not simultaneous, but each ball is at a stage of its motion 
just a little earlier than its neighbour on one side and a little later than 
its neighbour on the other side. The result of a continuous turning 
of the handle is that waves appear to pass along the top of the model 
horizontally, whereas each ball is clearly seen to be moving up and 
down in a vertical path. The distance which a ball moves from its 
me^n or average position is called the amplitvde, and it is obvious 
that all the balls have the same amplitude. The number of complete 
vibrations executed in one second is called the frequency, and the 
distance between any two consecutive balls in the same stage of vibra- 
tion is called the wave-length. Thus in the case of the waves illustrated 
by the model or in the case of water waves, the wave-length is the 
distance from crest to crest or from trough to trough. 

A very important relation exists between the frequency, the wave- 
length, and the velocity, which may easily be deduced from the model 
and is true for all kinds of wave motion. If we fix our attention on a 
ball which is at the highest point of its vibration and therefore coincides 
with the crest of the wave, and watch it while it performs a complete 
vibration, we shall find that it now coincides in position with the 
crest of the next wave, the crest of the first wave having moved 
through one wave-length. If we call the frequency/, then in one second 
the ball will have described / complete vibrations and the original 
crest will be / wave-lengths away. It will thus have travelled a distance 
/A, where A is the wave-length; but since this is the distance travelled 
in one second, it is the velocity of the wave c, so that we have 

c=/A. 
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If we now turn to the model shown in fig. 1.10 we can illustrate some 
further properties of w^ave motion. It consists of a row of wooden 
laths so connected that if one is disturbed it transmits its motion to 
the next, and so on. It comes nearer to an actual wave than the model 
previously used, since the displacement is conveyed from lath to 
lath instead of being communicated separately to each as in the case 



Fig, 1.9. — Wave model 


of the balls. If the end lath is displaced, a wave of displacement 
travels from end to end of the model. If the lath at the other end is 
fixed, the wave does not stop, but is reflected from it and even if 
the end lath is left free, reflection still takes place. This illustrates 
the reflection of a wave, which, for elastic waves, takes place not 
only at a rigid boundary but at any boundary which separates two 
media in which the wave travels with different speeds. Thus a soimd 
may be reflected not only from a wall or cliff but from a fog bank, the 
fog serving to make visible two regions of air in which the conditions 
of temperature and moisture are different, and in which, therefore, 
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sound waves travel with different speeds. In the case of a wall, how- 
ever, the reflection is almost complete, whereas in the case of a fog 
bank a considerable proportion of the energy passes on into the fog 
and only a fraction is reflected. A similar instance in the case 
of light waves is the reflection of sunlight from a glass window. 
When the sun is low the reflection is easily seen by observers at 
a considerable distance from the window, while people inside the 
room receive the light which has been transmitted and are 
hardly conscious that the brightness of the sunshine has been 
impaired at all. 

Let us now produce simultaneous displacements of the laths at 
the two ends of the model. Two waves immediately start towards 



Fig. 1.10. — Vinycomb wave model 


tlie centre, meet, pass, and continue their journey unchanged. At 
the point where they meet we get the superposition already referred 
to. They do not interfere with one another, but the displacement of 
any lath is the algebraic sum of the displacements due to each wave 
separately. Thus if both waves are produced by upward displacements, 
then where they meet the laths will have a double upward displace- 
ment; but if one wave carries an upward displacement and the other 
an equal and opposite downward displacement, then where they meet 
the laths will be undisplaced but the progress of the waves will not 
be arrested. 

^ The principle of superposition has important practical results. In 
Its application to soimd waves it means that the air in a room is capable 
of carrying many waves at once, so that during an orchestral per- 
formance, for instance, the waves produced by the violins do not 
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destroy the waves produced by the wind instruments, and we can 
listen to either at will. In the case of light it means that 500 people 
in a room can be looking at 500 difEerent things, and the waves from 
each object will find their way to the corresponding eye without being 
affected by the other sets of waves. 

Another aspect of the phenomenon can also be illustrated by this 
model. If we apply a continuous vibration to the end lath and fix 
the lath at the farther end, waves are transmitted along the model 
and reflected from the farther end. These two sets of waves become 
superposed so that some laths remain permanently at rest, while 
midway between these we have laths in maximum motion. 

The way in which this so-called stationary vibration arises may 
perhaps be made clearer by referring to the diagram in fig. 1.11. Let 
the two broken lines represent two equal sets of waves moving in 
opposite directions, and at the instant shown on the top line having 
their crests and troughs coincident. The continuous line shows the 
resultant displacement of the medium. Subsequent positions of the 
waves and the resultant displacement of the medium at successive 
intervals of a quarter period are shown in the three lines below. It 
will be noticed that at the points A, E, G the displacement is always 
zero, either because the displacement due to each wave is zero or 
because the displacements due to the two waves are equal and opposite. 
At C and F, on the other hand, the displacement is first a double 
displacement upwards, then zero, then a double displacement down- 
wards, then zero again, and finally a double displacement upwards. 
At B and D the motion is similar but the amplitude is less. The points 
of zero motion are known as nodes, and the points of maximum motion 
as antinodes. 

So far we have been considering models which illustrate transverse 
waves, that is to say, waves in which the motion of the particles of 
the medium is at right angles to the motion of the waves. There is 
another type of wave, however, the type to which sound waves really 
belong, in which the motion of the particles of the medium is a to-and- 
fro vibration in the direction in which the wave is travelling. This 
tjrpe may be very simply illustrated by means of a long spiral of copper 
wire, each turn of which is suspended by two threads from a wooden 
frame, so that the spring hangs horizontally. If the diameter of the 
spiral and the tlficlmess of the wire are suitably chosen, then when 
one end of the spring is struck with the hand, a slow wave of com- 
pression travels to the farther end of the spring. This wave is produced 
by a to-and-fro vibration of the turns of the spring. If the other end 
of the spring is either free or fixed the wave will be reflected. If similar 
waves are started simultaneously from opposite ends, then as in the 
case of the previous model they pass through one another and continue 
their journey unchanged. 
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With this model also we can illustrate stationary waves by apply- 
ing a to-and-fro motion to one end of the spring while the other is 
held fixed. By careful timing of the vibration the spring can be made 



to break up into a well-marked series of nodes and antinodes, the coils 
at the antinodes moving to and fro between two adjacent nodes. 

As the longitudinal type of vibration is the one with which we have 
to deal in sound waves, it may be worth while to give one further illus- 
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t ration of it in a way which enables us to study the motion in detail. 
Fig. 1.12 illustrates the arrangement known as Crova^s disc. Circles 
with radii increasing by a uniform amount are drawn with the equi- 
distant points shown on the small circle as centres. If now a slit is 
placed along a radius as shown by the dotted lines and the disc rotated, 
waves will appear to pass along the slit. For purposes of projection 



the circles are drawn on glass and the arrangement placed in the 
projection lantern. The lines crossing the slit may be taken to represent 
invisible boundaries between layers of air through which sound waves 
are being propagated. Where the distance between the lines is small 
the air will be compressed; where it is rather large it will be rarefied. 
If we fix our attention on any particular layer, say the layer which is 
most compressed, and move the model slowly, we shall see that the 
compressed layer is moving forward in the direction of the wave and 
gradually expanding. Its forward motion becomes slower and ceases 
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altogether when its density becomes normal (i.e. at its average width). 
As it becomes rarefied it moves backwards with increasing velocity, 
until when it has its greatest width (corresponding to greatest rare- 
faction) it is moving backwards with its greatest speed. Still moving 
backwards, but with gradually diminishing speed, it becomes less rare- 
fied, until when its density is normal it is again at rest. It now begins 
to move forward, its density gradually increasing, until it comes to 
the point at which its density and forward motion are again a maxi- 
mum, which is the point from which we started. 

12. Long Water Waves in a Canal. 

The fundamental properties of wave motion may be illustrated by 
considering long water waves in a canal. The restriction imposed is 
that the vertical motion of the water may be neglected. A wave of 
this kind may be supposed to originate in the sudden stoppage of 
water flowing through the canal with 
velocity v. This will result in a rise 
of water against the barrier as the 
velocity of the water is reduced 
to zero, and the change of level 
between the water now at rest and Fiff. 1 .13. — Formation of long water wave 

the water still in motion will be SlTwInl J'ght'roTft 
propagated as a disturbance of the 

type in question with a velocity V which is quite distinct from that 
of the water. This wave of arrest is shown in fig. 1.13. 

The same type of wave may be produced with the water originally 
at rest by a movement of the barrier from left to right for a limited 
time with velocity v. The water in front of it rises in level and acquires 
the same velocity v, A wave of starting will travel with velocity F. 




Fig. 1.14. — Formation of long water %vave by the starting of a limited portion into motion 


When the barrier stops the water level in front of it falls to the original 
level and the water there resumes its state of rest. A wave has been 
generated which will continue to move away with velocity F, the w^ater 
just in front rising in level and acquiring velocity v while the 
water behind loses its velocity and resumes its undisturbed level 
(fig. 1.14). 

If after being moved forward for a limited time the barrier is moved 
back with a velocity v for an equal limited time the water in contact 
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with it will acquire a backward velocity and will fall in level. We 
shall now have a complete wave being propagated from left to right 
as shown in fig. 1.15. Note that in the elevation the velocity of the 
water is in the same direction as that of the wave, whereas in the 

depression it is opposite to 
that of the wave. 

In an actual case we should 
not have sudden changes of 
velocity and the comers of the 
wave would be rounded, but 

Fig. l,15.-Formation of complete wave CSSeutial mechauism of 

the wave is illustrated in the 
case we have taken. It enables us to distinguish clearly between v, 
the temporary velocity of the water (the “ particle velocity and F, 
the velocity of the wave. It also shows us that the energy of a wave 
is made up of a distortional phase (the change in level) which is 
potential and a velocity phase which is kinetic. It can be shown 

that the energy is equally 
distributed between these 
phases, and this, we shall 
find later, is a general pro- 
perty of wave motion. 

The long water wave is 
actually an important factor 
in the disposal of floodwater. 
A sudden accession of water 
due to heavy local rainfall 
may cause a local rise in 
level. This change in level 
is propagated as a long 
wave, and at points down- 
stream a measurable rise in 
level may be noted long 
before the actual flood water 
carrying solid matter in 
suspension makes its ap- 
pearance. 

Let us next consider how 
these waves may be used to 
illustrate superposition. First let us consider two waves of elevation 
approaching one another as in fig. 1.16. Where they overlap their 
elevations ^1 be added together and, the velocity of the water being 
opposite in the two waves, the resultant velocity will be the difference. 
If the waves are equal we shall get a double elevation with no velocity. 
Presently we get the two elevations completely overlapping as shown. 
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Fig. 1.16. — Superposition of two waves of elevation 




LONG WATER WAVES 


21 


At both ends of the elevated portion the water level begins to drop, 
the water acquires a velocity v directed away from the elevated portion 
in each case, and the two ^ ^ 

waves move ofE in opposite t ■ - - » ^ 

directions. The result is j tr , ^ , ; 

exactly the same as if the | ! I ! 

two waves had passed 

through one another with- , , — - — 

out interference. An exactly i zv ^ 

similar argument applies to ! 

two waves of depression. ^ ^ 

If one of the waves is , , — 1 — 

an elevation and one a j ^ j„^| i sttii 

depression the successive 1 1 

changes are shown in fig. 

1.17. Here at the instant , , — crrmr.^ 

of exact overlapping the | ^ j suil 

water has double velocity ' * — ^ ^ — 

and normal level, and again ^ 

the final result is the same 

as if each wave had passed through the other unchanged. It is 
worth noting that the wave which is all potential energy in fig. 1.16 
and the wave which is all kinetic _y_^ y 
energy in fig. 1.17 in each case | ^ 

resolves itself into two waves ^ j | 

travelling in opposite directions | j | 

with energy partly potential and M 1 1 

partly kinetic. p 

Some interesting points are ^ 

brought out if we consider the | . 

reflection of the wave from a | j 

boundary. Suppose first that the ^ ' 

boundary is rigid. The water begins p 

by piling itself up to double height | j j 

in front of the boundary, losing its | still I tr ^ j stui 

velocity, and a wave of stopping | j j 

moves back from the boundary to 

meet the wave of starting which is | -V 

still approaching it (fig. 1.18). We 'f. 1 \ 

next have a still portion of water | suii » j suu 

in front of the boundary, half the ^ ! i 

length of the wave and of double Fig. I.is.—Reflection of water wave from 

elevation. From the plane separat- * boundary 

ing this mass of water from that at normal level two waves of 

starting move in opposite directions, and finally a reflected wave 


Fig. 1 . 18 . — Reflection of water wave from 
a rigid boundary 
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in which the elevation is the same as that in the incident wave 


but which consists of water moving in the opposite direction, travels 
away from the boundary. The distortion remains the same but the 
particle velocity has been reversed. An exactly similar result is ob- 
tained with a wave of depression; it is reflected as a depression but 
with the particle velocity reversed. The reflection can be analysed 

if we imagine a wave starting 



from the boundary at the in- 
stant that the incident wave 
reaches it and being superposed 
on the incident wave. Since 



Fig. 1,19. — Reflection from a free boundary 


the water in front of the 
boundary must be permanently 
at rest, the velocity of the 
water in the reflected wave 
must be opposite to that in the 
incident wave, and as the wave 
is travelling in the opposite 
direction it must be an eleva- 
tion. If we imagine the re- 
flected wave to pass through 
the boundary from left to right 
and the incident wave to pass 
through the boundary from 
right to left and superpose the 
two we get the succession of 
forms shown in fig. 1.18. 

An illustration of an im- 
portant set of conditions for a 
reflecting boundary may be 
obtained if we consider the end 
to be closed by a gate devoid 
of inertia, free to move and 
held in position only by a 
balancing force F, ^’^en the 
wave reaches the gate the latter 


will be set in motion with velocity 2vi v due to the momentum of the 
water and v due to the unbalanced pressure caused by the elevation 
of the water (fig. 1.19). The water in front of the gate will acquire this 
same velocity. Next we have the entire energy of the wave in the 
kinetic form — half the length of water now having a doubled velocity. 
We can see this also by noticing that when the wave first reaches the 
gate, part of the water is moving with velocity 2v whereas part is still 
moving with velocity v. The surface separating these parts travels 
back to meet the wave of arrest which is the rear boundary of the 
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incident wave. The two meet halfway. The gate continues to move 
with velocity 2i;, but from the boundary between the still and moving 
water we have a surface, moving to the right with velocity V, at which 
the water level drops and the water acquires velocity v, and a surface, 
moving to the left with velocity F, at which the water level drops and 
the velocity changes from 2^; to v. When this latter surface reaches 
the gate the momentum of the water and the diminished pressure on 
the gate due to the lower level will balance one another and the gate 
will cease to move, the water filling itself up to its original level and 
coming to rest. The gate remains permanently displaced. 

It will be noticed that this time the elevation in the incident wave 
becomes a depression in the reflected wave and the velocity in the 
incident wave is the same in direction as the velocity in the reflected 
wave. The distortional phase is reversed and the velocity phase is 
unchanged. This is exactly analogous to the reflection at the open 
end of an organ pipe. 

Like reflection at a rigid boundary, this case might have been 
discussed by supposing a reflected wave to start on the left of the 
boundary as the incident wave meets it. Since the gate cannot with- 
stand any difference of pressure on its two sides, the reflected wave 
must have a depression which when superposed on the elevation will 
give equilibrium level. For a depression travelling to the right, how- 
ever, the velocity in the wave must be from right to left, so that the 
wave to be superposed on the incident wave (i.e. the reflected wave) 
must be a wave of depression with the particle velocity in the same 
direction as in the incident wave. 

13. The Ripple Tank. 

The properties of wave motion may be admirably illustrated by 
means of water ripples, and a ripple tank is an indispensable part 
of the equipment of every lecturer on the subject. Ripples on the 
surface of water travel fairly slowly and are easily followed by the eye. 

For demonstration purposes the tank is usually fitted with a glass 
bottom, through which light may be projected vertically and then 
reflected horizontally on to a screen, giving a shadow of the ripples. 

Huygens* principle may be illustrated by taking a straight stick 
with a series of nails driven into it at equal distances apart. If the 
stick is held with the nail heads just immersed in the water and lifted 
so that they break the surface simultaneously, then the point where 
each nail head breaks away from the surface becomes the centre of a 
circular system of ripples. These systems combine to give straight 
ripples parallel to the length of the stick. 

The phenomena of reflection, refraction and diffraction can all be 
illustrated quite simply by groups of waves, plane waves being 
generated by displacement of a straight piece of wood and circular 

(f7W) 3* 
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waves by touching the surface of the water with a finger or by removing 
the finger. 

Reflection of plane waves from a plane surface may be illustrated 
by using a straight piece of wood to generate the waves and another 
similar piece to act as reflector. It will be noticed that the incident 
and reflected waves are equally inclined to the reflecting surface. Still 
using the plane surface as a reflector, we can generate circular ripples 
and note how they are reflected with the curvature reversed, so that 
they appear to come from a point behind the reflecting surface which 
is the virtual image of the source. If a strip of sheet zinc is bent into 
a circular arc it may be used as a concave mirror; when presented to 
a series of straight ripples it will converge them to a point, clearly 
shown, which is the principal focus. If this point is touched by the 
finger, circular ripples will start and after reflection emerge from the 
mirror as straight ripples. If the circular ripples are started from a 
point farther from the reflecting surface they will be rendered con- 
vergent by the mirror and will give a real image; if they are started 
from a point nearer to the reflecting surface they will be divergent 
and after reflection will appear to come from a virtual image behind 
the reflector. If the convex side of the reflector is used, the reflected 
waves are always divergent and the image always virtual. 

The phenomena of refraction may be illustrated by taking advan- 
tage of the fact that the speed of ripples is less in shallow water than 
in deep water. If we immerse a plate of glass so that it is just below 
the surface of the water and allow straight ripples produced as before 
to impinge on its edge at an angle, then the line of each ripple will 
appear broken and the refraction will be clearly seen. The change of 
curvature of spherical waves on passing into another medium can be 
illustrated by using circular ripples. The focusing effect of a lens as 
for light waves may be illustrated by laying a lens on the bottom of 
the tank and just covering it with water. Ripples passing over it 
move most rapidly at its edges and least rapidly at the centre. Straight 
ripples thus become converging circular ripples. 

The important phenomena of diffraction may be illustrated by 
examining the effect on straight ripples of apertures and obstacles 
of different sizes. Using two pieces of wood placed end to end with a 
small space between, we find that the ripple spreads out on the other 
side as a circular ripple with the aperture as centre. There is no notice- 
able ‘‘ shadow On the other hand, if we place the pieces of wood 
farther apart, there is some spreading of the ripples into the geometrical 
shadow but the wave continues in the main as a plane wave. On 
placing a small obstacle — comparable with the wave-length — in the 
path of straight ripples the ripples are practically unaffected. There 
is no sensible shadow. If the obstacle is large, we get some spreading 
round the ends, but quite a marked shadow. 
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14. The Ripple Tank with Intermittent Illumination. 

All these phenomena with ripples may be more easily demon- 
strated by projection if we use intermittent illumination. One prong 
of a large tuning-fork of low frequency (say 30) carries a light frame- 
work to which are attached two wires dipping into the water in the 
tanlc. The fork is electrically maintained and is used to drive a phonic 
wheel. The early forms of this wheel were due to Rayleigh ♦ and to 
La Cour. A soft iron wheel with teeth revolves between the poles 
of an electromagnet. This electromagnet is excited by a current in- 
terrupted by the fork. If the soft iron wheel is rotating at such a speed 
that every time the electromagnet is excited a pair of teeth is exactly 
opposite the poles, then the speed of the wheel is unaffected by the 
electromagnet. If the rotation of the wheel tends to slow down, then 
a pair of teeth will just fail to reach the correct position at the instant 
of excitation of the magnet and the magnet will therefore exert a 
forward pull on the wheel, tending to accelerate its rotation. The 
converse will happen if the wheel is moving a little too fast. Thus 
the wheel tends to settle down to a steady speed controlled by the 
fork. The principle is similar to that used in the synchronous clocks 
now on the market, which are excited by the alternating current of 
the mains supply. 

If the period of the fork is T and there are n teeth on the wheel, 
then the period of the wheel is nT. If the wheel carries a cardboard 
disc perforated with n holes through which the light used for project- 
ing the ripple pattern passes, the pattern will be illuminated at inter- 
vals T, which is the period of the fork and therefore the interval of 
time during which one ripple exactly succeeds another. 

A much more efficient form of phonic wheel devised by A. B. Wood 
and J. M. Ford I is shown in fig. 1.20 (p. 26). The rotor, mounted on 
ball bearings, is made from a bar of soft iron with ten slots machined 
longitudinally. The stator consists of a soft iron cylinder and two soft 
iron discs each with ten teeth corresponding to the ten bars of the 
rotor. The exciting coil, connected through the fork contacts, is a 
single former-wound coil which lies within the iron shell of the stator 
and completely surrounds the rotor. 

If one dipping wire only is used on the frame attached to the 
prong of the fork, circular ripples are obtained. If the two wires are 
used together, two simultaneous sets of circular ripples are produced. 
If a thin strip of wood is fastened across the two wires with its edge 
just dipping into the surface, plane waves are obtained. 

Instead of a dipping wire attached to the prong of a tuning-fork, 
R. W. Pohl has used a metal rod at the end of a lever moved by an 


* Nature, Vol. i8, p. iii (1878). 


tyowrw. Set. Inst., Vol. i, p. i6o (1924). 
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eccentric. Figs. 1.21-1.2C are from photographic positives of ripples 
so obtained.* 

The phenomena of superposition may also be illustrated. In this 
case the intermittent illumination is no advantage — rather the reverse. 
The stroboscopic illumination renders the ripple pattern steady; but 
the interference pattern is steady in any case. It is therefore better 
distinguished when the ripples are moving. If the two dipping wires 
are used, then we shall see on the surface of the water the characteristic 
hyperbolic lines (p. 10) with the points of contact of the wires as foci. 



From Sound, Wood (Bell ti Sons, Ltd.) 
Fig. 1.20. — Phonic motor parts 


If one dipping wire is used, and a plane reflector, we shall get inter- 
ference between the direct and reflected systems. In effect we may 
treat this as interference of the waves from the real source with waves 
from its virtual image. The system of interference fringes is the same 
as before, although of course only half the system is obtained. 

For lecture demonstration purposes there is something to be said 
for dispensing with the phonic wheel. If the disc which interrupts 
the illumination is rotated by a separate electric motor the speed of 
the motor may be adjusted until the ripples are almost stationary. 
If it is then slowed up very slightly — by lightly touching the driving 
band, for instance — the ripples will move slowly in the proper direction 
and their changes of form may be followed in detail. 


• R. W. Pohl, Physical Principles of Mechanics and Acoustics (Blackie & Son, Ltd., 1932). 
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Fig. 1.21.— Diffraction through wide slit Fig. 1.22.— Diffraction past large obstacle 




Fig. 1.24. — Diffraction past small obstacle 



Fig. 1.26. — Reflect too 



Fig. 1.26. — Convergence by water lena 
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15. The Ripple Tank and the Acoustics of Buildings. 

The ripple tank has been used for the illustration of acoustical 
phenomena by Davis,* and, in particular, for the study of problems 
in architectural acoustics at the National Physical Laboratory. 

A model of the section of the building to be tested is made in wood 
of sufficient thickness to project above the surface of the water. Ripples 
are then started at a point corresponding to the position of a sj)eakcr, 
by a ‘‘ dipper ” maintained electromagnetically. The progress of the 
direct and reflected ripples can be followed as they spread through 
the space enclosed by the model. 


16. The Bird-call and the Sensitive Flame. 

The properties of wave motion so far discussed may be illustrated 
by using a generator of sound waves of very short wave-length and an 
instrument for detecting them. As a source we may use the bird-call 



described by Rayleigh (1842-1919). It consists of a brass tube A (fig. 
1.27) about 1 in. in diameter, closed at one end by a piece of copper 
foil C perforated centrally by a hole about 2 mm. in diameter. Into 
the other end of the tube is fitted a supply pipe which can be attached 
to a cylinder of compressed air. Fitting tightly over this tube is 
another brass tube B in which is inserted a triangular piece of copper 
foil D, also perforated centrally with a hole about 2 mm. in diameter. 
This tube is then slipped on to A xmtil the two perforated sheets of 
copper foil are very close together. The pitch of the note given by the 
arrangement can be adjusted by slightly altering the position of B 
and by modifying the pressure of the air introduced through the 
supply pipe. The arrangement can easily be made to give a note 
above the limit of audibility. 

The use of the bird-call has certain disadvantages. It is very 
susceptible to changes of the blowing pressure of the air, which give 
rise to sudden and disconcerting changes of pitch and therefore 
of wave-length. A source which can be much more rigorously con- 
trolled is the valve-operated telephone used by S. R. Humby.*}* This 


• Proc. Phys. Soc., Vol. 38, p. 239 (1925-6). f/Voc. Phys. Soc,, Vol. 39, p. 435 (1927). 
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apparatus consists of a telephone receiver placed in the plate circuit 
of a three-electrode vacuum tube producing oscillatory currents of 
the desired frequency. The circuit can be tuned by a variable capacity 
and the intensity can be controlled by means of a resistance box used 
to shunt the telephone earpiece. The inductance has 1500 turns of wire 
wound as a coil of mean diameter about 3 in. The condenser has a 
maximum capacity of about 0-01 microfarad and the high-tension 
battery gives about 60 volts. This arrangement gives frequencies of 
4000 to 16,000 cycles per second. 

To detect the waves given by this source it is convenient to use a 
sensitive flame. It is a well-known fact that if a water tap is turned 
on slowly the resulting jet is smooth and falls in what looks like an 
unbroken column. If the pressure is increased a point is reached where 
the jet breaks up and the water splashes out irregularly. This is due 
to the fact that when a fluid passes through a tube there is a critical 
value of the velocity at which the motion ceases to be streamline 
motion, the fluid breaks up into eddies and the flow becomes irregular. 
A similar phenomenon was familiar to users of the old batswing gas 
burner. The phenomenon was used by Thomas Young for the detec- 
tion of sounds. He drove air, impregnated with smoke, through fine 
nozzles at velocities just below the critical value and found that the 
disturbance of the air surrounding the jet caused by high-pitched 
sounds breaks up the streamline motion of the issuing air. When 
the source of the sounds is removed the jet resumes its smooth motion. 

The phenomenon becomes still more striking when a jet of gas is 
used and ignited to show its form. If the pressure of the gas is slowly 
increased from a small value it forms a smooth steady flame of gradually 
increasing height, but soon a value of the pressure is reached for which 
turbulent motion sets in. The flame now “ roars ’’ and becomes very 
much shorter. In some cases it forks and shows two tongues. The 
nozzle is made by drawing down thick-walled glass tubing. Several 
nozzles may have to be made before a suitable one is obtained. The 
flame is extremely sensitive to the rattling of keys and the jingling of 
coins. In favourable cases it is also sensitive to the tick of a watch 
and if a suitable poem is recited to it, it will pick out all the sibilants 
and respond only to these. This sensitive flame was accidentally dis- 
covered by Leconte * and was subsequently investigated by Tyndall.f 
He extended his experiments to unlit gas jets made visible with smoke, 
and concluded that the effect of the sounds was to precipitate a break- 
down into vortex motion which was already imminent if not incipient. 
Rayleigh % made further investigations and showed that when a 
sensitive flame is used to explore stationary waves it responds at the 
displacement antinodes and not at the pressure antinodes, being in 

• Phil. Mag.^ Vol. 15, p. 235 (1858). f Sound, p. 250 (Longmans, 1895). 

t Theory of Sound, Vol. 2, p. 402 (Macmillan, 1896). 
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this respect different from the ear. He found further that the use of 
stopcocks in the supply pipe tends to diminish sensitiveness by produc- 
ing premature flaring. 

A detailed study of the sensitive flame has been made by Jordan and McCJung.* 
They used tapered metal nozzles fitted into rubber tubes, the diameter at the 
entrance end being 0 08 in, and at the nipple 0*044 in. They were able to obtain 
flames stable under a pressure giving a height of flame of 30 in. They emphasize 
the importance of a perfectly circular orifice. Any failure to secure this condition 
results in the flame breaking down before the condition of great sensitiveness is 
reached. Smoothness, particularly at the orifice, is also essential and any obstruc- 
tion or tap near the nozzle may greatly diminish the sensitiveness. 

The jets used by Humby were of glass, the diameter of the tubing used being 
about 1 cm. and the diameter of the orifice about 0*1 cm. At the pressure of the 
ordinary gas supply (about 10 cm. of water) these jets were found to be sensitive 
to the note of the telephone with a frequency of 11,000, corresponding to a wave- 
length of about 3 cm. 

A further study by G. B. Brown f confirms Rayleigh’s view that the effect of 
stopcocks is bad and traces their influence to the inevitable hissing as the gas 
passes the constriction. It is for this reason that the use of gas cylinders is so 
often ineffective. The adverse effect can be eliminated by packing the supply 
pipe loosely with cotton- wool near the jet. Brown also confirms Rayleigh’s earlier 
observation that jets may show a marked asymmetry, being sensitive to sounds 
whose sources lie in one vertical plane through the jet and comparatively insen- 
sitive to soimds whose sources lie in a vertical plane at right angles to this. The 
experiments were extended to jets of air impregnated with tobacco smoke; these 
jets were found to be (a) more sensitive to draughts, (6) sensitive at lower pres- 
sures, (c) sensitive to notes of lower pitch. The orifice was a slit and the jet was 
photographed stroboscopically. At a certain height above the orifice the column 
of smoke is found to develop a wavy appearance, the displacement in the waves 
being parallel to the direction of propagation of the sound. These waves increase 
in amplitude with distance from the orifice and the jet breaks up at a certain 
point into a confused conical mass. In some cases portions of the jet, half a wave- 
length long, seem to break off and proceed alternately up the two arms from 
the point where the jet forks. 

In a later paper J Brown extends his work very much and makes it clear 
that the disturbance of the jet or flame by sound is different in character from 
the turbulence produced by increasing the jet velocity and is always accom- 
panied by some vortex development. This vortex development is well shown 
in fig. 1.28. For a7i the photographs the disturbing tone has a frequency 
/ = 126 c./sec. In the upper half of the plate the velocity of the jet at the orifice 
varies from 380 cm./sec. to 100 cm./sec. In the lower half of the plate the 
velocity of the jet is maintained at 160 cm./sec. and the amplitude of the 
sound is varied. 

Clearly the stream of issuing gas has the form of a wedge of very small angle 
up to a certain height, after which an excrescence appears alternately on the two 
sides. These excrescences become well-formed vortices which proceed up the jet. 

If w is the velocity of the vortices, U the velocity of the air in the jet, / the 
frequency of the sound, X the distance between successive vortices on the same 
side, then 

14 = /X. 

• Proc. Roy. Soc. Canada, Vol. i8, p, 197 (1924). 

\Phil. Mag., Vol. 13, p. 161 (1932). XProc. Phys. Soc., Vol. 47. p. 703 (1935). 
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Amplitude of sound {U — 150 cm, /sec ) 

Fiff. 1-28, — Smoke vortices, natural size, / = 12G c./sec. 
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From the photographs Brown measured the angular velocity of the leading 
filament of the vortices and found that if this is denoted by o we have 

<0 = tt/, 

the vortex performing half a revolution in one period of the wave. If this relation- 
ship holds for burning coal-gas jets, which are in some cases sensitive to fre- 
quencies as high as 20,000, the corresponding angular velocity must be as great 
as 10,000 revolutions per sec. 

It is here that Brown looks for the explanation of a very remarkable experi- 
mental result. It was found that if a number of jets were sensitive over the same 
range of frequencies then the same particular frequencies gave maximum or 
minimum disturbance of the jet, no matter what the shape or size of the orifice, 
the velocity of the stream, the amplitude of the sound, or the nature of the 
reservoir or tubing supplying the jet with gas. Thus the most marked disturbance 
alwaj^s occurred for the frequencies 5850, 4600, 3300 and 2400 and the least 
for frequencies 12,250, 10,850, 5300, 3600-3500, 2800 and 2200. Even with a 
hydrogen flame the frequencies for maxima and minima were in accordance with 
this series. As the angular velocity in the vortices seems to be the only property 
which is linlced to the frequency of the disturbing source and to nothing else, 
Brown concludes that some rates of angular rotation of the vortices are more 
favourable to vortex development than others. 

17. Illustration of the Properties of Wave Motion by Experiments 

with very short Sound Waves. 

Equipped with a source of these short waves and a sensitive flame 
we can illustrate most of the properties of wave motion. 

(а) Reflection from a plane surface can be shown by putting a 
screen between the source and the flame and using a drawing-board 
as a reflector to direct the waves round the edge of the screen on to 
the flame. It will be found that the board has to be fairly accurately 
orientated before the effect is obtained. 

(б) Reflection from a concave surface can be shown by using two 
fairly large concave spherical mirrors and putting source and sensitive 
flame at their respective foci. When the mirrors are properly directed 
the roaring of the flame is very pronounced, but quite a small dis- 
placement of either mirror will render the flame quiescent again. 

(c) Refraction may be illustrated by using a collodion balloon 
inflated with carbon dioxide to a diameter of about 8 in. Stand it on 
a tripod about 6 in. from a Humby oscillator (p. 28), and a marked 
“ image ” is found about 12 in. from the balloon.* 

(d) Superposition due to two sources can readily be obtained by 
an arrangement which is due to Rayleigh. The whistle is fitted with 
an end-piece with two apertures. When the whistle is blown the two 
apertures act as two sources in the same phase, and when the whistle 
is swung round the whole set of interference surfaces is moved bodily 
and their passage over the flame is very obvious. 

(c) Superposition due to direct and reflected waves from a plane 

• Mr. E. Nightingale, St. Albans High School, has sent me this note. 
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surface may be demonstrated in two ways. We may direct the source 
towards the flame and hold a drawing-board horizontally below the 
line joining them. If the height of the board is altered, or if it is tilted, 
the interference surfaces are shifted and the flame alternately roars 
and is quiescent. This arrangement corresponds to Lloyd’s single- 
mirror fringes for light. On the other hand, we can place the board 
vertically so as to reflect the waves back towards the source. In this 
case stationary vibration is set up between the source and the board. 
If the flame is moved between the board and the source it will flare 
at the antinodes and remain quiet at the nodes. The defect of this 
method is that the movement of the flame causes flaring and the 
nodes are difiBcult to locate. This difficulty may be overcome by 
leaving the flame in position and moving the board backwards or 
forwards. This has the effect of drawing the whole system of nodes 
and antinodes past the flame, which responds accordingly. If successive 
positions of the board for which a node occurs at the flame are noted, 
the distance between the nodes is half a wave-length for the somid. 
By moving the board through ten such positions and measuring the 
whole displacement we can obtain a fairly accurate measurement of 
the half wave-length, and dividing half the velocity of sound by this 
gives us the frequency of the note, in accordance with the relation 

c/2 __ c _ - 

In this way the frequency of an inaudible sound may be determined, 
the method being fundamentally the same as measurement of the 
velocity of sound by setting up stationary vibration in a tube with a 
tuning-fork of known frequency and measuring the wave-length (see 
p. 253). 

(/) Diffraction through an aperture of varying width can be shown 
by fitting to the whistle a horn of elliptical section. The whistle is 
directed towards the flame with the major axis of the ellipse horizontal 
and is then swung round until it just fails to affect the flame. If the 
horn is then twisted about its own axis until the minor axis of the 
ellipse is horizontal, the flame is again affected and will remain so 
while the whistle is swung still farther from the direct line. Thus the 
spread is greater in the plane of the minor axis than in the plane of 
the major axis, showing that the narrower the aperture the greater 
the spread. 

{g) Diffraction round a circular obstacle can also be shown by placing 
the source not too far from the flame and pointing towards it. If 
a circular disc is now inserted between the two and carefully centred, 
the flame will flare, whereas if the disc is not correctly centred the 
flame will be quiescent. This is the acoustic analogue of the famous 
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experiment by Arago and Fresnel in wliicli it was shown that when the 
shadow of a small circular object is thrown on a screen by a brightly 
illuminated pinhole there is a bright spot at the centre of the circular 
shadow. 

This experiment may be made more striking by suspending the 
disc so that it can swing in its own plane at right angles to the line 
joining source and detector. If the disc is correctly centred in its 
equilibrium })osition and set swinging the flame will be seen to respond 
each time the disc passes through this position, and to become 
quiescent when the disc is at either end of its swing. An impressive 

extension of this experiment — the 
zone plate — is described later in 
connexion with the more complete 
discussion of diffraction (p. 232). 

Further illustrations of the pro- 
perties of wave motion using short 
sound waves can be carried out with 
a high-pitched whistle as source and 
an acoustic radiometer as detector. 
The apparatus is briefly described 
by R. W. Pohl.* The whistle emits 
waves for which A is about 1*5 cm. 
and is placed at the focus of a 
parabolic miiror. The radiometer is 
shown in fig. 1.29. It consists of a 
metal plate A fixed to the arm of a 
sensitive torsion balance and counter- 
poised by a weight G. S is a mirror 
attached to the axis of the radio- 
meter and the suspension F is a 
bronze filament. 0 is a damping arrangement. The waves are 
focused on A through the side tube R by reflection from a concave 
mirror. As will be seen later (p. 218), Pohl has made some very 
accurate measurements with this apparatus. 

18. Visual Observation and Photography of Sound Waves. 

Some of the phenomena of wave motion can be directly observed 
in the case of air waves by making the waves visible. In order to do 
this two difficulties have to be overcome: the high velocity of the 
waves and their transparency. To overcome the first difficulty nothing 
is needed except a very short exposure, and this is obtained by using 
the illumination due to an electric spark. The second difficulty is 
overcome by using the variation of the refractive index of air with 
density. 

• Physical Principles of Mechanics and Acoustics, pp. 285-6. 
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Two experimental methods have been developed. The first of these 
was originally used by Topler * for examining lenses in order to 
detect defects and was adapted by E. Mach t for the photography 
of the air waves due to a bullet in flight. The method was improved 
by L. Mach and will be understood by reference to fig. 1.30, which 
illustrates the apparatus with further improvements by R. W. Wood J 
for the study of the air waves generated by the crack of an electric 
spark and subsequently reflected or refracted by various devices. 



An electric spark at e acts as illuminant and is focused sharply at h on the 
edge of a screen by a lens of large diameter. The spark gap at oa is in the same 
circuit and acta as the source of sound, the crack of the spark sending out a 
pressure wave. A capacity c in parallel with the illuminating spark delays it a 
fraction of a second relative to the sound spark, so that the wave has moved out 
towards the edge of the lens before it is illuminated. If the lens is perfect and 
there is no sound wave, light from all points on the lens will go to form the image 
of the spark on the edge of the screen, and the field of the tele.scope, which is 
focused on the lens, will be entirely dark. If any irregularities exist in the lens 
these will cause abnormal deviations of the rays passing through the correspond- 
ing points and these rays will pass below the edge of the screen, showing the 
irregularities as bright spots. This was the purpose of Topler’s original experiment; 
for lens testing the source of light may be an illuminated pinhole and no spark- 
gaps are necessary. 

When the method is used for the study of sound waves a high-grade lens 
must be selected, showing no irregularities. Rays coming through the lens at 
various points will all go to form the image of the illuminating spark on the 
lower edge of the screen and the field of the telescope will be dark. If, however, 
a sound wave has started from the spark in front of the lens and been illuminated, 
while still in the field, by a spark passing in the gap behind the lens, then the 
rays passing through the shell of air forming the sound pulse will be abnormally 
deviated and the trace of the shell on a plane at right angles to the axis of the 
apparatus will appear in the telescope as a bright line on a dark ground. 

* Ann. d. Physik, Vol. 13 1, p. 33 (1867). 

t Sitzungsher, d. Akad. d. Wissenschaft zu Wien, Vol. 98, p. 1333 (1889). 

x Phil. Mag., Vol. 48, p. 218 (1899); Vol. 50, p. 148 (1900). 
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The method has also been applied by Payman, Robinson, and Shepherd * to 
a study of the velocity and form of an explosion wave emerging from the mouth 
of a tube. 



Fig, 1.31. — Refraction through a spherical shell 


An alternative method of photographing the waves was first used by Dvorak. f 
In this method no lens was used for focusing and a shadow was thrown directly 
on the screen or plate. The method was developed by Boys X and subsequently 
by Foley and Soiider,§ by Quayle || and by Davis and Kayc.fl This method has 



Fig. 1.32. — Photograph of a rifle bullet moving with a velocity of 2700 ft. per second. 
Time of exposure less than 1/2,000,000 second 


• Safety of Mines Research Board, Papers No. i8 and 29 (1926). 
t Ann, d. Physik, Vol. 9, p. 502 (1880). % Nature, Vol. 47, pp, 415, 440 (1893). 

§ Phys. Rev., Vol. 35, p. 374 (1912). 

liyourn. Frankl. Inst., Vol. 193, p. 627 (1922); Scientific Papers of the Bureau of Stan- 
dards, No. 508, Vol. 20, p. 237 (1925). Q Journ. Set. Inst., Vc). 3, p. 393 (1926). 





Fig. 1.34. — Apparatus for photographing sound waves, used at the National Physical Laboratory 
for studying the reflection in the small-scale model of the section of a building 

37 






38 


WAVE MOTION 


[Chap. 



Fig. 1.35.— Sequence of sound pulse photographs in a small-scale model of the 
longitudinal section of the Royal Institution Lecture Theatre 

considerable advantages over the other. All optical parts are dispensed with, 
so high-grade optical apparatus is not required. The size of the sound wave is 
limit^ only by the size of the photographic plate and not by the diameter of 


I] 


OBSERVATION OP SOUND WAVES 


39 


the lena or mirror. No light is cut off by a screen as in the Topler method. The 
principle is shown in fig. 1.31 (p. 36), If this represents a spherical shell of com- 
pressed air illuminated by a source of light, rays penetrating into the interior of the 
shell will be affected very little. Rays which are nearly tangents from the source 
to the wave, however, wiU not penetrate into the interior and will bo deviated as 
if by a prism of large angle on which they were incident with a large angle of 
incidence. Thus the shadow will closely represent a meridian section of the 
sound wave at right angles to the path of the light from the source. 

A very full account of the various methods is given by Cranz 
with many beautiful photographs. A summary is also given by D. C. 
Miller f, from whose book fig. 1.32 (p. 36) is taken. 

Fig. 1.32 shows two well-marked wave-fronts. These waves are 
analogous to the V-shaped ripple system caused by drawing the finger 
across the surface of water. It can easily be seen that if v is the velocity 
of the finger and c the velocity of the ripples, then the ripple started 
by the finger when at A has travelled to B while the finger has travelled 
from A to D. In fact DB is the envelope of the Huygens wavelets 
started on the surface of the water by the finger in its passage to D. 
It follows that cjv — AB/AD = sin0, where 26 is the angle of the V. 

Obviously, il v <c, sin 6 has no real value and the Huygens wave- 
lets have no envelope. 

In the case of the bullet the wave-fronts are of course conical but 
appear only if the velocity of the bullet exceeds the velocity of sound. 
The sine of the semi-vertical angle of the cone gives the ratio of the 
velocity of sound and the velocity of the bullet. Fig. 1.33 (p. 37) shows 
the variation of the angle of the wave with the speed of the projectile. 

The apparatus used at the National Physical Laboratory for testing 
the acoustics of a model of an auditorium is shown in fig. 1.34 (p. 37) 
and a series of photographs in fig, 1.35. In these latter photographs 
reflected rays corresponding to the wave-fronts are shown. 


• Lehrbuch der Ballistik, Vol. 3 (Springer, Berlin, 1927). 
t Sound Waves, Their Shape and Speed (Macmillan Co., New York, 1938). 
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Analytical Discussion of Wave Motion 

1. Periodic Vibrations. 

The movement of a point is said to be periodic when at equal 
intervals of time, measured from any instant, it is always to be found 
in the same condition, i,e. having the same displacement, the same 
velocity and the same acceleration. The interval of time in which the 
cycle of values is repeated is the 'period. The reciprocal of this, i.e. 
the number of cycles completed in unit time, is the frequency. The 
maximum displacement from the undisturbed position is the amplitude. 
The phase is a quantity which defines the stage of the vibration at a 
given instant. 

2. Simple Harmonic Motion. 

The most important type of periodic vibration is that known as 
simple harmonic motion. It is the type given approximately by the 
bob of a simple pendulum executing oscillations of small amplitude. 
It is given by all types of elastic displacement, i.e. by all systems 
which, when displaced, are acted on by a force directed to their 
undisplaced position and proportional to their distance from that 
position. Another very important fact is that any periodic vibration, 
however complicated, may be analysed into a series of these simple 
harmonic motions and built up by compounding such a series (p. 337). 

We may study this type of vibration from two different starting- 
points. 

(1) We may define simple harmonic motion as the projection of 
the motion of a point, describing a circle with uniform speed, on a 
straight line in the plane of the circle. We can then deduce its properties 
from the known properties of circular motion. Thus if, for convenience, 
we take the diameter of the circle in fig. 2.1 as our straight line, and if 
the point P describes the circle with uniform speed v, then the point 
N will move with simple harmonic motion. 

If a is the radius of the circle, then obviously a is the amplitude 
of the motion of N, and its period is 27ra/v, or, if to is the uniform 
angular velocity of P, 27r/a». 
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If X denotes the displacement ON, then 

X = ON = OP cosXOP = a cos^, 

where 6 is the angle between OP and the x-axis. 

The velocity of N is 

dx . ^d0 . ^ 

= — asme/-,- = —waainu, 
at at 

a result which can be obtained at once by resolving along the a;-axis 
the velocity of P (wa along TP). 



Fig. 2.1. — Simple harmonic motion 


The acceleration of N is 


dH 

W 


—coa cos 6 


dd 

dt 


— w^a cos d = 



Thus the acceleration is always opposite in direction to the dis- 
placement and proportional to it, and the motion is represented by 
the equation 


d^x 

dt^ 


+ (o^x == 0 . 


( 2 . 1 ) 


It is obvious that the acceleration could also have been obtained 
directly by resolving along the x-axis the acceleration of P (co^a along 
PO). 

The period of the motion of N is of course the same as the period 
of the motion of P. If then we call the period r(==27r/a>), and if for 
dxjdt we write x, and for d^xjdt^, we have 



x 


acceleration at imit displacement; 
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the negative sign is a reminder that the acceleration is opposite in 
direction to the displacement. Hence 


T = 


277 

^/(Acceleration at unit displacement)’ 


. ( 2 . 2 ) 


Since this equation does not contain a, it follows that the period 
of the motion is independent of the amplitude — the result which 
Galileo (1564-1642) obtained experimentally for the pendulum when he 
timed the swings of the great lamp in the Cathedral at Pisa by the beats 
of his pulse. 

Also, if the particle has mass m and the force which urges it to its 
mean position when it is at a displacement x is then 

™ mx. 


Since the acceleration is proportional to the displacement the force 
must also be proportional to the displacement, so that 

where is a constant equal to the restoring force at unit displacement. 
Hence 

mx +fiX = 0 ; 


• 'l'— /”* 

' VifiH 


We thus have the period given by 


W( 


Mass 


Restoring force at unit displacement 


)■ 


We are now in a position to interpret the angle 0 in a way which 
makes clear how general the equation for the displacement is. Let 
the particle which at the instant < is at P be in the position P' when 
the time is zero, i.e. at the instant ^ = 0. The angle P'OP is then (ot, 
and if we denote the angle P'OX by c we have 

6 z=: cot — €, 

X— a cos (cot — c); 

€ is called the epoch of the motion. 

(2) We may also define simple harmonic motion as the motion in a 
straight line of a point whose acceleration is always directed towards 
a fixed point in that straight line and proportional to the displacement 
from that point. 
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This at once gives us the equation 

X + oj^x — 0, 


where oj^ is a constant. 

This is a linear differential equation of the second order — linear 
because x and its derivatives occur in the first power only, second 
order because the second order derivative is the highest that occurs 
in the equation. Many equations of this type may be solved by putting 
X — and finding values of m for which the equation is satisfied. 
Thus if 


X == 


we have 


X = me^^, X = 


Substituting in the differential equation we have 

= 0, 

= 0 , 

/. = 0- 


This equation is called the auxiliary equation. From it we finally 
have 

m — +ia>, 

where i == \/ — 1. 

The differential equation is therefore satisfied by 
X = and x = 

These are 'particular integrals, each of which satisfies the original 
equation. If we write X 2 respectively for these two solutions, then 
any linear combination of them, A^x^ 4* 

(1) is a solution of the original equation, 

(2) contains two arbitrary constants. 

It is therefore a complete solution of the equation. {Aj and A 2 may 
be complex.) 

Then we have 

x = 

== Ai{co8a)t + i sinwt) + ^ sincei) 

= + A 2 ) coscot + i{A^ — A^ sin cot, 

i.e. x = A coscot + B sincot, (2,3) 

where A = A^ -j- A^, B == ^(A^ — Jg)- 

Thus X may be made real by choosing A^ and ^42 suitably. 
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Alternatively, we may simply regard A and B as new arbitrary 
constants and choose real values for them. They may be expressed 
in terms of the initial conditions, i.e. the displacement and velocity 
when t = 0. 

Thus, from (2.3), 

x = A coscot + B sincot, 

X = — Aco sinco^ + Bco coscot. 

If when ^ == 0 the displacement is Xq and the velocity Xq, then 
Xq — A, Xq == Bco, 

X 

so that X — X.. coscot -| — ~ sinco^. 

CO 

If when < = 0 the displacement is a and the velocity is zero, then 

a — A, 0 ~ B, 
x=^ a cosiot. 

If when / =i 0 the displacement is zero and the velocity is Xq, then 

X 

4 = 0, R = ^ ~ CO sinco^ 

Here XqJco is the maximum value of the displacement, i.e. the ampli- 
tude a, 

/. a;=asinco^. 

We can throw the solution of the differential equation into another 
form by putting 

A — a cose, B — a sine. 

We now have two arbitrary constants such that if we take the 
positive value of the square root, 

a- 

. _ B 

. - 1 ® 

€ = tan ^ 

and the equation becomes 

x = a cos (cot — e), 
in which a and e are new arbitrary constants. 
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Here it is obvious that a is the maximum value of i.e. the ampli- 
tude; and that a> is a quantity such that when t changes by 27r/a> 
the value of x recurs. 

Since x = — coa sin(a}^ — e), 

the value of x also recurs, and 27r/a> is therefore the period of the 
motion. 

The figure from which we originally started provides us with 
geometrical interpretations of all these quantities. 

The quantities themselves may, as before, be determined from the 
initial conditions. If we take the same initial conditions as in the last 
case [Xq = 0, » = iCo when t ~ 0), we have 

0 — a cos(— e) = a cose 
e = 7r/2. 

Further, Xq — —oja sin (— e) — coa sine = a>a, 

X a GOs{a)t — e) 

X 

= — silica^, as before. 

CJ 

(3) There is a tliird way of treating the solution of the equation. 
As we are interested in real solutions only, we can use as a 

solution on the understanding that the real part only is meant. Then 
since A is generally complex it contains two arbitrary constants, 
which may be taken either as the real and imaginary parts or the 
modulus and argument {R and — €, say). That is, 

and the real part is just R co8{a)t — c), in which R is the amplitude of 
the motion and e the epoch. 

Further, ™ (Ae*^^) = iwAe^'^^ 

The real part is now — coR sin(co^ — e). Thus the use of the complex 
form may be extended to the derivative, and for many purposes it is 
sufficient to use the form without actually taking the real part. 
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3. Energy of Simple Harmonic Vibrations. 

Let the mass of a body executing simple harmonic motion be m 
and the acceleration at displacement x be x, where 

X — —ca^x. 

The force required to maintain displacement x is mw^x. 

The work done in the small displacement dx is moj^x . dx. Hence 

7, the potential energy at displacement x = f mco^x . dx — \mo)^x^, 

do 

That is, the potential energy is proportional to the square of the dis- 
placement. 

The velocity at displacement xi&x— — aa> sin(a>^ — c) 

= — aoj'vl — cos“(a>^ — e). 

J, the kinetic energy — ^wx^ 

sin2(<o^ — e) 

cos^col — e) 

= Inioj^a- — x^). 

Hence the total energy 

= IniwV -f- \nnjur{a^ — x^) 


and this is obviously 

(1) the value of the potential energy at maximum displacement 

(x a), and 

(2) the value of the kinetic energy at zero displacement (a; = 0). 

Using the fact that there is no dissipative force at work and that 
the energy is therefore constant, we can derive the differential equation. 
In this case we cannot assume that 

x = au) cos {cot — e). 


We have, however, 


V T ~ constant. 
/. + \mx^ = const, 

co^x^ q- = const. 



11 ] 


KINETIC AND POTENTIAL ENERGIES 


47 


Differentiating with respect to we have 
.2x , x-\- 2xx — 0, 

/. X + ay^x = 0 

as before. 

4. Transverse Vibrations of a Light Loaded String. 

Let M be the mass at the centre of the string, I the length of the 
string, P the tension of the string. We assume the displacement of 
the mass to be so small that no change of tension results and ACB = 
AOB = I (fig. 2.2). 



A 0 3 

Fig. 2.2. — Transverse vibrations of string 


Then the force in direction of displacement 
= -—2P cos AGO 



4:P .X 


That is, the motion is simple harmonic : 

Mx — , X, 

so that T = (2.4) 

5. Resisted Simple Harmonic Motion. 

All actual vibrating systems are subject to a resisting force which 
causes decay of amplitude or “ damping If disturbed and left to 
themselves they oscillate for a time and finally come to rest, the 
energy given to them by the initial displacement being used up in 
doing work against the resisting force. We shall have a fair approxi- 
mation to the common case if we assume the resisting force to be 
proportional to the velocity. If we take its magnitude as 2r per unit 
mass per unit velocity, our equation for the oscillation becomes 

£ + 2rx -f w^x = 0 (2.5) 

3 


(r79l) 
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In order to find the auxiliary equation we put x = 

Then x — me^\ x — mV"*, 

and substitution in the differential equation gives 

~ 0 , 

whence m^ + 2rm -f- = 0 

and m = — r + Vr“ — 

The solution thus depends on whether r is greater or less than to. 
For r '> CO the roots of the auxiliary equation are both real and the 
solution has the form 

= e~'‘{A^e ' -f A^ " (2.0) 

Tliis case is not of much interest in acoustics. When displaced 
the system returns to rest asymptotically and is aperiodic. When 
r oj, the system is said to be critically daynped. 

If r < a> the roots of the auxiliary equation are imaginary and 
we may write 

X 0 . . (2.7) 

which may (as before, cf. 2.'!, p. 43) be j)ut into the form 

X ~ e~^^(A Gosqt + B s'rnqt), .... (2.8) 

wdiere q ^ ^/(^^ — 

or X — GOii(qt — e) (2.9) 

This equation obviously represents an oscillation of diminishing 
amplitude and of frequency — r‘^/27r. 

If a>2 is large compared with which is the usual case in sound, 
then the frequency is approximately a>/27r and is not affected by the 
damping. 

The displacement diagram {x plotted against t) is such (fig. 2.3) 
that it lies entirely between the curves x = 4-ae~’** and x = —ae~^*. 
If t is measured from the instant of zero displacement, 

c = 7r/2, and x — ae~^^ sin 5 ^. 

Successive amplitudes are the various values of this expression for 
which X := 0, 

But X = ^mqt + q cosg'^), 

/. X ~ 0 when tany^ = qjr^ 

1 o 

he. f == - (tan-^ ~ + mr). 

q r 
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These values of t are separated by an interval tt/j. 
Also, at the instant of turning 




W(<f + 


which is constant. 



Fig. 2.3. — Damped Oscillations (t measured from instant of maximum displacement! 


Let tan“^ ^ — h, 

r 

Then for the successive amplitudes we have 


t 

X 

h 

+ ae-'’’!" X -jt-St-Tv 

Vif + 

A + 77 

rfp—r(h-^w)lQ vy ? 

? 

XV(s» + r>)- 

h ~j~ 277 

_4_ np—r(h-\-2Tr)lQ w 9^ 

? 

&C. 
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Hence if Xn+i/x^ is the numerical value of the ratio of successive 
maximum displacements on opposite sides, 


— g-rn-Zg „ g-rT /2 _ constant, 

where T is the period 

9 

Hence — log ^ 

Xn I 

and this quantity is called the logarithmic decrement of the motion (8). 
That is, 


8 = 


tT 

2 


It follows that 


Vr TTf 

q \/{co^ — r^) 


0)8 

V(^+^ 


( 2 . 10 ) 


6. Propagation of a Plane Wave of Constant Type. 

If we take any line in a medium as the axis of x and let any con- 
dition (displacement, velocity, density, &c.) of successive elements 



normally situated along this line be given at any instant by 0 = /(x), 
then this curve is the curve for the elements of the medium at time t, 
as in fig. 2.4. If the distribution of the condition is being propagated 
unchanged to the right, i.e. if a plane wave is travelling along the a^axis 
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in a positive direction, the values of the condition will be given by 
0 = f(x) if we measure x from an origin travelling with the waves. 
If the waves have a velocity c and we measure x from a fixed origin, 
then at any time t' the values are given by 

0=f[x — cit' — t)l 

If we make our measurements from the position of the origin 
when ^ — 0, then at any instant t 

0==f(^ — ct). 


The value of 0 is determined when the value of the argument in 
the brackets is given. We see that 0 remains the same when t changes 
by t' and x by x\ provided that 


i.e. 


ct' = x\ 


Velocity of w^ave c ~ 


5.' 


The same may be seen to be true of the equation 

6==f{ct — x), (2.11) 

which must also represent a wave travelling in a positive direction 
with velocity c. 

In an exactly similar way we may show that the equation 

e==f(ct + x) (2.12) 

represents a wave travelling in a negative direction with velocity c, 
since the value of 6 can only remain the same if x diminishes while 
t increases. 

The functions may have any form and we can choose the form to 
represent any type of wave. 

If we represent (c^ — x) by z, 

and by f’(z), 


then 


de 

dt 


do dO dz 

dx dz ' dx 


dO dz 
dz ‘ U 


= -m = -net - X). 

= ef{z) = cf'{ct — x). 


" dt ^dx 


Similarly, 
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If d measures the displacement in a wave, then ddjdt is the particle 
velocity — 6, say, and dd/dx is the slope of the displacement curve 
= 6\ say. 

Then & = -cd'. 


If we had started with the wave travelling in a negative direction 
we should have had 

6 = +C0'. 

That is, in general, 6 — +c6\ 


Further, if we put 


^(z) 

dz^ 


f"{z) we have 


Similarly, 


That is, if 



i.e. 6 ==:f{ct — x) is a solution of the differential equation (2.13). 

In an exactly similar way, by starting with 

d=:f{ct + x) 

we should have arrived at the same differential equation. The general 
solution of the differential equation may be expressed as the sum of 
the two particular solutions, and we have 

® = /i(^^ ~x)+ h{ct + x) .... (2,14) 

(where and /g are different arbitrary functions) as the general solu- 
tion of the equation 

~ ^ dx^' 
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That is, the equation represents two waves, not necessarily similar, 
travelling in opposite directions with velocity 



It is obvious that we are here dealing with plane waves in three 
dimensions. At any given instant t the value of 6 depends only on 
Xj so that the wave is travelling along the x-axis and the plane of the 
wave- front is parallel to the yjlane x 0. 

In general in three dimensions the equation 

6 = f(lx -|- m,y nz — ci) 

represents a plane wave, since 0 is the same for a given value of t 
provided that lx -f + nz is constant, i.e. at all points in the plane 
whose normal has the direction cosines I, m, n. iJistances measured 
along this normal through the origin take the place of x in the simple 
formula, and one formula can be obtained from the other by a simple 
rotat ion of the axes. 


7. Uniform Train of Simple Harmonic Waves. 

Obviously we can represent a train of waves moving in a posi- 
tive direction by giving to the function f{ct — x) the special form 

277 

a sin r- (ct — x). 

A 


The equation 


n . 277 

~ a sm- (d 
A 


x) 


a sm 


'27rci 

A 



then represents waves propagated from left to right. 

Let us consider what kind of motion the equation represents. 

If we consider the medium at a given instant, d will assume a definite 
value depending on the instant chosen. We note that it changes with 
X according to a sine relation and that values of 6 repeat themselves 
periodically at distances A apart, since every time x increases by A 
the quantity in the bracket changes by 277 and the sine has the same 
value. Let 0 = the displacement due to the wave. The displace- 
ments of successive elements of the medium are thus represented at 
any instant by a sine curve, the cycle of values being repeated in 
successive lengths A and the maximum displacements being given by 

f = a. 

Further, if instead of considering a definite instant of time we fix 
our attention on a particular point in space and consider how the dis- 
placement varies (which is equivalent to giving x a definite value and 
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letting t vary) we see that ^ goes through a series of values lying on 
a sine curve and repeats its values every time ^TTctjX increases by 27r. 
If T is the increment of t which increases the quantity by 27r, then 

27TC{t -f- T) 27TCt ^ 

= -^ + 2 ^. 


"^cT 


= 2v, 


or 



(2.16) 


Each element of the medium describes a simple harmonic vibration 
of period T and amplitude a. 

Since A = cT, the equation can be put in other forms: 


^ = a sin-^(c^ — x) 


Again, 



(2.17) 


( 2 . 18 ) 


Iff= 1/T, i.e. the number of vibrations per second (the frequency), 
equation (2.16) gives 


c=/A. 


(2.19) 


It may be convenient to define here some of the most important 
quantities used in the study of wave motion. 

The amplitude (a) is primarily the maximum value of the displace- 
ment, although it may also be used to indicate the maximum excess 
or defect of any periodic quantity from its mean value. Thus we have 
the pressure amplitude, velocity amplitude, &c., in connexion with 
sound waves. 

The phase is the stage reached in the cycle of values of displace- 
ment, velocity, &c. If t is the time which has elapsed from the begin- 
ning of the cycle, 27r^/T gives the phase. Since T = 27r/a> (p. 41), the 
phase is also given by wL 
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The phase is also the argument of the cos or sin function, and is 
thus a function of position and of time. The loci of constant phase 
are the wave-fronts at any instant. 

The wave-length (A) is the distance between successive points in 
the medium at which the disturbance is in the same phase. 

The wave-number (N) is the number of waves per unit length, that 
is, NX= 1. 

The period [T) is the time occupied by one complete cycle. 

The frequency (/) is the number of cycles completed per second, 
that is, fT == 1. 

The constant 27r/A is useful and is frequently denoted by k. It is 
equal to the phase change per unit length and is known as the wave- 
length constant. 

The quantity 277/T is also useful and is denoted by ca. It is known 
as the pulsatance and is equal to 2 -nf. 

If c is the velocity of the wave motion, then we have 

c fX, (jj ~ kCy 
a m\k{ct — a:) 

= a sinco^^ — ^ 

= a sm{a}t — kx) (2.20) 

8. The General Wave Equation and the Velocity of Plane Longitudinal 
Waves in a Fluid. 

Consider a cylindrical volume of the fluid of unit area of cross- 
section, with its axis in the direction of propagation of the waves. 
Suppose that the conditions are uniform at each instant across any 
plane perpendicular to the axis of the cylinder. 


A a : 


Fig. 2.5. — Longitudinal wave propagation 


Take two such planes A and (fig. 2.6) and let their initial distance 
apart be 8a;. Let A' and A.f be the disturbed positions of the fluid 
originally at A and Aj. If the displacement of A' is then the dis- 

placement of Kf will be ^ The distance apart of the planes 

has therefore been increased, as a result of their displacement, by 

(f791) 3^ 
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~ 8x. The volume of the enclosed fluid is fractionally increased by 
ox 

d^jdx, the “ dilatation 

If we denote by s the condensation, i.e. the increase of density 
at A' per unit initial density, then remembering that the product of 
density and volume is constant we have 

PqSx ™ mass = p{8x + Sf ), 
or (l + 5)(l + ||) = 1; 


if s is small, s = — . 

ox 

If p is the increment of pressure required to produce the conden- 
sation s and if K is the bulk modulus of (elasticity of the fluid, then 

p=-Aj^ = A,. 

The equation of motion can now' be derived. The mass of the 
displaced element is p^^hx and its acceleration The excess 

pressure over the normal pressure which is eftective at A! is p. At 

A^' the corresponding quantity is jo -f- where p, though eftective 

at the displaced co-ordinates, is considered as a function of the un- 
displaced. The resultant force acting on the cylindrical element of 

the medium confined between the planes A' and A^' is ~ ^8x. It fol- 
lows that ^ 


This equation as it stands is accurate, and we proceed to an ap- 
proximation which depends on the assumption of a constant value 
for K. Since p — Ks, w'e have, if K is constant, 


Hence 


02 ^ _ K 

dt^ Pq dx^' 


and this has the general form of the wave equation if == K/p^. 
The velocity of propagation of the waves is therefore \/(KIpq), 
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A similar equation, involving the particle velocity v at x, instead 
of the displacement may be derived as follows {v and s are now to 
be thought of as localized quantities and strictly do not refer always 
to the same particles at successive instants). We then have: 


(a) Equation of Continuity, 

If we (‘onsider the flow through an element in time 8^ we have 
Mass entering element across A pv St. 

Mass leaving element across Aj — ^pv + (p?;)Sa:J St, 


/. Increase in mass of fluid in the element — — (pv)SxSt, 

But increase in mass of fluid — Sx . St, 

ot 


Since these are equal 

we have 




. . . (2.23) 

Putting 

P = Po(l + s) 


and neglecting sv in comparison with v, we have 


0^ [po(^ + ^)] + 0~ (Po^) — 


Hence 

dt^ dx 


and 

dh . 

dxdCdx^~^' * * • 

. . . (2.24) 

{h) Dynamical Equation, 




Resultant force on the element 



Rate of change of momentum (cf. equation 2.29, p. 59) 


P 



dv . 


if V -C c. 
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Equating these expressions, we have 

dp dv 
dx ^ dt 


0 . 


(2.25) 


Substituting Ks for p and differentiating with respect to t we obtain 

0. (2.26) 


dadt 


K~,+ p 


dh) 


Comparing this equation with the equation of continuity (2.24), we 
obtain 


df 


K dh) 
p dx^' 


(2.27) 


9. Properties of Plane Waves of Sound. 

W^e can similarly derive a series of equations of the general form 


020 _ 2 0 ^ 
0t2 “ 0x2’ 


where 0 = |, «, s, p, or p. 

The solution of the equation (cf. 2.14, p. 52) may be written 
in the form 

6 = A f(ct — x) B F{ct + x) 

which, as we have seen, represents two wave trains, each of arbitrary 
form, proceeding in opposite directions with the same velocity c. 
Considering only one of these waves we have 

0 = Af(a — x), 

^ c/'(ct - x), 

00 __ ^ 

dt ^ dx’ 

If we take for instance 6= vjs = +c. Similarly for a negatively 
travelling wave vjs — — c, or in general vjs = +c. 
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10. Propagation of Sound in Three Dimensions. 

Select a small element of volume and let the velocity components 
be expressed as functions u, v, of x, y, z, and time t. 

The resultant force acting on the chosen element parallel to the 
x-axis is -—{dpldx)8x8y8z. 

The mass acceleration is (duldt) p8x8y8z. 


du Idp 

' ' dt p dx* 


(2.28) 


with similar equations for the other directions. 

In this equation dujdt denotes the total derivative of the velocity 
u in consequence of the lapse of time and also of the change of posi- 
tion of the fluid element, that is, 


du 

dt 


du , du , du , 

5 + “a + '’8i, + " 


du 

dz‘ 


(2.29) 


Terms other than the first are negligible if the particle velocity is 
small compared with the wave velocity c. Equation (2.28) is a result 
of thinking of u, v, w, as components of a localized vector, and such 
equations are usually called Eulerian equations. An alternative type 
of equation associated with the name of Lagrange is that already used 
in section 8, p. 56, for plane ^waves, the acceleration appearing simply 
as i. 

The type of motion here considered is described as “ irrotational ’’ 
and for such motion it is possible to choose a function <f> of the co- 
ordinates such that 


w 


d^ 




. . (2.30) 


(f) is Lagrange’s ‘‘ velocity-potential 

In such a case equation (2.28) admits of immediate integration, 
for, taking (2.29) into account, we have 

1 dp du 020 , du . du . du 
~pdx = ~£^ ’"ax + 3^’ 


with similar equations in y and 2 , so if p is expressed as a function of 
p we have 


= + + "* + - ^(0 • (2-31) 


J P 


or 


(2.32) 
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where F{t) is a function of time which, for the moment arbitrary, 
can be made to vanish by a suitable choice of cf). This equation leads 
readily to the hydrodynamical theorem of Daniel Bernoulli (1700-1782) 
for steady motion, and was also used by Rayleigh to calculate the 
acoustic radiation pressure due to a standing wave (see section 7, p. 154). 

If the square of the particle velocity q is neglected in the above 
expression and p treated as a constant, then to this degree of approxi- 


mation 





Po 


But 


Ks, 


so 

4 = 

c-s. . . . 

. . . . (2.33) 


The equation of continuity as already found for oue dimension 
can easily be extended to three and takes the form 


du dv 
+ ^ 1 


dt dx 



or 


ds v\l> 

dt Zx^ 0,/ Zz^ 


V 


(2.3d) 


Comparing this with (2.33), wc have 

(2.35) 


This is the general (orm of the eq nation of wave propagation 
in three dimensions, with wave velocity c. 

If we assume that the waves are spherical and isotropic the motion 
at any point is along the radius. Taking the radius to be the a?-axis 
we have 


7? = ^ = 0, w = 


¥ 

0r’ 


and, from (2.33), 


+ 


ldj> 
(?‘ dt ' 


Using the relation 

2r ^ ~ 2x. 
ox 

, dr X 
* ' dx f 


we have 
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d(j) __d<f)dr _x dcf) 
dx dr dx r dr* 

__ 1 9^ X dcj) dr X d^(l> dr 

dx^ r dr r- dr dx r dr^ dx 

_ d-<j) x^ I /I 
dr^ r- dr \r r^) 

^d^:^ dc^i/ _+_22 

0^2 ^2 0 y ^3 * 

with similar expressions for and 

With these expressions (2.35) gives 

, 9¥\ 

Vax2 ^ 



( 2 . 36 ^ 


This transformation from cartesian co-ordinates to polar co- 
ordinates can be deduced at once if we remember that 



2 d<f> d^ 
r dr dr^ 


1 02 
r dr^ 


(4). 


The complete integral of this may be written in the form 

^=l[F(d + r)+f{ct-r)]. . . . (2.37) 

where F and / are arbitrary functions depending only on {ct -f- r) and 
(ct — r). 

The function F is such that if t increases by and r diminishes 
by c8t its value is unchanged. It must therefore represent a con- 
verging wave. Similarly / represents a diverging wave. 
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Confining our attention to the diverging wave, we have 


ri^Sr 



These formulae may be deduced directly 
by considering the propagation of spherical 
waves from a point source. 

Let 0 be a source of wave motion in a 
fluid, say a small pulsating sphere. Consider 
two concentric spheres with centres at 0 and 
radii of r and r + Sr respectively, and a small 
area e (fig. 2.6), traced out on the surface of 
the inner sphere. If radii are drawn to meet 
the perimeter of this area and produced to cut 
the second sphere they will define an element 
on its surface which will have an area 


(r -f- Sr)^ 




28r\ 
r / 


Now if we consider the portion of the medium bounded by the 
cone and the two spheres the force acting over its outer face is 

-€[Po + ^:s + |(Po + a^s)S»-]. 

where Pq undisturbed static pressure, a the condensation, and K 
the appropriate volume elasticity. That is, the force is 

-e(Po + irs + ir^^8r). 

Similarly, the force over the inner face is 

^(^0 + 
ds 

Hence the resultant force is —eK^-Sr. The mass of fluid is pc Sr; 

where $ is the radial displacement; 

Kds 
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In order to find s we may note that the initial volume of the air 
enclosed between the two complete spheres of radii r and r + Sr is 
477r2 Sr. 

The volume after displacement of the inner sphere by ^ and the 
outer by ^ + 8^ becomes 

^r{8r+lhr). 

Change of volume = i-nr^Br 

'=--F=-(&+^ (2-«) 


Putting c® = Kjp and substituting for s in (2.40), we have 


dH 

dr~ 




dr ^dr 




(2.42) 


If r is very large, 2$/r becomes negligible and the equation reduces to 

9<2 ~ 9r2’ 


which we recognize as the equation for plane waves with velocity c. 
Where r is not very large, 


072 ” 


, 2 dj 
V0r2 ^ r ■ 0r 


JO- . • • (2.43) 


The general solution of this equation is 

^ = 1^1 -r) + - r) 

+ lF^’{ct + r)-^^F,{ct + r), . (2.44) 

where and F 2 stand for arbitrary functions. 

Obviously the first pair of terms of the right-hand member of the 
equation represent a diverging wave and the second pair of terms a 
converging wave. 

Confining our attention for the moment to the diverging waves, 
we have 

i^h,'ia-r)+lF,{ct-r). 
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Hence 

II 

s 

11 

+ — »■)> 



\dr r ^ 

| = hV'(c<-r). 



These expressions for ^ and s are identical with those deduced by 
the velocity-potential method if we put 

cFi{ct — r) =^fict — r) “ r(f>. 


We then have, as in (2.38), p. 62, 

« = - ^) + - If’ • • 

and, as in (2.39), 

( 2 -«) 

Ignoring the converging wave, suppose the disturbance at time 
^ == 0 to be confined between two spheres of radii and Then all 
values of the function F(ct — r) and its derivatives are zero outside 
the limits fixed by and At any time i and for any radius r', the 
quantity F(ct— r') and its derivatives vanish unless ct — r' lies be- 
tween the same limits, — and — as before. The movement is there- 
fore confined between two spheres of radii and such that 

ct — = — fj, ct — — ““^ 2 , 

that is, = ct-\- rj, =■ ct -f rg, 

and z=z 

Hence the limits of the wave move with velocity c. In this sense 
the velocity of plane waves and spherical waves is the same. 

The difference in propagation appears if we compare the conditions 
fulfilled in plane wave propagation with those obtaining for spherical 
waves. For plane waves: 

(1) u/s = ±c, 

(2) The disturbances move without change and so that each 
element of the medium exactly reproduces the movement of any other 
previously reached by the wave. 

For spherical waves these conditions no longer hold : 

(1) “ = J^)]’ 

Therefore the ratio u/s attains the value c only when r is large, and 
for diminishing values of r it increases without limit. 
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(2) So far as s is concerned its propagation follows the laws for 
plane waves. It travels with velocity c and is only subject to variation 
with the factor r. 

The case of u is entirely different: 

“ = l2fi^ -^)+l f'(^ - ’■)’ 

and the two terms differ by a factor ] jr, so that near the source 

« = - »■)» 

whereas in regions remote from the 
source 

U = ^ /'(ci - r). 

Apart from the factors I/r, I/r^, 
these two expressions are related so 
that the second is the first difleretiiial 
of the first with respect to cl — r. 

The disturbance must therefore be 
modified in quite a profound way, 
depending on the nature of the 
function /(c^ — r). 

Let the displacement curve for a 
point near the origin be given by 
ABODE (fig. 2.7), the curve giving u 
against time. The displacement curve 
at a distant point will have the form 
A'B'C'D'E', where AE - A'E'. That 
is, a disturbance giving velocities all 
in the same direction is transformed 
into one having velocities successively 
in each direction. 

It can be shown that the area between the curve A'B'C'D'E' and 
the axis is zero. 

If we consider a limited wave and a point in the medium where 
V and s only differ from zero between the times and then since 

« = ^ /(C< — »•) + ^ f'(ct — r), 
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it follows that f(ct — r) and f'{ct — r) differ from zero only between 
these limits of time. 


Since the integral / f'(ct — r)dt= 0, 


we have 





and for large values of r 



= 0 . 


It follows that the mean value of s at any point is zero. Therefore, 
the disturbance must be half compression and half condensation — no 
other distribution is possible. 

Also at great distances u has a zero mean value, a limitation which 
does not apply to plane waves. At great distances from the source 
there is no permanent displacement as a result of a limited spherical 
disturbance. 


11. Simple Harmonic Spherical Waves. 

Let us suppose that waves are being generated by the pulsation 
of a very small sphere of radius r^; for any point on the surface of 
this sphere we may assume 

I == a sin cot. 

As the equation to the waves let us take the divergent wave from 
(2.44), namely, 


and put 

where 

Then 


Fj^(ct — r)~ A sin(co^ — kr). 



Fi{ct — r) = Ak cos (cot — kr), 

A IcA 

I — sin(co^ — kr) -| cos{(ot — kr). {2A7\ 

r^ T ' 


If r is very small the second term is negligible. Putting r = Tq, 
where Tq is small compared with A, we have 


A 


sinco^. 


A = ar^. 


hr) + co8(o»< 


hr). . (2.48) 
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If the particle velocity is u, then 



• r* 1 Jc . " 

^ {iot — ^ sin {wt — hr) 

], (2.40) 

and 

* "" ~(lf + "H) 



• 

• 

1 

cr 

11 

. (2.60) 

Put 

= B cosh 


and 

r 


Then 

rn “V , V 



tan A = hr, 


and 

^ = J5 sin {a)t — -f- • • . 

. (2.51) 

If r is small compared with A/277, then iV is small. 

Writing (1 + Tc^r% 


we have 



and 

tan A = 0, 






The phase is calculable as for plane waves and the amplitude varies 
inversely as the square of the distance. This might suggest that the 
inverse square law for energy does not hold. 

In the case of plane waves the transfer of energy is such that the 
whole energy distributed over a plane perpendicular to the direction 
of propagation may be regarded as carried forward bodily with the 
velocity of the wave and distributed over the same area of another 
plane more remote from the source. In the case of a vibrating body, 
however, only a fraction of its energy at any instant is being com- 
mimicated to the air. All that we can immediately say about spherical 
harmonic waves is that the energy being propagated must obey the 
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inverse square law if there is to be no accimiulation, i.e. the energy 
passing through a sphere of radius r in any time must be independent 
of r. 

In ordei to introduce a volume of gas Si; at a point in the medium 
where the pressure is f an amount of wwk is requinni given by ])hv. 
It follow-s that the energy transmitted across a sphere of radius r in 
time hi is 

8 TV = p . 47Tr“ u St. 

But p = Pq -f- Ks, 

where P^ is the undisturbed pressure, s the condensation, and K the 
volume elasticity (p. 56); 

STF ™ 47rr2{Po + Ks) u St. 


During one complete period the energy transmitted is given by 

f + T 

W = 47 rr“ f (Pq + Ks) u dt 

4 r 

47rr2 


Since 


r-K f su dt, 
/ u dt-~ 0 . 


But from (2.49) and (2.50) we have 


u = ^ cos(cu^ 


kr) — - sin {cot — Z:r)J , (2.52) 


and 


8 == sin(a>^ — kr)\ 

i p,,, ^2^ 4 -f + r 

^72 ' / — cos 2{(x)t — hr)']dt 

Bcjoa\^ + ^ ^ 1 

- ’""27^ — J ”” I 

_ S27rU{a\^ 

““ A3 


(2.53) 


This is independent of r, and therefore the energy propagated per 
period is the same across all spheres described about the source, and 
the inverse square law for the propagation of energy holds. The result 
may be seen to be a consequence of the fact that the term containing 
l/r^ in the expression for v shows a difEerence of phase of 7 r /2 with 
s and so is eliminated in the expression for W. For a single pulse the 
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integral ^sudt is the sum of two terms, and the term in 1/r^ vanishes, 
pi’ovided that the limits of the integration include the boundaries of 
the pulse. Hence in this case also * the total energy transmitted is 
independent of r. 

Thus the source may be regarded as surrounded by an atmosphere 
in energetic vibration, only a fraction of this energy being transmitted 
to the more distant layers of air — a fraction which diminishes as the 
ratio of the wave-length to the dimensions of the source increases. 
This result was arrived at by Stokes | from a more general discussion. 
It explains the feeble communication of energy to the air from a 
vibrating string or tuning-fork. 

It is also verified by an experiment due to Leslie J. Leslie placed 
a bell under the receiver of an air pump and exhausted the receiver 
until the bell was just audible. Hydrogen was now admitted to the 
receiver and the sound became entirely inaudible. 

Putting A ~ cT and K ~ yP^ in the expression for the energy 
transmitted across any sphere per period, we have 

Ti/ _ 47rWPoy«%* 

For the same source the numerator varies little for different gases. 
For hydrogen, however, is about 55 times as great as for air, so 
that at the same pressure and for the same source the propagation of 
energy is very much less in hydrogen than in air and is considerably 
less in hydrogen at normal pressure than in air at 1 /20 of this pressure. 

This discussion applies of course to a continuous train of waves. 
The single wave is also treated by Gouy in the paper referred to. 

If r is large compared with l/k, tlicn kr is large and we may put 



tan kr ^ y 
k = 77/2. 

Bence ^ sin [wt - J^r - A/4)] (2.54) 

• Gouy, Ann. de Chimie et de Physique ^ Ser. VI, Vol. 24 (1891). 
t Phil, Trans., Vol. 158, p. 447 (1868). 

X Rayleigh, Theory of Sound, Vol. 2, § 324. 
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Here we have a wave in w^hich 

(1) The amplitude depends on k and therefore on A. 

(2) The amplitude varies inversely as r. 

(3) The phase is J period in advance of that calculated as for plane 
waves. 

If we put p for the radius of the sphere for which 

^ 0 , 

(IT ^ I'/tT ^ 

then, from (2.52), cos(co^ — kp) y - sin(a>^ — - kp) = 0. 

/. cot(a>^ — kp) — kp. 
cosec^(aj^ — kp) (o) — ^ 

or S = ‘(‘ + P7r)' (2-®) 

Now dpidt is the rate of propagation of the wave-front for wliicL 
u = 0. 

Therefore dpjdt is alw^ays greater than c and only approaches c as 
a limit when p is large compared wdth A. 


12 . Waves of Finite Amplitude, 

It may be noted that the bulk modulus K is constant only for infini- 
tesimal volume changes; 

Jf = — v where v is the volume. 
dv 



(2.56) 
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Now as the changes in volume are adiabatic we have 


j) = A'py, where A' is a constant, 


dp 

dp 


= yA'py^^, and increases with p (fig. 2.8). 


The velocity in all parts of a wave, then, can be considered constant 
only so long as the density changes are very small. It follows from 


this that 

(а) intense waves will have an 
abnormally high velocity; 

(б) the velocity will vary for 
different parts of the wave, being 
greater for the compression than 
for the rarefaction. Thus if the 
density changes are large the 
waves cannot be propagated with- 
out change of form. 

In order to reach some ap- 
preciation of the magnitude of 
the effect we may start with the 
dynamical relation 



. dp . 

__ 1 Sp 

di^ Pq dx' 

But p “ ( ^) » Pq is the undisturbed pres- 

0 sure, 


and 






• • a<a “ 'po \ dy • 


. . ( 2 . 67 ) 
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This corresponds to plane waves travelling with velocity c given by 




0A-(y+l) 


If d^jdx is small, 


If d^jdx is not small. 




.2 __ y^O _ . 2 

t — Cq . 

Po 


. . (2.58) 




g^v~(v+i)/2 


C-: Co 

^ Co(l + . . 


. (2.59) 


This involves different velocities in different parts of the wave. 
The type of the wave changes as it advances, the pressure gradient 
becoming steeper in front and more gradual behind. This would 
lead to an infinite pressure gradient at the wave-front, after which 
the wave must break down and re-form. The process is held in check 
by the divergence of the waves and by dissipation. 

There is here a close analogy with water waves approaching a 
shelving beach. The velocity of the wave varies with the depth of 
the water. This is also true of the parts of the wave, and in shallow 
water the differences in depth between crest and trough are so con- 
siderable as to cause rapid changes in the form of the waves. The 
crests overtake the troughs and fall into them, after which the wave 
is reorganized and goes on, perhaps to repeat the process. 

It ought to be borne in mind that an amplitude which is finite 
(in the sense with which we are now concerned) for one wave-length 
may be treated as infinitesimal for another and longer wave-length. 
It is the condensation that matters. 

Now if ^ = CL sin(ai^ — kx)^ 

o £ 

dx ^ cos (co^ *— kx). 


Let S be the maximum value of s. 


Then 



ka 


__ 27ra _ 2770/* 


We can obtain some idea of the abnormally high velocity in a 
compression if we take the figures for the minimum audible intensity 
of a sound wave of frequency 2000 and for the maximum audible in- 
tensity. 
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For the minimum audible intensity the amplitude is about 2 X 10 ® 

. _ Stt X 10-« ^ g jn-io 

•• * “ “F ” ”33,000“ ^ ^ • 

For the inaximum audible intensity the amplitude is about 4 X 10“^ 


1077 , 

3 ^ 00 ” 


1*5 X 10-3. 


It is obvious that in the first case the effect on the velocity will 
be negligible, but in the second case we shall have 

y-f_l 

c = Co(l + s) 2 , 


-- Cq( 1*0015)^ since y— 1*4, 

== Co(l*0018). 

In this case the velocity is incTcased by about 2 parts in 1000. 

It is obvious that as s includes the product/, a we can form no 
judgment of the amplitude which is permissible for a wave of constant 
type unless we take the frequency into account. What is permissible 
for a wave of frequency 100 would cause rapid change of type in a 
wave of frequency 100,000. 


13. Plane Longitudinal Waves in an Infinite Solid. 

The propagation of these waves is not of much practical importance, 
except in connexion with earthquakes. If we consider a cylindrical 
element of material with its axis perpen- 
dicular to the wave-front, we shall see that 
the problem of longitudinal wave propaga- 
tion is the same as that of the extension 
and contraction of a rod to the sides of 
which stresses are applied in order to keep 
its area of cross-section constant. Let q' 
be the appropriate modulus of elasticity. 

Then when the extension of the bar per unit 
length is e and the longitudinal stress per 
unit area of cross-section is X we have 

Consider the case of a cylindrical volume of material whose axis 
is perpendicular to the wave-front. Let the area of cross-section of 
the cylinder be A and the density of the material p. Just as in the 
case of transmission of waves in a fluid, the change in length per unit 
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length at any point is d^jdx, where ^ is the displacement in the direc- 
tion of propagation. Consider the volume of material lying between 
two planes A, B, separated by a distance Sa: (fig. 2.9). 

If X is the stress acting across the plane at A, then 


X 


X 

dildx 

S - 

^ dx 


Thus for unit area, the force acting across A is 


X=q 


dx 


Similarly, the force acting across B is given by 

Therefore the resultant force acting on the element between the 
planes is 




Mass of element — phx 


p8x 






or 


“ p dx^' 
— ? 


(2.60) 

(2.61) 


In this particular case it may be shown* that if q is Young’s modulus 
and a is Poisson’s ratio 


/ ■_ g(l — g) 


3 = 


(1 


2a2) 




3(1 — g) 


Ml + <^)(1 — 2 < t )‘ 


(2.62) 


* Champion and Davy, Properties of Matter^ p. 87 (Blackie & Son, Ltd., 1936). 
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14. Velocity of Longitudinal Waves in a Rod. 

The only case in which the velocity of sound in solids is of much 
practical importance is the case of propagation in a rod. 

If we assume the rod (fig. 2.10) to have density p, area of cross- 
section A and Young’s modulus q, then, choosing two planes per- 
pendicular to the length of the rod and initially at distances from the 
origin x and x -f 8a;, we suppose them displaced by amounts ^ and 
^ -f- 8| respectively. 


The new distance between the planes — 8x-\- 8$ 

9^. 


Sx -f 8x, 
ex 


Increase of distance = ^ 8x. 

ox 





^ X 

Fig. 2.10 


/. Extension of bar per unit length at this point = d^/dx. 
is the force acting on the element across the first face, 

^P/A 
^ df/dx 

••• ^= 3^1 


If p 


The force acting across the second face of the element is 

Therefore the resultant force acting on the element is 

But the mass of the element is Ap8x and its acceleration is d^HdtK 
Therefore 

and velocity of propagation = (2.63) 




CHAPTER III 


Forced Vibration 

1. Forced Vibration and Resonance. 

Resonance in the narrower sense of the term is the response of an 
instrument capable of emitting a particular note when this note is 
sounded by some other means. If a key on a piano is depressed so 
as to remove the damper from the strings, and the corresponding note 
is loudly sung, the piano will respond and give out the note. Stories 
are told of the breaking of glass vases by singers able to produce a 
very pure and intense note of the pitch proper to the vase. Bouasse* 
regards this phenomenon as established by the multitude of witnesses 
who have testified to it, and then goes on to quote the Talmud to the 
following effect, although without giving a reference. “ It has been 
said by Ram6, son of Jecheskel: when a cock shall have stretched his 
neck in the interior of a glass vase and shall have crowed therein in 
such a manner as to break it, the whole cost shall be payable.’’ It 
seems difficult to believe that legislation should be designed to cover 
a situation that had never arisen, although Bouasse admits that he 
had reared a large number of cocks, none of which had acquired a habit 
of breaking glass vases. 

The phenomenon has of course many applications in other spheres 
than that of acoustics, and we shall first of all consider it in its wider 
aspects. Most vibrating systems have several possible modes of vibra- 
tion, and if disturbed and left to themselves they will, as a rule, oscil- 
late in one of these modes or in a combination of several of them with 
an amplitude which gradually diminishes. If, for example, we displace 
a pendulum, strike a tuning-fork, or pluck a stretched string, we have 
this kind of vibration. It is called free vibration. The period is one of 
the natural or free periods of the system. The gradual decay of am- 
plitude, which is known as damping, is due to the gradual dissipation 
of the energy conomunicated in the initial displacement, this energy 
being used up in overcoming the frictional resistances to the motion. 

It is possible to subject the vibrating system to the action of a 
periodic force. In this case it is said to be in a state ol forced vibration. 
Its amplitude of vibration is, as a rule, small and its period of vibration 

^ Acomtique G^nSrale, p. 157 (Delagravc, Paris, 1926). 
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is exactly that of the force. For example, take an empty bottle and, 
by blowing across the top of it so as to elicit its proper note in free 
vibration, tune it by pouring in water until the note of the bottle 
differs by about a semitone from the note of a particular tuning-fork. 
Now strike the tuning-fork and hold it over the neck of the bottle. 
The air in the bottle is set in vibration and a faint sound is heard which 
has the pitch of the fork — not that of the free vibration of the air in 
the bottle. 

The term forced vibration should be reserved for cases where the 
responding system does not by its reaction modify the periodic force. 
Where this reaction is not negligible we are really dealing with a 
coupled system, a case to which reference will be made later (p. 401). 



Fiij. 3.1. — Unbalanced gyro- wheel wdth vibrating springs attached to frame 


Resonance is a special case of forced vibration. When the period 
of the force coincides with the natural frequency of the vibrating 
system the amplitude of the forced vibration may become very large 
indeed. It is for this reason that troops are instructed to break step 
when crossing a bridge. There is a danger that the time of the tread 
should just happen to coincide with the natural period corresponding 
to one of the modes of vibration of the bridge. A very beautiful illus- 
tration of forced vibration and resonance is afforded by an unbalanced 
gyroscope to the frame of which is attached a series of springs of 
different lengths (fig. 3.1). Setting the gyro wheel in rapid rotation, 
and placing the instrument so that the images of the ends of the 
springs can be projected on to the screen, we notice that at first none 
of the springs shows marked vibration. They are all forced to vibrate 
with a frequency too high for their natural frequency and their response 
is small. As the speed of rotation of the wheel diminishes, however, 
the vibration which it communicates to the frame falls in frequency 
and presently coincides with the natural frequency of the shortest 
spring. This immediately takes up a vibration of large amplitude. 
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Presently the second shortest spring vibrates with increased amplitude 
while the vibration of the shortest dies away, and so on, each spring 
responding in turn with maximum amplitude when the frequency of 
vibration of the frame is close to its own natural frequency. 

If the periodic force is sinusoidal — ^i.e. if it is a sine function 
of the time — then it can induce resonance only in a system which 
has one of its free periods the same. Thus it may excite a partial (p. 335) 
of the vibrating system. This partial, however, will have the period of 
the force. The force cannot excite resonance in a system having a 
period half, a third, a quarter, &c., of its own period. On the other 
hand, if the force is not strictly simple harmonic, it can be analysed 
into a series of simple harmonic components, and any one of these 
will be effective as a periodic force applied to the responding system. 
On this fact depends the possibility of distortion in the transmission 
of acoustic (or electric) vibrations. If natural frequencies of the re- 
sponding (or transmitting) system lie close to frequencies of the 
harmonic components into which the original vibration can be analysed, 
then the components are selectively treated and the result is a vibra- 
tion quite different in form from the original. The distortion of a 
complex sound by transmission through a horn having natural fre- 
quencies in the range covered by the components of the sound is a 
case in point. 

One very important matter in connexion with resonance is what 
has been called the sharpness of resonance. If we take a bottle tuned 
to a particxilar frequency and hold a series of tuning-forks successively 
0]»posite its mouth, we shall find that it responds not merely to the 
fork which is in tune with its natural frequency, but to forks differing 
in pitch from this by a tone or more. On the other hand, in the case 
of two tuning-forks, where resonance is very marked when the forks 
are correctly timed, the slightest mistiming — a tenth of a tone or less — 
makes the response almost negligible. Thus we find, in the case of 
the bottle, a response to all neighbouring pitches without very marked 
response to any, and in the case of the forks a highly selective action 
involving very marked response for correct tuning, and almost no 
response for quite small differences in pitch from the correct value. 

This difference is bound up with the damping of the system, i.e. 
the rate at which its free vibrations die out when it is disturbed and 
left to itself. In the case of the bottle we can produce a tone by blow- 
ing across the neck, but the tone ceases almost at the instant at which 
the air blast is stopped. On the other hand, in the case of the fork 
we start the free vibrations by plucking or bowing the prongs, and 
the sound persists for quite a long time afterwards. A system which is 
highly damped is one which has a broad continuous spectrum of natural 
frequencies, and it is only to be expected that resonance should occur 
for the whole range of frequencies present in the free vibrations. 
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Further reference to this will be made in connexion with the analysis 
of sounds (Chapter XIII). 

For the sake of completeness it is necessary at this point to refer 
also to the ‘‘ transient ” vibrations called out in the early stages of 
the action of a periodic force on a vibrating system. These transient 
vibrations are damped free vibrations of the system and consequently 
have one of the free periods of the system; they may be neglected in 
considering the steady motion finally reached. 

2. Analytical Discussion of Forced Vibration and Resonance. 

The most important practical case is that in which a system capable 
of resisted simple harmonic motion is subjected to a force varying 
harmonically. 

Let 27r/a> be the free period of the system, and 2r the resisting force 
per unit mass per unit velocity; then the equation for the free resisted 
motion is 

X -f 2rx + — 0 (3.1) 

If now the system is subject to a periodic force of maximum value 
F per unit mass and of period 27r/n, the equation of motion is 

X + 2 tx + co^x — F &mnt (3.2) 

The solution of (3.1) has already (equation 2.9, p. 48) been shown to 
bo of the form 

x == cos(\/u>^ — — e). . . . (3.3) 

This is the complementary function of equation (3.2) and the com- 
plete solution is the sum of this function and a particular integral. 

If we use the symbol D for the operation djdt, in many algebraic 
transformations D can be treated as an ordinary algebraic quantity.* 

That is, we have Dx — D^x — 

at cU^ 

and ^ {smnt) = — sinnt, 

i/j{D^) sinnt = ifj( — n^) sinnf, 
where 0 represents any polynomial function. 

The equation x + 2rx + — F sinnt 

becomes {D^ + 2rD -j- a}^)x = F sinnt, 


(f 701 ) 


• See Piaggio, Differential Equations ^ p. 30 (Bell, 1929). 


4 
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or, from the above, 

(— + (x}^ + 2rD)x — F sinn^; 
multiplying by the operator (co^ — ~ 2rD), we get 

[(co^ — — ir^D'^]x == F(a)^ — — 2rD) sinni 

or [(co^ — n^)‘^ + 4:r^n^]x = — n^) F smnt — 2rn F cos nt. 


Hence 

rr ~ a sin(w^^ — 8) 

(3.4) 

where 

8 = tan ^ „ 3 , 

(3.5) 

and 

F sin 8 F 

2rn “ V((a>2 - n2)2 -t- 4r%2}’ ' 

(3.6) 


— ^’sin(»^ — S) 

be-r* cos(Va,^ ^ 

(3.7) 


Alternatively, if we assume a solution of equation (3.3) to be of 
the form 

X — a sin(nt S), 

then x= an cos{nt — S), x = —an^ sm{nt — 8). 

Substituting these values in equation (2) and putting 

F sinn^ = F sin(nt —8+8) 

= F sin (nt — 8) cos 8 + F cos (nt — 8) sin 8, 

we have 

—an^ sin(n^ — 8) + 2r an cos{nt — 8) + a>^a sin(ni — 8) 

= F sin(n^ — 8) cos 8 + F cos (nt — 8) sin 8. 


Equating coefficients of sin (nt — 8) and cos (nt — 
F cos 8 = a(cjtj^ — n^)A 
J?’sin8=2ma, j 


8) we have 
• . . (3.8) 


X = a sin (nt — 8) is a solution of the original equation if 

__ F sin 8 F 

^ 2rn 

2m 


and 

as before. 


8 = tan"^ 
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To this value of x we may add any value which makes the left- 
hand side of the original equation vanish. Such a value is given by 

X — be~^^ cos(Vct>^ — r^A— e), 

where a}'> r. 

Thus the complete solution is, as before, 

X = — S) + cos (V a>2 — r^,t— e). 

We can therefore think of the motion as made up of two com- 
ponents. The first term represents a simjjle harmonic vibration of 
constant amplitude which has the same period as the force (27r/n) 
and differs in phase from the force by an angle 8 representing a retar- 
dation. The second term represents a free vibration of the natural 
period of the vibrating system, decaying at a rate determined by r 
—a rate which is the same as that of the system when no force is 
acting. This is the transient previously referred to. 

Initially these two vibrations may be expected to give beats (p. 195) 
— beats whose frequency is the difference of frequency of the two 
vibrations, i.e. the difference between n/27r and a>/27r. The less the 
natural damping of the vibrating system, the more marked and the 
more prolonged will the beats be. This beating can be actually 
observed, as will be pointed out later. In time, however, the free 
vibration is damped out and only the forced vibration is left, so that 
the steady state is one in which we have only the vibration given by 

jPsinS . , , ,Q 

X = 

8. Phase of Forced Vibration. 

With regard to 8, the phase difference between the force and the 
vibration, we have, from (3.8), 

F sin 8 = 2rmi, 
sin 8 is positive, 

/. 0 < 8 <C 77. 

The vibration is therefore always less than half a cycle behind 
the force. 

Also we have, from (3.8), 

F cos 8 = a{a)^ - 

If o) > n, cos 8 is positive, 

0 < 8 < 7t/2. 
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If, therefore, the period of the system is less than the period of 
the force, the vibration is less than one-quarter cycle behind the force. 
If ct> < n, cos 8 is negative, 


7r/2 < 8 < TT. 



Fig. 3.2 


In this case the period of the system is greater than that of the 
force and the vibration is from one-quarter to one-half cycle behind 
the force. 

If cu = w, then cosS = 0 and 8 — 7r/2. 

In this case the period of the system is identical with that of the 
force, and the vibration is in quadrature with the force, i.e. one-quarter 
cycle behind. 

If r is very small, 

sin8 = 0 


then 

and 


8 = 0 or TT. 
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For oj > n, S will be nearly zero, which means that if the period 
of the system is less than that of the force the two will be practically 
in phase. 

On the other hand, if a> < n, S will be nearly equal to 77, so that if 
the period of the system is greater than the period of the force the 
system is almost in opposition. 

In discussing the variation of phase difEerence, displacement ampli- 
tude and velocity amplitude with the frequency of the applied force, 
it is convenient to use the ratio <o/r= S. The main interest centres 
in values of the frequency of the applied force which are nearly equal 
to the free undamped frequency of the system. We can measure the 
mistuning of the force by the ratio co/n or, better still, by the logarithm 
of this ratio. Since if ca/n = 2 or ^ the interval is an octave, the 
interval will be a centi -octave if 




log2. 


Fig. 3.2 shows for various values of S the variation of 8 with n plotted 
in this way. S ~ I represents a system heavily damped. /S = 10 
represents a system lightly damped. 


4. Amplitude Resonance. 

The amplitude of the forced vibration, a, is given (3.6) by 

F 

^ 4rV} 

This may be put in the form 

F 

^ n\/^a)^(o}jn — w/ca)2 + ’ * * (3.10) 

If we regard wjn as indicating the amount of mistuning, then if 
this ratio is fixed the quantity {w/n — n/oj)^ has the same value no 
matter which of the two frequencies is the greater. Since and 
are constant, it follows that for given mistuning, a is less when n is 
greater. The amplitude of the forced vibration is therefore less for a 
given ratio of the frequencies when the frequency of the force is greater, 
and the curves showing for various values of S the variation of a with 
n are not symmetrical. They are plotted in fig. 3.3 for the same three 
values of S as in fig. 3.2. 

The condition for maximum amplitude of the forced vibration is 
easily found. It corresponds to the minimum value of the denominator 
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of the expression for a. Treating a> as constant and n as variable, for 
a minimum value we have 


~ + ArH^] = 0 

— 4(6a^ — n^)n + 8Ai ™ 0, 

^ ~ 2r2. 



Fig. 3.3 


Hence the amplitude is a maximum when the period of the force 
is 27r/y'(aj“ — 2r2). It is to be noted that this is not the unresisted 
period of the system, 27r/a», nor is it the resisted period 27r/\/(a»2 — 
but a still longer period. For this resonance period of the force, 

__ F 
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5. Velocity Resonance. 

If x = a sin {nt — 8), 

X = an cos (nt — 8). 

Thus is a maximum when 

cos(n^ — S) = 1, 
i.e. sin (nt — 8) — 0, 

i.e. x= 0, 

Tlie corresponding value of x is the velocity amplitude 

F 

X an jn — n/a>)^ + ‘ ' (3.11) 

by (3.10). For any given value of r this is a maximum when 

r-”) = o. 

\n (x)J 


i.e. when 


n. 


This, then, is the condition for maximum velocity amplitude, 
i.e. for velocity resonance. Note that it is not the same as the con- 
dition for displacement resonance. Velocity resonance occurs when 
the frequency of the force is the same as the undamped frequency of 
the vibrating system. For the case of resonance we have, from (3.11), 

. F 

x = ^ 3.12 

2r 

To see how the velocity amplitude varies when n =t= a>, i.e. when 
the force is mistuned, we take 

R __ Velocity amplitude for any value of n 
100 Velocity amplitude at resonance (n — a>) 

^ ^ F 
\/^(jD^a}/n — n/ca)“ -f- 4r^| * 2r 

^ 1 

\/{(ojl^/4:r^)(a)/n — n/co)^ + l}’ 

where R is the percentage response. In this expression n occurs only 
in the bracket and its value is the same for any given ratio of ct> and 
n, no matter which happens to be the larger quantity. Thus if we 
measure the mistuning by the ratio co/n or its logarithm as before, 
the resulting curve will be symmetrical about the line n ==; a>. 
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If we put S=w/r&B before, and y = log,£o/n, 


then 


w 

n 


n 

w 

and 

1 /CO 

n\ 

e» 

— 

2Vn“ 







100 


-\/(l + sinh^y)* 



Fig. 8.4 


When sinhy= IjS the velocity amplitude falls to 1/V^ of its 
value at resonance and the kinetic energy falls to half value. This 
may be taken as a measure of the sharpness of resonance, and we see 
that the sharpness is most marked for large values of /S, i.e. for large 
values of lo and small values of r. 

Since win is considered in the neighbourhood of correct tuning 
[n = 4i>), \ogt{w jn) is small, 

sinhy = y, 

-va + w 

The form of the response curves is shown in fig. 3.4, where R is 
plotted against the mistuning measured in centi-octaves. 
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To get the actual value of the velocity amplitude for these cases 
we have 

? R 
^ 100 ^ 

100 ^ 2r ” 20ba)' 



Fig. 3.5 


For simplicity in plotting put F == 200a>; the velocity amplitude 
curves for the same three values of S are shown in fig. 3.5. 

6. Energy of Forced Vibration. 

During part of the cycle in each vibration the system is drawing 
energy from the applied force and in the remaining part of the cycle 
it does work against the force. Thus the energy of the system varies, 
and in any discussion it is necessary to specify the conditions in which 
it is to be measured. If we measure it when the system is in the position 
of zero displacement, all the energy is kinetic and it is proportional 
to the square of the velocity amplitude found in the preceding section. 

(irTOl) 4 * 
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7. Experimental Illustrations of Forced Vibration. 

The main features of the foregoing analysis can be illustrated by 
a very simple arrangement due to Barton* (fig. 3.6). From a stretched 
horizontal cord a number of light pendulums are suspended. These 
pendulums vary in length and consist of small paper cones attached 
to threads. At some distance from them is suspended a heavy iron 
bob, forming a pendulum of length intermediate between the longest 
and shortest of the light pendulums. If now the heavy pendulum 
is set swinging, its motion is communicated by the cord to the light 
pendulums. The reaction of the light pendulums is negligible, so that 
their vibrations are forced. If one of them is set in free vibration its 



ACB, stretched cord. D, heavy pendulum bob suspended from the cord. K, light 
paper cones suspended by threads from the same cord and set in motion when D is 
made to swing. DE is the effective length of the driving pendulum. 


amplitude dies out rapidly, so that it represents a vibration for which 
r is large. The forced vibrations can be studied most conveniently 
by placing a source of light to the left of the diagram so that a shadow 
of the vibrations is projected on a screen placed to the right of the 
diagram. When the heavy pendulum is set swinging it will be noticed 
that the vibrations of the light pendulums show beats. These beats 
rapidly disappear and the light pendulums settle down to steady 
vibration. The distribution of phase is shown in fig. 3.7. The left-hand 
side shows the instantaneous positions of the small pendulums at 
the instant when the driving pendulum is passing its mid-point 
towards the right. Short and long pendulums are nearly in the same 
phase or nearly in opposite phase. The pendulum in resonance is 

* Phil. Mag., Vo!. 36, p. 169 (1918). 
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obviously about 77/2 behind. The right-hand side shows the positions 
an instant later. Obviously the shorter pendulums have moved to 
the right and so are in phase with the driving pendulum. The long 
pendulums have moved to the left and so are in the opposite phase. 
Fig. 3.8 (a) shows a time exposure of the swinging pendulums; though 
one pendulum shows maximum amplitude the selectivity is not great 
and neighbouring j)endulums show an amplitude nearly as large. 

If now split brass curtain rings are slipped on to the paper cones 
they become systems for which the damping is much less; if they are 
displaced and left to themselves the amplitudes decay much less 



Fig. 3.7. — Pendulums in forced vibration 


rapidly, owing to the fact that the work done against air resistance 
is now a much smaller proportion of the total energy of the swing. 
This time the initial beats are much more obvious and much more 
prolonged. When steady motion is fmally established the phase dis- 
tribution is markedly different from that of the previous case. All 
the shorter pendulums are very nearly in phase, and all the longer 
pendulums are very nearly in the opposite phase. The pendulum in 
resonance is, as before, 77/2 behind the driving pendulum. A photo- 
graph of the system of pendulums shows that the selectivity is much 
more pronounced and the amplitudes fall off much more rapidly as 
the error in tuning increases (fig. 3.8 6, p. 90). 

8. Singing Flames. 

If a small jet of inflammable gas is ignited and inserted into a 
wider tube open at both ends then in certain conditions a steady and 
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intense note is produced having the natural frequency of the wider 
tube. 

The early history of this discovery is given by Tyndall* and is 
thus summarized by Jones 

“ The first person who observed a singing flame may have been Dr. Bryan 
Higgins. He found the effect in 1777, but it was not until about twenty-five 
years later that he wrote, for publication in Nicholson’s Journal, the letter in 
which he described his discovery. The letter appeared in Nicholson’s Journal of 
Natural Philosophy, 60, 129 (1802). 



(a) (fi) 


Fig. 3.8. — Photograph of moving pendulums, showing variation of amplitude 

(a) Cones unloaded and therefore heavily damped, showing little selective resonance 
(d) Cones loaded with curtain rings, giving small damping and selective resonance 


“ In the meantime the effect may have been discovered independently by 
others. J. A. DeLuc described it in his Iddes sur la Mitiorologie, Vol. 1 (1796), 
p. 171, but did not say whether he discovered it himself or learned of it from 
someone else. Professor Hermbstadt of Berlin (Crell’s Ckemische Ar^nalen, p. 366 
in Part I for 1793) says that the Russian Count von Moussin Bouschkin (Pusch- 
kin ( ?)) showed him the experiment and told him that it was described by DeLuc. 
Chladni (Ges, Naturforschender Freunde zu Berlin, Neue Schriften, 1, 126, 1795) 
speaks of the singing flame as having been discovered by DeLuc. Charles Gaspard 
Delarive (Joum, de Physique, 56, 165, 1802) and Michael Faraday {Quarterly 
Joum. of Science and the Arts, 6 , 274, 1818) say that Pictet described the experi- 
ment at Geneva, and both William Nicholson (Editor of the Jmim, of Nat, Philos,) 


• Sound, p. 238. 


f Sound, Appendix 6 (Chapman and Hall, 1937). 
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and Delarive refer to an article on singing flames by Professor BnignateUi, pro- 
bably Luigi Valentino Brugnatelli of Pavia. I have not found the papers by 
Pictet and Brugnatelli.” 

The experiment works quite well with ordinary coal-gas but better 
with hydrogen. The phenomenon has been widely studied and its 
real nature was established by Rayleigh,* who showed that it depends 
on the intermittent supply of heat by the jet. To get the greatest 
efficiency it is necessary that the maximum heat supply should occur 
at the instant of greatest compression of the air at the node adjoining 
the jet. 

The action is analogous to that of a simple pendulum whose point 
of attachment is movable through a short horizontal distance. If at 
the instant when the bob has its maximum displacement to the right 
we suddenly move the point of suspension to the left, we increase the 
amplitude of the swing, but owing to the isochronism of the pendulum 
we leave its period unchanged, "^en the bob reaches the end of its 
swing to the left we move the point of suspension to the right and 
again the amplitude of the vibration is increased. On the other hand, 
if the direction of movement of the point of suspension is reversed, 
i.e. if it is moved to the right when the bob is on the right, the pendulum 
is soon brought to rest. The effect of moving the point of suspension 
when the bob is passing through its mean position is different. In this 
case there is a small effect on the period but none on the amplitude. 

If, now, we think of a column of air closed at one end with a 
piston in the open end executing vibrations, the analogy is obvious. 
Any change in temperature of the air alters the mean position of the 
piston. If, when the piston is in the position giving maximum com- 
pression of the contained air, heat is suddenly supplied, the mean 
position about which the piston vibrates is moved outwards and the 
amplitude of the vibration is increased. Thus the condition favouring 
maintenance of the vibrations is that the heat supply should be in 
phase with the compression of the air. When the air in the wide tube 
of the singing flame is in vibration in its fundamental mode the node 
at the middle of the tube acts as a closed end and the conditions of 
the piston and closed tube are reproduced. 

A model illustrating the action has been devised by Bragg. f Fig. 3.9 shows 
a bulb containing air, fixed by means of a cork to one end of a U-tube containing 
mercury. Inside the bulb is a spiral of fine platinum wire through which a battery 
can send a current of electricity, raising it to a bright red heat. The current 
runs from one end of the battery by way of a wire passed through the cork, goes 
through the spiral, and down inside the U-tube by means of a wire which just 
dips into the mercury. Then the current runs to the other end of the mercury, 
and out by a wire which dips well in, and so back to the battery. 

As soon as the battery is connected the spiral becomes hot, the air inside 


Theory of Sounds Vol. a, p. 226. 


t The World of Sound, p. 92 (Bell, 1920). 
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becomes heated and expands so that it presses the mercury do’wm on the buJb 
side. But this breaks the electrical connexion, because the mercury drops below 
the wire; the spiral grows cold, the air contracts, and the mercury comes back: 
the same series of events then repeats itself. 


The various possible cases of singing flanu^s arc illustrated graphi- 
cally * in fig. 3.10. 

With correct timing the increase in the amplitude of vibration will 
of course continue until the amount of energy su})plied at each vibra- 



Fig. 3.9. — Oscillations maintained by 
electrical heating 


tion is equal to that dissijiated in 
the vibration. The correct phase 
relationship can only be maintained 
if there are stationary vibrations not 
only ill the air tube but in the gas 
supj)ly tube; this means that if the 
gas supply tube is a short narrow 
tube terminating in a wirier one, its 
length ought to be such that it has 
a node at the jet and an antinode at 
the junction with the wider tube. 
Thus the best lengths are A/4, 3A/4, 
6A/4, . . . , where A is the wave- 
length of the sound in the gas. 

By stroboscopic examination of 
the flame Richardson f has shown 
that its vibrations are in phase with 
the compression of the air at the node 
and has verified the fact, originally 
noted by Wheatstone, that not only 
does the size of the flame vary but 


in some cases it is actually withdrawn periodically into the supply 
tube. 


Even when the conditions are right the tube will not always sing 
spontaneously and may require to be encouraged by tapping or by 
blowing across the top. 


9. Gauze Tones. 

These tones were discovered by Rijke J in 1869, who found that 
if a piece of gauze is inserted into the lower half of a wide tube 
and heated by a bunsen flame the tube sounds loudly for a few 
minutes after the flame is withdrawn. The sound can be maintained 
indefinitely if the gauze is heated by an electric current. In this case 

• A. B. Wood, Sound, p. 201 (Bell, 1930). ■[ Proc. Phys. Soc,, Vol. 35, p. 47 (1922-3). 

t Ann, d. Physik, Vol. 107, p. 339 (1859); see also Lehmann, Ann. d. Physik, 

Vol. 29, p. 527 (1937)- 
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there is no interniittence in the source of heat; the intermittcncc is 
supplied by the motion of the air in the tube. The air flow near the 
gauze consists of an alternating flow due to the vibrations in the 
tube superimposed on a steady flow due to convection. When the 
air is moving in towards the node to form a compression cold air 



Phase of Heat 
Supply relative to Phase of 
Pressure 


(1) In phase 

(2) Opposite phase . 

(3) Quarter period before 

(4) Quarter period after . 


Effect on 

Amplitude 

Frequency 

increasing 

none 

decreasing 

none 

none 

increase 

none 

decrease 


Fig. 3.10. — Maintenance of oscillations by heat and phase of heat supply 


flows over the gauze and there is a maximum communication of heat. 
When the air is moving out, air which has already passed across the 
gauze returns through it, and as this air is already relatively warm 
the heat communicated is a minimum. Thus the phase of the heat 
supply is favourable for the maintenance of vibrations. 

The converse case was studied by Bosscha and Riess.* Here the 
gauze is placed in the upper half of the tube, but it is a cold gauze — 
preferably water-cooled — and the current of air is hot. 

With metal tubes a few centimetres in diameter and about a metre 

• Arm. d, Physik^ Vol. 109, p. 145 (i860). 
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in length some very impressive sounds can be produced by Rijke’s 
method. 


10. Work done in the Maintenance of Forced Vibrations. 

The work done by the force per unit mass in maintaining a vibration 
is given by 

W = Jf sinr^ dx 
. .dx 


J F &mnt dt. 


From (3.9), p, 81, 


Also, from (3. 5), sin S 


. dx __ Fn 

dt {(x)^ — ^2)2 -f. 4r2w2 
. Trr FH 


F sinS 

cos {nt — 

2r 


Fn 


— n2)2-j- i 


2rn 

V{i^^ 

- W2)2 + 


1 

3 


— v?f + 


(cosnl cosS + sin sin S). 


[(cn2 — n^) cos nl -f 2rn sin nt], 




(oj^ — ^2)2 -j- 4r2n2. 


-^o I cos nt sin nt 

+2rnsm^rd]dt. 


If we integrate over a complete period, we have 

i«2jr/n 


^ZTTjn 

/ coBnt sinn^ dt = 0, 
•'0 

J r27r/n 

sin^ ntdt = — . 
0 n 


• w = Ottt 

W FHh 

.nd the mean powe, = ^ . . . ( 3 . 13 ) 

The same result can also be obtained by integrating the work 
done against the damping resistance. We then have 


W= 2rxdx = 2r 


J x^dt. 
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If T is the kinetic energy per unit mass, T — Jac*, 

W = 4rJ Tdt. 

r - 27 t 

But taken over a complete period — T . 

where T is the average kinetic energy over the period; 

w = ^f. 

n 


Now the average kinetic energy over the period is half the maxi- 
mum kinetic energy. Hence, from equation 3.9 (p. 81), 


sin^S 

4 16/2 


and 


TT sin2 S 

n 2r 


TtF^ 4 / 2^2 

2rn (6^2 — n2)2 -f 4/2/1* 

ttF^ . 2rn 

(a)2 — 


Hence 


27Tjn* 


the mean rate of working, is 


F^nh 

(ca* — /i2)2 _p 4^2^2’ 


11. Oscillations in an Electrical Circuit. 

If we have an electrical circuit containing resistance 22, inductance 
L and capacity C in series and apply to the circuit an E.M.F. varying 
sinusoidally, we can obtain an expression for the current ji in the circuit 
at any instant as follows. 

The fall of potential round the circuit, Fj, will be the applied E.M.F., 
EqCOscoI, less the back E.M.F. due to the inductance, L{djjdt), andi 
to the charge on the condenser, qjC, Hence, using the fact that 
j = dqjdt, we have 

+ + . . . (3.14) 
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But cosa>^ is the real part of jE'Q(cosca^ + isinco^), where i is 
V — 1. It is therefore the real part of and we may write 

+ 


For our purpose the use of complex numbers is only a convenient 
device for performing differentiation and integration with the least 
trouble. It need cause no confusion if we remember that the derivative 


of an expression like u + iv, where u and v are real functions of the 
time t, is given by + i so that it does not matter whether 



Fig. 3.11 


we take the real and imaginary parts before or after differentiating. 
This may be verified in a particular case by considering 

^ { sinco^ 

of which the derivative is by the ordinary rule for the exponential 
function. 

Now = io) coscot — CO sincot, 

so that the real part, — cosincu^, is, as we expect, the derivative of 
coscoL 

In the general case we write (u + iv) as Z(t) and represent Z(t) by 
a point P in the complex plane, or by the displacement OP. Then 
as t varies, P moves along some curve in this plane, PQ, say (fig. 3.11). 

The derivative of Z is defined as limit as for 

st^o ot 

:>rdinary real numbers, and will be represented by a displacement OR 



HI] OSCILLATIONS IN AN ELECTRICAL CIRCUIT 


97 


parallel to the tangent at P. In the important special case in which 
u-\- iv = 6*"', the time derivative is at right angles to the original 
displacement OP. In the language of complex numbers, the operation 
represented by L{dldt), where L is a real constant, is in this special case 
given by iLo), that is by (a) multiplication by the real constant Loj, 
{b) turning through a right angle counterclockwise. 

The inverse operation of integration with respect to time is repre- 
sented by dividing by ico, or by multiplying by —ijcoy that is {a) multi- 
plying by I/co, (b) turning through a right angle clockwuse. 

These considerations apply directly to alternating currents and 



analogous problems (fig. 3.12), since the calculation of E.M.F.s due to 
resistances, capacities and inductances, normally a process of difEeren- 
tiation and integration, is now reduced to the combination of complex 
numbers. Relations of phase are readily seen simply as angles between 
displacements such as OP and OR. Variation of t merely rotates the 
diagram as a whole (the operation X expict>(^ — - ensures this). 
In this way the phase relations remain obvious in the picture, and 
we can also avoid explicit reference to t in discussing the problem. 
The diagram has become a diagram of impedances (fig. 3.13), rather than 
of E.M.F.s. 

The impedance diagram is a picture of such operators as that 
which is included in the bracket in the equation 
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where j is the current, and the integration sign operates on whatever 
follows dt. 

It should be emphasized that by reducing the problem to one of 
division and multiplication we fail to obtain a complete solution of 
the equation; our solution has no arbitrary constants. We fail to 
introduce any sinusoidal functions of periods differing from that of 
the E.M.F. ; this is only a particular integral, and the complementary 
function is required to complete the solution. Often this particular 
integral is required to the exclusion of the complete solution, because 
usually the complementary function contains only transient terms 
which become negligible as t increases. 



The impedance diagram enables us to see 
solution of the above equation is 


immediately that a 


^ R iwL — ijayC 


. . (3.16) 


and this is equivalent to assuming a trial solution for j of the form 

Thus returning to equation (3.16) in terms of q (it does not matter 
which we solve first), namely. 


£S + ie§+* 


(ft* 


dt 


Q — 


we may put 
and therefore 


q — 

q = J — 
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Substituting in the equation, we have 


— + Rio)Ae"“* -f- 


C 


= 


A^ — co^Xr -f- Ri(o -)- = Eq, 


Hence 


Eq^^ 

— oi^L + Ricj IjG 

ioj[R + iiwL-llCco)Y • • • • 


and the instantaneous value of q is the real part of this complex ex- 
pression. Further, 


q ~ iojq = 


R -f* i{coL — 1 /Ooj) 


(3.18) 


The ratio EQe^*^^lq is the instantaneous value of the ratio of E.M.F. 
and current. It therefore plays the same part in an oscillating circuit 
as resistance for steady currents. It is called the complex impedance 
of the circuit and is equal to 72 -f- i{coL — 1/Ca>). 

R is the resistance and (wL — IjCo)) is called the reactance R\ ojL 
being the inductive reactance and 1/Ccj the capacity reactance. 

The value of q is the real part of the complex expression (3.18). 
To find this put Z for the positive square root \/{R^ + R'^) and € 
for tan R jR, The complex impedance is then Ze*’' or Z(cosc + i sine), 


and 


4 


~Z^ 






Hence 


E, 


real part oiq= cos(a>^ — e). 

/j 


In the same way the real part of qlioj is 

Eq sin(a>^ — e) 


and this is the appropriate value of q. 

Thus it will be seen that 

(а) There is a phase difference of 7r/2 between q and q. 

(б) There is a phase difference of e between the applied E.M.F. 
and the current, where 


e = tan 


-1 


R 

R 


tan" 


^coL — l/Co> 
R • 
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(c) Tlie impedance Z has a minimum value and therefore the current 
j a maximum value if cjL — \jCw = 0. In this case the frequency — 
the resonance frequency — is given by 


J 


277 27tVLC' 


(3.19) 


At this frequency e obviously vanishes. 


12. Analogy between Mechanical and Electrical Quantities. 

The close analogy between electrical and mechanical oscillations 
can be clearly brought out if we apply to the mechanical system the 
same method of treatment as that just given for the electrical circuit. 

Suppose we have a mass m (fig. 3.14), subject to frictional forces 
opposing motion, and acted on by a spring and by an applied force F. 
Let the spring develop a restoring force S per unit displacement, and 
let the frictional forces develop a retarding force r per unit velocity. 


F 




Fi|f. 3.14 


The equation of motion is 

m^+ri + S^--^F (3.20) 

Putting F " Fq cosojt and using complex quantities as before, 
we have 

ml + ri + 8^-==:: F,&-^ (3.21) 


Here we have an equation identical in form with that for the 
oscillations in an electrical circuit, with m substituted for L, r substi- 
tuted for R, S substituted for 1/C, and F for E. In other words, we 
have the following analogies: 


Electrical 

Inductance 

Resistance 

Capacity 

E.M.F. 

Charge 

Current 


Mechanical 

Mass 

Resistance 

1 

StiSness 

Force 

Displacement 

Velocity 
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If we introduce a new mechanical term, compliance (C), where 
C = 1/S, then we have 

Compliance = — = - 

rorce per unit displacement 

“ Displacement per unit force. 


Obviously the solution will have the same form as before, and we 
shall have 


iaj[r -f- i(ajm — l/Cco)]* 


. . (3.22) 


iioZij^ 


(3.23) 


where the mechanical impedance, so named from analogy with 

the electrical case. It consists of a pure resistance and a mechanical 
reactance which depends on the applied frequency and comprises 
two terms, one involving the mass and the other the compliance of 
the spring. Here again we have 

t r „ 

b 7 ~ * 


and the phase relations of driving force, displacement and velocity 
are the same as those for E.M.F., charge and current. Also, the reso- 
nance fi’equency is given by 


so that 


(jjm — 


1 

Cw 


0, or : 


1 

V(^n 


f- 


1 


27^^/ Cm 


where / is the frequency of the free vibrations of the loaded spring. 

To complete the analogy we may compare the properties of the 
transformer and the lever. Just as the transformer couples two 
circuits in such a way that the E.M.F. is stepped up or down in a fixed 
ratio, so the lever transmits force from one mechanical system to 
another, stepping it up or down in a fixed ratio. 

Thus, in the diagram (fig. 3.15, p. 102), if we consider velocities, we 
have 5 currents in the transformer, if the number 

of turns in the secondary, is small compared with n^, the number of 
turns in the primary, we have jjj 2 — n^/n^. Also if C (fig. 3.15) is fixed 
and a force is applied at A then the force at B will be F^^ where 
F-^/F^— d^/dc, and an E.M.F. in the primary of a transformer 
gives an E.M.F. E^ in the secondary, where E^/E^ == ^i/ng. The 
analogy is therefore complete, provided that d-^^jd^ = 
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It is accordingly possible to utilize the results which have been 
obtained from an intensive study of electrical systems and apply these 
to the design of mechanical systems. A notable instance of tliis was 
the epoch-making improvement in the mechanical gramophone in- 

1^2 




d, 


Fig. 3.15 


d,- 


troduced by Maxfield and Harrison with a view to obtaining a uniform 
response over a large frequency range. Fig. 18.20, p. 523, shows the 
sound-box and the equivalent electrical circuit. Before we can fully 
appreciate this equivalence, however, we must go on to consider the 
acoustical analogy. 



CHAPTER TV 


Resonators, Filters and Horns 

1. The Helmholtz Resonator. 

In his analysis of musical sounds Helmholtz (1821-1894) made use 
of an air resonator. It is made of brass or glass, and has two apertures, 
the narrower being inserted into the ear and the wider being presented 
to the source of sound. If a tone of the natural frequency of the con- 
tained air is present in the soimd to be analysed, the resonator responds 
and this response is detected by the ear. This system may be treated 
as an example of an acoustical system which has one degree of 
freedom. 

We shall proceed to consider a simplified resonator as shown in 
fig. 4.1. 



Fig. 4.1. — Simple Resonators 


Let Vq be the volume of the resonator, I the length of neck, S 
the area of cross-section of neck, p the density of air, and, as before, 
let i be the displacement and s the condensation. 

As the motion is mainly confined to the air in the neck we may 
take the mass-acceleration as ISp^. The excess pressure acting on 
this mass is given by 

p= Ks= c^ps 


= — 


Vo 



Force acting = pS = 


Vo ' 
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The dissipation of energy is mainly that due to the energy 
radiated, and this corresponds to a resisting force * given by 

2tTT A 

We may therefore write the complete equation as 

IS pi + i + i = SPe'->, 

^7T V Q 

where P is the pressure amplitude due to an external applied force. 

It is convenient to choose a new quantity called the volume 
displacement and defined by the relation X = Then X = 

X = and we have 


Ip ^ p(x)k ,v , pc^ 
'q a -f- A -j- 




(4.1) 


By analogy with (3.18), p. 99, the steady state solution is 


pwh ./pod pc^\ 

Yn “ Klo) 


(4.2) 


Here again the analogy with the electrical case is obvious and a 
similarity in nomenclature is desirable. Accordingly, the quantity 

— -fy—) is called the acoustical impedance and is denoted 

ZTT \ O 

by Z^. It is defined as the ratio of the sound pressure at a source of 
sound and the strength of the sound Z7, and the strength of a sound 
is defined in turn as the rate of volume displacement of the surface 
which constitutes the source. Thus X U, 


Za=^ 




u 


si 


(4.3) 


It is to be distinguished from the unit area impedance at a point 
in the medium in which sound waves are being propagated. This is 
defined as the complex ratio of the sound pressure and the sound 

P V 

particle velocity, and is denoted by Z,, = ^ 

The acoustical resistance, which is the real component of the acous- 

pwk 


tical impedance, is given by 22^ 


• See Rayleigh, Sounds Vol. 2, § 31 1, 
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The acoustical reactance is the magnitude of the imaginary com- 
ponent of the acoustical impedance. It is equal to y — y/" )- 

\ o y 

It is composed of a mass reactance pwl/S and a stiffness reactance 
pc^/FoOi. The acoustical mass is the mass reactance divided by the 
pulsatance w, in this case pljS, and the acoustical stiffness is the 
stiffness reactance multiplied by the pulsatance, in this case pc^/V^^. 

The resonance frequency is that corresponding to the value of oj 
for which the reactance disappears, that is, for which 


Hence 


and 


pcol 


per 


^ 2-n 2n^lV^ 


. . . (4.4) 
. . . (4.5) 


Thus the frequency is directly proportional to the square root 
of the aperture area and inversely proportional to the square root of 
the volume and to the square root of the length of the neck. 

The quantity Sjl is known as the conductivity (C) of the opening. 
As the motion is not strictly confined to the neck the effective length 
of the neck V is always greater than the true length I by an amount 
V — I known as the “ end correction ’’ (see also § 6, p. 253, and § 9, 
p. 406). When the opening is a circular aperture in a thin wall it has 
been shown by Rayleigh that the effective mass of moving air is 
pS^I2a, where a is the radius of the aperture. Hence 



S 


= 2a. 


(4.6) 


The analogy with electrical conductivity holds, and conductivities 
may be combined in series or in parallel. Thus in the case of a short 
neck we may treat it as two conductivities in series: that of the neck 
and that of the aperture. We therefore have 


1 

C 



• Sounds Vol. 2, § 306. 
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where C is the effective conductivity, the conductivity of the neck, 
and Cg the conductivity of the aperture; 

• C — ^1^2 ___ 2a . rra^/l __ Tra* 

(7i -4" O 2 2a -f- TTCL^jl I -f- 7ra/2 

In this discussion it has been assumed that the linear dimensions 
of the resonator are small compared with the wave-length of the 
sound, so that the air in the neck moves as a whole and the pressure 
at any instant is nearly uniform throughout the interior. 

A horn of varying cross-section may be treated as a chain of 
conductors in series and its conductivity will be C, given by 

1 _ r^dx 
G 


where S is the cross-section at a distance x from the origin. 

Now consider the case where the vibrations of the air are forced by 
the impact of waves from another source, the pressure due to these 
waves at the neck of the resonator being given by 

. . . 

The rate of volume flow X at resonance is given by — 

( 4 . 3 ). pcokj^TT 

The particle velocity in the neck of the resonator will therefore 
be 

'S " ~ 


and the amplitude or maximum value of this quantity will be 


^P 

pojkS 


(4.7) 


But for the wave 




cp 


(equation 11,12, p. 290). Therefore the magnification is given by 


M, 


27rC 

(x)kS 


(4.8) 


This type of magnification applies to all measuring apparatus 
which depends on velocity, e.g. the Rayleigh disc. 

To find the pressure magnification we put X for the amplitude 
of the volume displacement; then, since by analogy with 3.17 (p. 99), 
we have at resonance 




p^t 

ia){pa>kl27TY 
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it follows that 




2nP 

CD^pk' 


. . (4.9) 


The pressure excess, y, in the resonator is given at any instant by 

X 


p= Ks= c^p 


Vo 


Therefore the pressure amplitude in the resonator is given by 
Pr = CV 


y„ 


But 


.,2 _ 


C^S 

T'Vo 


from (4.4). Hence the pressure magnification is given by 

<*•”' 


and as the loudness in the ear depends on the pressure amplitude, it 
is on this factor that the use of the Helmholtz resonator depends. 
The ratio of the two magnifications is given by 


Mj, 0)1' 27tI' 

c A 


. . (4.12) 


As V is usually much smaller than A it follows that Mj, is small 
compared with 


If for instance we consider a note of frequency 256, then X is about 129 cm. 
and if the aperture is circular of radius 1’6 cm. and there is no neck, we have, 
from (4.6), 

_ Tra 


and 

Since 
we have 
and 



14-8 

K 

129 

Jif„ = 

2nV 

V 

kS 


43, 




0116 


X 

2a’ 


= 374. 


In this discussion it is assumed that viscosity-losses in the neck 
are negligible compared with radiation-losses, and this is not true for 
narrow apertures. 
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2. Impedance of Pipes. 

As a preliminary to the study of acoustical filters we shall now 
consider the propagation of sound in a tube. Following the method 
of treatment suggested by Irons * we have for the propagation 
(neglecting frictional dissipation) 

W dx- 


and if the motion is simple harmonic, 


92^ 

9x‘2 


+ = 0 . 


The solution may be written in the form 
^ sin^- + ^ 

Hence i — 

OX C \ C C / 

p ~ Ks = —crp = — cpco^A cos^^ ~ B sin^^^e*^'*"*^ 


The impedance at any point is given (4.3, p. 104) by 

^ p —cpco(A cos(cox/c) ~ B sin(a;x/c)}e*^‘^'“^0 
si sin(cax/c) + B cos(cox/c)}e*^‘*'^'‘‘*^ 

icp^A cos (wxjc) — B sin(cu x/o)} 

S{A sm(<oxjc) B cos(u)xlc}^ ’ 

at a: = 0 we have 

„ _ icpA 




(4.13) 


(4.14) 


and at X = Z we have 

^ icp[A cos (colic) — B sin (wZ/c)} 

‘ "" '^{A sin(a>Z/c) + B cos(a)Z/c)p 


Jfourn, Set. Inst.f Vol. 8, p. 89 (1931). 
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Dividing numerator and denominator by B and substituting 
AjB = ZjSjicp (from 4.14), we have 

ic p {{S lie p)Z^ cos {culjc) — sin(aj m] 

S {{Sjicp)ZQ sin (oiZ/c) + cos (a; lie)] 

icp I Zq cos (cdZ/c) — (colic)] 

S {Zq sin(ajZ/c) -f* (icpjS) cos(ajZ/c)/* 

If tlie end of the pipe is at a? = Z and tliis end is open, then a small 
pressure excess produces a large volume displacement and = 0: 

. . Zq ~ tan 

o C 

If the end at a: = 0 is also open we have 

Zo-0, 


where m is any integer, and the possible stationary modes of vibration 
for the air in the pipe are given by 


CO cm 


in agreement with equation 15.11 (p. 397) ; the possible wave-lengths are 

\ C 2l / 1 A.V 


If the pipe is stopped at x = Z, then we have at that point ^ = 0 
and Zj = 00 , 

, ^ . coZ , icp col 

/. Zo sin h cos— = 0 

c o c 

^ icp .col 
or Zy — — ~ cot ™. 

o c 

If the end at cr ==^ 0 is open, then we have 

Zq “ 0, 
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Hence 

or 


= (2m - 1) 

- _ (2m — l)c 


as given later in equation 15.12 (p. 398). 


Hence 


^ 2m -1 


. . (4.17) 


(4.18) 


3. Electrical Filters. 

The analogy between electrical quantities and acoustical quantities 
outlined on p. 100 enables us to devise acoustical filters analogous to 
electrical filters. These electrical filters were first introduced by G. A. 
Campbell * and consist of ladder networks, each element of the ladder 
being a similar elementary circuit. By a proper adjustment of the 



Fig. 4.2, — ^Electrical filter circuit 


impedances of these circuits the filter can be made to transmit high 
frequencies only (high-pass filter), or low frequencies only (low-pass 
filter), or any given band of frequencies (band-pass filter). The electrical 
filters themselves have important acoustic applications. Thus if they 
are inserted between the pick-up and the loud-speaker of an electrical 
gramophone, the effect on the reproduction of filtering out certain 
ranges of frequency may be tested (p. 362). 

Let fig. 4.2 represent three successive elements of the filter circuit, 
having impedances in series in the line and in shunts. Let the 
currents in the elements be as shown and the E.M.F.s across the shunts 
be Cn-l, &c. 

Then if we consider the element BCC'B' and take the E.M.F. round 
the mesh, we have 

“f" (^n + l) ^2 (^n - 1) ^2 “ 

^n(^l "f* 2Z2) — Z^{in-~x + in 4- 1) 

or M = 2 + ^. 

^ n ^2 


• U.S. Patent No, 1,227,113, 22nd May, 1917. 
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As all the elements are exactly similar we may assume that the 
current ratio is constant, i.e. that 




n-1 . 


H-1 


(say). 


Then 


e*' + e->' = 2 + y/ 


(4.19) 


If y is purely imaginary (A = iy) the currents in adjacent sections 
differ only in phase and there is no attenuation. In this case we have 

coshtA~cosA, (4.20) 

( \ Z \ 

1 + 2 between + 1 and — 1 and there is no attenua- 


tion between the limiting values 


| = 0and| = 

Zr2 Zrg 


-4. 


1. Low-jpass Filter, 

Let consist of inductance L only, and Zg of capacity C only. 

Then Zj = ojL, Zg == ^ (see p. 99), 

= -a>W. 

When = 0, a> = 0. 

Zg 

Z 2 

That is, the filter passes low frequencies and cuts off at a frequency 

“ = This is just twice the natural frequency of a series 

circuit containing inductance L and capacity C, 

The transmission of vibrations along a stretched string loaded 
with equal masses, equally spaced, affords a mechanical analogy.* 

• See Crandall, Vibrating Systems and Sound, p. 64 (Van Nostrand Co, 1926). 

(F791) 5 
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2. High-pass Filter, 

If the series impedances are capacities only and the shunt im- 
pedances are inductances only, we have 

•• Z2 oj'^LO' 


When 

2i_ 

0, CD = 00 . 


Z, 

1 

When 

^1 

2/' 

LG' 


That is, the filter passes high frequencies and cuts off at a frequency 

CO __ 1 

'27r AttVIC^ 


3. Band-pass Filter, 

If and Zg each contain both capacity and inductance, 


Z-^ == — 


— ^ and Zo = co/yg 
coCi ^ ^ 


1 

coC]; 


. Zi _ OjL^ — 1 /coCi 
•' Z2 CO Ag — l/cJCg* 


When 

. 1 

When 

Zi_ cD2i,CA-c,_ . 

Zj ’ cD^ZjOiCa - C, 

or 

(0— l( + ^2 

VVcA(Zi + 4 X 2 )/' 


That is, the filter passes the range of frequencies lying between 

1 1 


1 


ACi + C 2 
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4. Acoustical Filters. 

The electrical wave filters suggested to Stewart * the possibility 
of devising acoustical filters on similar lines and of course under similar 
limitations, i.e. any section of the line must be short compared with 
the wave-length of the sound concerned in order that the phase may 
be regarded as uniform throughout it, and the line must be a tube or 
conduit confining the waves in transmission. 

A filter consists essentially of a main transmission tube with side 
branches placed at intervals along it. The displacement at a junction 
will be propagated partly down the main tube and partly through 



Fig. 4.3 


the branch. Low-pass filters are made by two concentric cylinders 
joined by equally spaced partitions perpendicular to the axis. Each 
chamber thus formed has a ring of holes connecting the air in the 
inner tube which acts as the transmission line with the air in the space 
between the cylinders. Using four sections each of length 1*6 cm. 
with an inner tube of radius 1*2 cm. Stewart obtained a high trans- 
mission up to about 3000 cycles per second with almost no trans- 
mission above that frequency, although at certain high frequencies 
transmission again appeared. High -pass filters are made with a straight 
transmission tube having small side tubes fixed at regular intervals. 
When six sections were used these were found to cut out frequencies 
below about 800 and give large transmission for higher frequencies. 
By combining these types a band-pass filter is constructed. The 
efficiency of these filters is indicated in fig. 4.3, which applies to the 


Phys. Rev.^ Vol. 20, p. 528 (1922). 
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low-pass filter. They show a marked lack of precision as compared 
with electrical filters. 

An approximate value of the cut-ofE frequency can be calculated 
in each case by a direct application of the analysis suitable for the 
electrical analogue, but some uncertainty is introduced by the difficulty 
of determining whether in any given case the mass reactance and 
capacity reactance are to be treated as in series or in parallel. 



5. Propagation of Sound in Homs. 

In considering the propagation of sound in horns we shall assume 
that the conditions are uniform over any transverse section of the 
horn, that the disturbance is small and that 
the wave-length is large compared with the 
diameter of the section. 

We shall first derive the equation of 
continuity. If S is the area of the horn at 
distance x from the origin (fig. 4.4) then the 
mass of air entering the element defined by 
two transverse sections at distance dx will 
be Sp^dt and the mass leaving across the 
other face will be greater by (dldx)(Sp^)dxdt, This decrease of 
mass must be 

g 

— ^ (pSdx) dt. 

Equating these two expressions we have 


(4.21) 


Putting p = po(^ + ^) neglecting as compared with we 
have 

••■4 + 5 ^ («« = »■ • 


As on pp. 69, 60, we have 

<j> = c®5 and 

■■■ 


. . (4.22) 
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or ^ = c2g+c2gl{logS). . . . (4.23) 

In the simplest approximation, where the length I of the hom is 
small compared with the wave-length, this equation can be integrated 
directly, for, neglecting we have 


0X2 + 


^_0 

dx dx 


(logS) = 0, 


. (4.24) 


or — ~ — constant = say. 


Thus to this approximation the medium is to be regarded as in- 
compressible. 


Then 




where C is the conductivity as previously defined on p. 105, and ^ is 
the volume flow. 

c2 ~ (log S)y which is essentially 

the same as that derived by Webster *, has been made the foimdation 
of subsequent discussion of the function of the hom. Its solution 
depends on the relation of S and x. Obviously in the case of a cylindrical 
pipe S is constant. Then d{logS)/dx— 0, and we have the equation 
for the propagation of plane waves, 


The above equation ^ = 


^ 3x2 + 





The next simplest case is the case of the exponential hom, for 
which S — 


or 


A(logS)=:7n 


and 


+ . . (4.25) 


If we confine our attention to the case of simple harmonic waves 
we can put 

^ 


• Proe. Nat. Acad. Set,, Vol. 5, p. 275 (19x9). 
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and the equation takes the form 

d^(f) dJ> , 


0 , 


(4.26) 


the solution of which we have already (p. 48) found to be of the form 


(f> = 

where r^, rg, are the roots of the equation 


(4.27) 


O)" 


— 0 , 


If 


.»2 


2 


o)^ 

> j. 


/2 - 


m , l/co^ ni^\ 

2 + Wb‘~T)’ 

m . l/cu^ m*\ 

2 Wb “ T/’ 


If 


o)^ m 

~ o 


4 ’ 

m , l/m? cu\ 

’■■ = -2+V(t-<?)- 

l/m^ co\ 

VVT“ 


m 

■ 2 ■ 


There is thus a critical frequency for the functioning of the horn 
given by 

cm 


w = 


i.e. 


/= 


2 ’ 

cm 

47r 


or 


477 

m’ 


The greater the value of m, i.e. the more rapid the flare of the horn, 
the shorter is the wave-length at which this critical change in the 
functioning takes place. 


Let 



277 


co^ 




then 



IV] 


PROPAGATION IN HORNS 


117 


Hence for the case of —5- > 




7Yl % 

^ + 2 — yr?) = — a + ip, say, 

^2 = — 2 — 2 = ~a— ip. 


— e'~^^[Ai cos{tot + Px) + A^ cos(cot — Px)], (4.28) 

If there is an open end of fairly large area the reflection from it 
can be neglected and we have 

(f) = e-^^A^ cos(a>^ — px) (4.29; 


The dissipation factor is due not to frictional dissipation, 
which has been neglected, but to the change in cross-section of the 
horn. It increases as m increases, since a = m/2. 

The effective velocity is given by uj/P, instead of A/= ^ = ~ 
if there had been no dissipation. ^ 


Hence 


c' _lc__ k 

c'~p~ - Wl2/4)’ • • • • 


so that as the critical frequency given by = nfiji is approached c' 
becomes very large and the vibrations in the horn are almost in phase 
throughout. 

It can be shown * that the mean rate of radiation of energy from 
the open end of the horn is given by 


If. 

dt 2S^S^^V 


4a»^/ 


(4.31) 


In this expression /Sj, S 2 are the areas of cross-section of the two 
ends of the horn and A is the strength of the source operating at the 
narrow end. This expression brings out the real importance of the 
critical value of the frequency and wave-length already found. For 
/ < cm/47r or A > 47r/m the horn transmits no radiation at all. The 
frequency cm/47r is therefore the cut-off frequency and the horn is a 
filter which suppresses all radiation of low frequency. We 
shall later consider what this means in the practical design of horns. 


r Crandall, Theory of Vibrating Systems and Sound, p. i6i (Van Nostrand Co,. Ncvi 
York, 1926). * 
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Meantime it may be noted that a similar discussion of the conical 
horn * gives 

dTF _ pcA^ 

dt 2 S 1 S 2 1 + 

Here A, S 2 have the same significance as for the exponential 
horn and Xi is the distance of the narrow end from the vertex of the 



Fig. 4.5. — Comparison of conical and exponential horns having the same initial 
and iinal openings 


cone of which the horn is a truncated section. Fig. 4.5 shows a com- 
parison for two horns, one conical and the other exponential. Both 
have the same length, 192 cm., and the same initial and final areas. 
The larger end has a diameter of 50 cm. and the narrow end a diameter 
of 2 cm. This means that for the conical horn = 8 cm. and for the 
exponential horn m — 0*033. The immense superiority of the ex- 
ponential horn over the conical form is evident from the fact that 
for similar dimensions — length and areas of initial and final sections 
all equal — the exponential horn radiates more energy, and above its 
cut-off frequency it radiates energy with almost equal efficiency from 
this frequency upwards. 

The performances of the two types of horn may be compared with 
one another and with the cylindrical tube by using a summary given 


• Sec Crandall, loc. cit. 
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by Davis.* Pressures and volume displacements at the two ends of 
the horn are related by the equations 

^2 =fPi + ffX^y 

where a, 6, /, g depend on the shape of the horn and have the follow- 


ing 

values : 





Tubular 

Conduit 

Conical Conduit 

Exponential Horn 
8 = 


a 

cos kl 

x^ sinA:(!! -(- ^ 1 ) 

X 2 sinA:^! 

g-(m// 2 )j“^ sinyi -{- cosy/.J 

b 

^ sin kl 

sinH 

/Si a;2 

. sin kl 

S^y 


/ 

S . 

X siriA:t 

P 

S 2 X 1 sin k(l + ^1 — € 2 ) 

— . sinyZ 

py 


* sinA;ei . sinfcg 


9 

cos kl 

/SgTj sin)t(Z— Cg) 

^ 1^2 sin k^.^ 

/Si" L 2y®^'' 

yl 


+ cos yl]. 


Here I is the length of the conduit = — ^ ~ 

tanA:€^, tanA^f 2 J y^= k !^ — m^ji. (The suffix 1 relates to 

one end of the conduit and the suffix 2 to the other). 

If and Zg are the impedances at the two ends, 



JPi 

ia>Z/ 



l/CoX^ 


and substituting from the above equations, we have 


iojgZ^ — b 
iwa + n^yZg 


. • (4.33) 


from which the impedance at one end of a horn can be deduced when 
that at the other end is given. The relation already deduced for the 
cylindrical tube is a particular case. 


6. Design of Horns. 

The horn is used mainly in association with a loud-speaker element 
or a gramophone sound-box. At the time it was first used its real 
function was not understood; the small horn on the old type of gramo- 
phone is a fairly clear indication of this. It was incapable of trans- 

* Modern Acoustics, p. 206 (Bell, 1934). 


(F7ai) 



120 


RESONATORS, FILTERS AND HORNS 


[Chap. 


mitting low frequencies and in the old gramophone the inadequacy 
of the bass was notorious. The horn is not primarily for confining the 
emitted sound to one direction, although it has some directive effect. 
Nor is it a resonator; the existence of resonances is fatal to good 
reproduction. Its primary purpose is to load the diaphragm at the 
narrow end by increasing the pressure against which it has to work 
and to deliver the energy it receives to the atmosphere over an area 
sufficiently large to avoid reflection back into the horn with consequent 
stationary vibration and resonance. 

First of all, the throat of the horn must be small, and it is usually 
designed so that it opens out of a small chamber, of which the vibrating 
diaphragm constitutes the opposite side. The impedance of the air 
in this chamber may be adjusted to that of the diaphragm. The area 
of throat may be from 1 to 2 sq. cm. 

Now we have seen that if there is no reflection from the open end, 
the exponential horn will give a nearly constant load for all frequencies 
above the cut-off. It will therefore give reproduction without distortion 
where it gives reproduction at all. Let us assume that we are going to 
make large demands on the horn and require that it shall transmit 
down to a frequency of 55. This is still about an octave above the 

lowest audible frequency. The corresponding wave-length is ^ = 20 

ft., and in order that the horn may transmit frequencies down to this 
we must have 




4:17 

m’ 


i.e. 




0-63 ft.“i 


In the discussion of the performance of the horn, however, it was 
assumed that there was no reflection from the open end, and this in 
turn may be regarded as a matter of adjusting the specific impedance, 
i.e. the impedance per unit area at the open end, to that of the open 
air. Crandall * has shown that the mouth of the horn may be treated 
approximately as part of a spherical source whose radius rj, bears the 
following relation to R, the radius of the mouth: 

S 2 = TtR^ = 1*39 TTfo^. 


In this case the impedance is pcS^/X' + 


where 




k\^ 




and Y' ~ 

k\^+l "'z.-V+i' 


• Vibrating Systems and Sound, p. 171. 
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obviously as Ic increases X* approaches 1, and Y' has a maximum for 
irQ = 1, after which it diminishes. The terms are set out with those 
for the flat piston in fig. 4.6, taken from Crandall’s book. It is the 
resistance term which is increasing and the reactance term which is 
diminishing. When X' — 1, Y' is negligible, and the impedance is a 
pure resistance, pcS 2 > Now for plane waves 

p “ Ks ^ c^ps — cpv. 



Fig. 4.6. — Impedance for piston, and for “ equivalent ” spherical surface (Crandall) 



Comparative Data 



Piston 

Spherical Surface 

Area 

% 

li 

1 

l*39rrra* 

Impedance 

pcS,{X+iY) 

pcS,(X' + iY') 

Resistance 

Factor 


X-={ 

Resistance 

P'actor 

“i 2k*R* 1 

r=! 

UVo'Fl/ 


Note: 0-85 A:jR =» kr^ 


Hence the unit area impedance = pjv= cp, so that in this case the 
impedance per unit area at the mouth of the horn is approximately 
the unit area impedance of the medium into which the waves are being 
radiated; there is little reflection and little resonance but a uniform 
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radiation of all frequencies clown to that corresponding to X' = 1. 

As an approximation we can take our limit where X' = 0-92 and 
2ttRIX = 4, that is, R = 2A/77-. 

Taking the same value of A as before, we see that the radius of 
the mouth must be nearly 13 ft. Then = ttR^ ~ 509 sq. ft. 


But 



ml. 



taking the area of the throat to be 2 sq. in. Hence 

, _ log,36,G50 _ 4-56 _ ^ 

•63 X -43 


16-8 ft. 


Fortunately the ear is tolerant and as the formulse are in any case 
only approximate the horn is rarely designed on such an extravagant 
scale. Good reproduction in the bass, however, does require that 
m ^ ^Trfjc and R ^ cj^f, where / is the lowest frequency to be fully 
radiated. 



CHAPTER V 


Dissipation of Energy of Sound Waves 

1. Causes of Dissipation of Energy. 

Dissipation of energy in sound waves may be traced to three main 
causes. The first of these is viscosity. Whenever the layers of a medium 
are in relative motion the viscous forces opposing this relative motion 
must be overcome, and this involves the transformation of the 
mechanical energy of the waves into heat. 

The second cause of dissipation of energy is heat conduction. 
When layers of air are compressed during the propagation of the 
waves their temperature is raised, while the temperature of the neigh- 
bouring layers which are in a state of rarefaction is correspondingly 
lowered. There is thus a tendency for heat to be conducted from 
the compression to the rarefaction, and this passage of heat down a 
temperature gradient means an increase of entropy and so a dissipation 
of energy. Stokes showed that this dissipation of energy could only 
be avoided if the compressions and rarefactions took place either 
under strictly adiabatic conditions or under strictly isothermal con- 
ditions. The velocity of sound as determined experimentally corre- 
sponds to transformations of the former type. It was supposed that 
the changes are so rapid that there is no time for transfer of heat 
to occur. It has been pointed out, however, by Herzfeld and Rice * 
that the rate of heat conduction is proportional to the temperature 
gradient and that for a given amplitude of wave this is inversely 
proportional to the square of the wave-length and therefore directly 
proportional to the square of the frequency. In travelling equal dis- 
tances waves of given displacement amplitude will undergo changes 
in s which are proportional to the change of temperature due to con- 
duction, and therefore proportional to/^-f-l//, since the thermal 
capacity per wave varies as 1/f. The compression $ itself, however, 
varies directly as / and is therefore subject to a percentage change 
depending on fK It should be noticed, therefore, that adiabatic con- 
ditions are approximately maintained because of the slowness of the 
oscillations^ and at high frequencies interesting phenomena of dis- 
persion and absorption may be expected. 


• Phys, Rev., Vol. 31, p. 691 (1928). 
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The third cause of dissipation of energy is radiation of heat from 
the compressions to the rarefactions. Here again we have heat running 
down a temperature gradient, with consequent dissipation of energy. 

A further cause of absorption is to be found in intermolecular 
exchanges of energy, either between molecules of difierent gases, or 
between different degrees of freedom of one gas. 

We have seen that the equation 


dr- dx^ 


(5.1) 


is satisfied by a plane wave of simple harmonic type for which the 
equation (2,20, p. 55) is 




a siiio) 



where c, the phase velocity, is equal to X/T. 

This type of wave can also be represented by the real part of 

^ (5.2) 


Similarly, a wave proceeding in the opposite direction may be 
represented by 




(5.3) 


For sound waves where damping is assumed negligible we have 
the differential equation (2.22, p. 50), 

dt^ p 


or alternatively (2.27), 


dfi p 


(5.4) 


and 



In considering the effect of viscous damping we shall follow the 
treatment of Crandall.* 

At any point x in the cylindrical element of the medium under 
consideration the excess pressure p = Ks == —K(d^jdx), The re- 
siiltant pressure on a transverse lamina of thickness 8x is therefore 
given by {dpldx)8x or —K(d^^ldx^)Sx, In part this excess pressure 
is used to generate momentum amounting to p{d^^ldt^)8x per second, 
and in part to overcome frictional resistance. 


• Vibrating Systems and Sounds p. 96. 
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If F^(d^ldt) is equal to the component of the pressure gradient 
dpfjdx which is in phase with the particle velocity, then the re- 

sultant force due to this is ^ 8x, 




or, alternatively, 


dfi + dt ■ 


A'f|sx=0 

CX^ 




(5.5) 


Tliis is the original wave equation with the addition of a friction 
term and may be compared with the electrical equation 


dl^ 


dt C dx^ 


= 0 . 


Assuming a solution of the form 


we have 


K 


— co^p + iR^ct) ™ 


I p iRi 1 A 

c,2 ~ K ~ ZTK" c2V 


1 


ojp 




If Rilcop is a small quantity, 

i= ■ • 

Cl c\ JiCDo/ 


(5.6) 


(5.7) 


A complex value for the wave “ velocity is the natural conse- 
quence of the dissipation: 

^ „ ^^iio{t~xlc-\-tRiXl2uipcy 

= (5.8) 

where ^ = co/c and a — R^j2pc\ a is called the altenvation constard. 

2. Effect of Viscosity. 

In the case of a gaseous medium it has been shown by Stokes * 
and Rayleigh t that the differential equation for the wave motion 
becomes 

dh) ___ dH 4 dH 

P ~ 0^2 + 3 ^ 


• Trans. Cambr. Phil. Soc.^ Vol. 8, p. 297 (1845). f Sound, Second Ed., Vol. II, § 346. 
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This equation is identical with that just discussed if 


R^v ~ 


4 d^v 4 

s’’ W ~ s’’ c2 


since 


0 ^ 1 ; _ (jifi 

dx^ & 


Putting the solution in the form 

V = (5.9) 


we have 


2 rj cx}^ 2 i^co^ 

V "" 3 ’ p * ^ 3 c3 


(5.10) 


where u r]fp is the coefiicient of kinematic viscosity. 

It will be seen from this that vrhen a correction term is inserted 
in the wave equation an approximate solution is obtained of the type 
where in general the constant is complex and may be 
written in the form ^ — ia. The velocity has become c' = <x)j^ 
and the attenuation constant for amplitude is a. 

In general it may happen that c' depends on the frequency, in 
which case we get dispersion, but in the particular case of viscous 
damping the effect on the velocity is negligible, and that on the 
amplitude may be estimated by putting 


where (from 5.10) 



(5.11) 


Here is the initial amplitude of a plane wave, a^. the amplitude 
after traversing distance x, c the velocity of sound, / the frequency, 
and V the kinematic viscosity, i.e. the ratio of viscosity to density. 

Since c = fX, Plc^ = 1 /A^, and we may write — arX'~ 
where = Sn^vl^c. 

For air at 15° C. we have v = 0*146 c.g.s., c = 3*4 X 10^ cm./sec. 

aj' = M3 X 10-" 10“^ 

If I represents the value of x during which the amplitude falls off in the ratio 
of 1 to i/e, we have 

e-» = “* = e-Wi0‘A’) 

/, / = 10*X2. 

From this expression we see at once that attenuation from this cause is very 
small for ordinary wave-lengths but increases very rapidly for short wave- 
lengtha. 
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Thus for the shortest audible waves 1 — . 1*7 cm., I ’=. 300 metres. 

For the longest audible waves X ~ 1700 cm., / *== 3 X 10^<^ cm., or about 
190,000 miles. 


3. Effect of Heat Conduction. 


This was first treated by Stokes * and subsequently by Kirchhoff f 
(1824-1887) and Rayleigh-J 

In this case the effect may be similarly expressed by a relationship 
of the form where 




. . (5.12) 


Here V is the thermometric conductivity 

Heat conductivity __ k 

Heat capacity per unit volume 


k the heat conductivity, the specific heat at constant volume, p 
the density, y the ratio of specific heats. 

It is worth noting that the kinetic theory of gases gives us A = FT]C^y 
where rj is the viscosity and F is a constant equal to 1-78 for air.§ It 
follows that the thermometric conductivity is FrjC^/pC^ = Fv^ where 
V is the kinematic viscosity. The two effects are therefore in the ratio 


i.e. 



^ . fF : 1 or 0-38 ; 1, 


SO that conduction contributes less than internal friction. 

1 P 

Substituting ~ as before, 

C 

we have 

where og' = ^ ‘ (6.13) 

Inserting the appropriate values for air we have k = 5*49 x 10”* c.g.s.. 
0*172 calories/gm., po = 1*23 X 10”* gm./c.c,, y= 1*4, A:' = 0*26, 

a*' = 4*3 X 10”*, 


^ Phil, Mag.^ Vol. i, p. 305 (1851). i Pogg. Ann,, Vol. 134, p. 177 (1868). 

% Phil, Mag., Vol. 47, p. 308 (1899). 

§ Roberts, Heat and Thermodynamics ^ 3rd. ed., p. 225 (Blackic & Son, Ltd., 1939) 
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Hence the distance traversed while the amplitude falls as before in the ratio 
c : 1 is given by / = 23,000X®. Combining these two effects, which both vary 
with X in the same way, we have 

. , X2 _ 

a7 ~ rrs'TT i(F6^+"^3 X 10-® 

= 

1*56 X 

= 6-4 X 10^X2. 

The very great variation of penetration with wave-length is here shown if 
we consider again the two special cases 

X = 1-7 cm.; I ^ 200 metres, 
and X = 1700 cm.; I % 200,000 kilometres. 

4. Effect of Heat Radiation. 

This factor is more difficult to evaluate. Stokes * puts the amplitude 
relation in the form 

(5.14) 

where q is defined by the rate of cooling, at constant volume, of a 
mass of gas. If Of is the excess temperature at time t, 9 q the excess 
temperature at time 0, then 6i == 

Rayleigh has experimented directly on the cooling of a mass of 
air, using it as a constant-volume thermometer. The diameter of the 
sphere used was 35 cm. and the time taken to reduce the excess tem- 
perature to half was 2G seconds. Assuming the mass of air heated 
in a wave to be that corresponding to half a wave-length, we might 
apply this figure to weaves of wave-length 70 cm. This gives 

26q == loge2 = 0*692, 

/. q =. 0*027, 

/, ^ = 1*14 X lO""^ for a wave-length of 70 cm. 

y 2c 

Subsequent experiments f with the apparatus of Clement and 
D4sorme8 did not indicate any modification in the order of magnitude 
of this correction. 

Here again we have an attenuation factor of the same order as the 
other two, but one which does not vary in the same way with the 
vrave-length. 

• Pkii. Mag., Vol. X, p. 305 (1851). t Rayleigh, Phil. Mag., Vol. 47, p. 314 (1899). 
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5. Audibility and Pitch. 

The variation of penetrative power with wave-length suggested 
by this discussion does not at first sight seem to be borne out by 
common observations. This, however, is due to the fact that the 
atmosphere can rarely, if ever, be regarded as a still homogeneous 
medium, and that the ear is more sensitive to frequencies of about 
2000 cycles/sec. than to any others. Observations by Stewart,"^ for 
instance, indicate that in the case of the noise of an aeroplane low- 
pitched sounds are the best heard when hearing conditions are bad 
and high-pitched sounds when hearing conditions are good. In the 
first case the atmospheric irregularities have a much greater scattering 
effect on the shorter wave-lengths. In the second case the good audi- 
bility of the high-pitched notes is to be ascribed to the properties of 
the ear rather than to those of the medium. 


6. Direct Measurement of Attenuation. 

This measurement has been attempted by DufT.f He used a scries 
of eight whistles and assumed that for tw'o sounds of the same pitch 
and equality the same intensity will be given at the point where they 
cease to be heard. 

If 

then Ig; — 


where 7^. and 1q are the intensities, i.e. the rates of flow of sound energy 
per unit area perpendicular to the direction of propagation. 

Using eight whistles and two whistles and assuming that the in- 
tensities at the source are in the ratio of four to one for the two cases, 
we have, if R, r are the distances, 

g-2ar 


or 


- r) „ 


B2 


whence 


and 




r) = log. 


?! 

R 


a == 


log, (2r/R) 
R~r ’ 


Phys. Rev., Vol. 14, p. 376 (1919)- t Vol. 6, p. 129 (1898). 
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If there were no dissipation the inverse square law would hold 
and we should have a = 0, 72 — 2r. 


In an actual experiment Duff obtained R = 764, r = 634 metres, whence a % 
4-3 X His mean result was 4*2 X 10“*. It is interesting to compare this 

with the results of the theoretical calculations. For the combined effects of visco- 
sity and conduction we found (p. 128) 




1*56 X 10-^ 


In this experiment X = 6 cm.; hence a = 6-24 X 10^®. 

If Duff’s experimental value for a is 4*2 X 10”® then the fraction of this 
contributed by radiation must be the difference of these two numbers, i.e. 3-6 X 
10~®. This is very much greater than the value obtained by Rayleigh (1*2 X 10”’). 
In discussing this discrepancy Rayleigh ♦ maintains that some other factor must 
be operating and that Duff’s value for the radiation correction is impossibly 
high. Duff later repeated his experiments t aud confirmed his value for a. 

Experiments were subsequently made by Hart J, using a small siren as a 
source and measuring the intensity at different points with re^sonating hot-wire 
microphones. The working pressure of the siren in these experiments never rose 
above 4 or 6 lb. per square inch, but the experiments showed that very con- 
siderable losses occurred. In particular, it was found that between two points 
40 cm. and 100 cm. from the source respectively the intensity was reduced in the 
ratio of about 7*4 to 1. Correcting this value for the divergence of the weaves 
we get 7*4 x (40)*/(100)* = 1-18. But since the intensity ratio is given by 
gaaaoo-40)^ we have 

M8 = 


BO that 


a 


log^ M8 ^ 065 
120 120 


1-4 X 10-®. 


This gives a still higher value for a and suggests that in the neighbourhood 
of the source energy losses are much higher; but the theory of the experiments 
is open to grave criticism. 


7. Absorption of High-frequency Waves in Gases. 

Taking into account all the foregoing causes of dissipation we 
may write 

== 

If by Iq we indicate the corresponding values of the intensity, 
then Igf = where 

2a' _ 

( 6 - 15 ) 

This quantity 2a' was called by Lebedew § the absorption constant, 
but he obtained for it a theoretical expression containing a term in- 
volving dissipation within the molecule and effective only at very 


♦ Phil, Mag,, Vol. 47, p. 308 (1899). t Phys. Rev., Vol. 11, p. 64 (1900). 

I Proc, Roy. Soe,, A, Vol. 105, p. 80 (1924). ^ Ann. d. Physik, Vol, 35, p. 171 (zyii). 
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high frequencies. Experiments using a wave-length of the order of 
1 mm. were carried out by Neklepajev * and led to a value of the 
absorption coefficient twice the theoretical value. 

A great deal of experimental work has since been done, particularly 
in America. 

Rich and Pielemeier f, using a piezo-quartz generator and a torsion vane 
receiver, obtained a value lying between the theoretical one of Lebedew and the 
experimental one of Neklepajev. They found the absorption enormously in- 
creased when carbon dioxide was present in any considerable proportion. 

This high absorption for carbon dioxide was also noticed by Pierce J and was 
further investigated by Abello §. Abello worked with a frequency of 612, (XK) 
cycles /sec. and found that the intensity of the waves transmitted through a 
short tube fell in the ratio of 100 to 10 while the volume percentage of carbon 
dioxide was increased from 0 to 25. A similar effect was discovered in the case 
of hydrogen, the intensity of the transmitted waves falling from 100 to 5 while 
the volume percentage of hydrogen increased from 0 to 60. These results were 
confirmed and extended to the case of nitrous oxide ||. Argon was found to show 
no trace of the effect. 

Pielemeier has carried out a very complete series of experiments on oxygen. 
His source was a slab of quartz having the two large faces sputtered with plati- 
num, and his receiver an interferometer which could be replaced by a torsion 
pendulum. 

These results have been collected by Bergmann ** in the following 
table of values for A, where A ~ % = % = 

2 /^ 

Table I 

Measured and Calculated Values of Sound Absorption Coefficients in 
different Gases 


Gas 

Author 

Frequency 

10->® err 

a//* 

Measured 

i.~* sec.* 

a//* 

Calc, by 

Class. Theory 

Air 

Neklepajev 

132-415 

2-94-3*99 

1-45 


Pielemeier 

1158-1408 

1-67-1-99 

1*45 


Grossmann 

178 

2.72 

145 

0, 

Pielemeier 

656-1219 ! 

347-1-90 

P78 

CO 2 

Abello 

612 

46-5 

1*60 


Grossmann 

64 

277 

1*60 



99 

640 

1-60 



178 

240 

1*60 

A 

Abello 

612 

0 

20 


* Ann. d. Physik, Vol. 35, p. 175 (1911)- f Phys. Rev., Vol, 25, p. 117 (1925). 
X Proc. Amer. Acad. Arts and Set., Vol. 60, p. 271 (1925). 

§Proc. Nat. Acad. Set., Vol. 13, p. 699 (1927)* 

WPhys. Rev., Vol. 31, p. 1083 (1928). 

Q Phys, Rev., Vol. 35, p. 1417 (1930).' Voh 36, p. 1006 (1930)* 

•• Ultrasonics (Bell, 1938). 
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It will be seen that at high frequencies the classical causes of 
absorption become negligible compared with intra-molecular causes. 

Meantime the matter was being approached from another angle. 
It had been noticed by P. E. Sabine * during experiments on rever- 
berntion time for rooms that for frequencies of 2000 and over the 
absorption increases rapidly when the relative humidity of the air 
is low. A similar observation had been made by Meyer f. Knudsen J 
in a series of experiments on reverberation time for a frequency of 
6000 and a relative humidity of 20 per cent found 

//i — 1-6 X 10~^cm~^. 



Pcrcenixige H 2 0 molecules 

Fig. 5.1. — Curves showing the values of the absorption coefficient rn for different 
concentrations of water vapour in air at temperatures of 20'^ C. and 55“ C., for tones 
of 3000, 0000 and 10,000 cycles. 

Returning to the method with improved apparatus and technique, Knudsen § 
used frequencies from 500 to 11,000 and relative humidity varying from 0 to 
100 per cent. He found that for all frequencies the absorption is least for dry air, 
reaches a maximum at a relative humidity of from 6 to 20 per cent, according 
to the frequency, and diminishes for higher humidities. Fig. 6.1 shows the values 
of m deduced. 

Extension of the experiments to include moist oxygen gave similar results, 
with larger maximum values for m (fig. 6.2). In the case of nitrogen, on the other 
hand, the value of m is much less and is independent of the humidity. Thus a 
large proportion of the absorption of audible sounds in air seems to be attributable 
to an interaction between the molecules of oxygen and of water. 

* jfourn. Frankl. Inst., Vol. 207, p. 347 (1929). 

t Zeits.f, techn. Physik., Vol. 7, p. 253 (1930). 

XJourn. Amer. Soc. Acoust., Vol. 3, p. 126 (1931). 

%Journ, Amer, Soc, Acoust., Vol, 5, p. 112 (1933). 
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As a result of all this experimental work the theoretical study of 
the phenomenon began to attract a good deal of attention. A useful 
clue had been given by Jeans,* * * § who suggested that some of the absorp- 
tion of sound might be attributed to an exchange of energy between 
the internal degrees of freedom of the molecules of a gas and the trans- 
lational degrees of freedom. Jeans concluded that the effect was very 
small at ordinary frequencies. The explanation was developed and 
applied to the supersonic frequencies by Herzfeld and Rice f on the 
lines of classical theory. Bourgin J applied quantum theory to the 
energy exchange, as did also Henry. § 



Fig. 5.2. — Curves showing values of ni in oxygen and water v.apour at temperatures of 
20" C. and 55° C. Note that the maximum values of m are appioximately live times as 
large as the corresponding maximum values for air shown in lig. 5.1. 


Kneserll explains the matter as follows: “When a gas is com- 
pressed adiabatically a certain amount of the energy supplied passes 
into the interior of the molecule as vibrational energy. In reversing 
the process the total amount of energy is regained if the cycle is per- 
formed sufficiently slowly. If the cycle is performed very rapidly no 
energy passes into the interior and so no energy is absorbed. If, how- 
ever, the period of the cycle is comparable with the time required to 
establish thermal equilibrium between normal and vibrating molecules, 


• Dynamical Theory of Gases, 2nd Ed., p. 374 (Cambridge University Press, 1916). 

t Phys. Rev., Vol. 31, p. 691 (1928). 

i Phil. Mag., Vol. 7, p. 821 (1929); Phys. Rev., Vol. 34, p. 521 (1929). 

§ Proc. Camhr. Phil. Soc., Vol. 28, p. 249 (1931-2), 

Wyourn. Amer. Soc. Acoust., Vol. 5, p. 122 (i933)- 
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then a certain fraction of vibrational energy is retained in the molecule 
and does not reappear as mechanical energy in the wave. This appears 
as a rise in temperature of the gas.” 

The analysis given in this paper is ba^ed on Einstein * and is similar to that 
given by Henry f aud Rutgers. J With the insertion of known constants the 
expressions give values in close agreement with the experimental values of Knud- 
sen, on the assumption that it is the vibrational energy of the oxygen molecule 
that is responsible. Since the absorption rises to about five times its value when 
pure oxygen is substituted for air and disappears almost completely in pure 
nitrogen, the absorption must be associated with the oxygen molecule. The 
equilibrium between rotational and translational energy is known to be reached 
in less than 10~® sec. and therefore cannot affect sound waves of period greater 
than 10“^ sec. Kneser deduces from Knudsen’s data that the ‘‘ mean life *’ time 
of the vibrating molecule, or, more exactly, the “ mean life ’* of a quantum of 
vibrational energy, is 4 X sec. in oxygen at 20*^ C. with relative humidity 
21*6 per cent. As the time between two successive collisions is about 3 x 
sec. the quantum endures during about 1-3 X 10® collisions, of which 650 are 
with water molecules. Curiously enough, the results indicate that two water 
molecules are in each case involved in the process of transforming energy. The 
quantized vibrational energy is rarely transformed into any other kind of energy 
by means of collisions unless water molecules participate. 

A valuable series of experimental investigations has been carried 
out by Richards and Reid.§ These papers discuss experimental data 
which are not fully in accordance with the theory developed by Kneser. 

The absorption coefficients in air and oxygen have been calculated 
by Kneser and Knudsen || for various frequencies and temperatures 
and are shown in the following table, where a! = aA and 1 == 

Table II 


Sound Absorption Coefficients in Air and Oxygen as Measured and 
Calculated for different Temperatures (Kneser and Knudsen) 


Gas 

Temperature 

Frc<j^uency 

® max ^ 

Observ'ed 

Calculated 

Air 

20 

3 

21-7 i 2 

21-8 


20 

6 

20-6 ± 1 

21-8 


20 

10 

2M± 1 

21*8 


55 

3 

41-0 i: 6 

39*4 


55 

6 

44*4 ± 4 

39-4 


55 

10 

35-9 dt 4 

39-4 

Oxygen 

20 

3 

106 0 ± 10 

1040 


20 

6 

103 db 10 

1040 


55 

3 

201 ± 20 

188-0 


55 

6 

189 ± 19 

188-0 


• Ber. d, Berl, Akad.,x>- 380 (1920). f Proc, Cambr. Phil. Soc,, Vol. 28, p. 249 (1932). 
t Ann. d. Physik, Vol. 16, p. 350 (1933)* 

§y. Chem. Phys., Vol. i, pp. 114, 737, 863 (1933); Vol. 2, pp. 193, 206, 263 (1943). 
I) Am. Phys. Lpz., Vol. 31 . p- 682 (iqh)* 
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That is, 1 /2a is the distance in wave-lengths passed over by the sound 
waves before the intensity is reduced in the ratio 1 : 1/e; a'^ax is the 
value of a for the frequency giving maximum absorption. It vnll be 
seen that the agreement between calculation and observation is very 
good. 

Associated with this abnormally high absorption are abnormally 
high values for the velocity of the supersonic waves. When the time 
period of vibration becomes comparable with the relaxation time or 



Fig. 5.3 


mean life of a soimd quantum there is an absorption of energy from 
the wave and an associated rise in y, the ratio of specific heats. 

This relation is shown clearly in fig. 5.3, which is based on the results 
of Kneser (1. c.) and Grossmann.* 

There is, of course, an alternative explanation of some of the experi- 
mental results so far discussed ; they may be attributed to a form of 
resonant absorption. On the theory developed by Eineser the form 
of the dispersion curve would be as shown above. On the resonant 
absorption theory we should expect with increasing frequency a 
moderate fall in velocity on both sides of a rather steep rise. 

• Phys. Zeits., Vol. 33, p. 202 (1932); Ann. Phys. Lpz., Vol. 13. p. 681 (193a). 
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Tentative support is given to this latter view by Railston and 
Richardson in the discussion of experimental results obtained by 
them on the effect of pressure on dispersion.* This explanation also 
receives some support from the experiments of Pearson on dispersion 
in air,t the results of which will be considered together with the 
technique of measurement of velocity of sound at supersonic fre- 
quencies in § 7, p. 257. Measurements of absorption have for the 
most part been made by some form of acoustic interferometer (p. 258), 
although Railston and Richardson used the hot-wire microphone to 
compare velocity amplitudes. 

A very complete summary of the factors in absorption so far 
considered is given by Rocard in his pamphlet on propagation and 
absorption of sound He also deals with absorption due to 
diffusion in a gaseous mixture like air. When a rarefaction is produced 
diffusion takes place into it, and the lighter nitrogen molecules diffuse 
more rapidly than the heavier oxygen molecules. This diffusion is an 
irreversible phenomenon and tends to diminish the amplitude of 
successive compressions and so to produce a damping effect. 

Rocard gives the following table, in which the data used were 
collected by Kneser. 


Table III 


Order of Magnitude of Different Coefficients of Absorption 




Value of m in e.g.s, at 


Cause 

6000 

Cycles per sec. 

8X 10^ 

Cycles per sec. 

00 

Viscosity 

3-6 X 10- « 

6-4 X 10-2 

GO 

Heat conduction 

4 X 10--’ 

7 X 10-’ 

6 X 10« 

Heat radiation 

1-6 X 10-8 

negligible 

negligible 

Internal energy of 
molecules . . 

M6 X 10-5 

10-1 

2 X 10-1 

Diffusion 

3 X 10-’ 

5 X 10-’ 

00 


8. Propagation of Sound Waves in Liquids. 

The propagation of .sound waves in water has recently assumed very 
great importance. Methods of production and reception of submarine 
sounds were greatly improved during the war of 1914-18, and the 
importance of submarine signals for the safety of shipping in times 
of peace is now being widely recognized. 

Comparing water with air from this point of view, we note that 
the velocity in water is about 4*3 times as great, and consequently the 


• Proc, Phys. Soc,, Vol. 47, p. 533 (1936). t Phys. Soc., Vol. 47, p. 136 (i935)- 
t Propagation et Absorption du Son (Hermann ct Cie., Paris, 1935). 
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wave-length of a sound of given frequency about 4-3 times as long as 
in air. 

We shall see later (p. 289) that the energy flux across unit area 
normal to the propagation of the waves is given by 

7 == = 2772a2//2c. 

Hence, if we assume the same energy flux and a note of the same 
frequency, 

ai^piC, = ffl2V2«2. 

. % // 


If the suffix 1 refers to water and the suffix 2 to air, then 


P2 

Pi 


1-29 X 10-3, _ 1 2-3 X 10-1, 

c, 4-3 

1-7 X 10-2 ^ 1 

Uo 60 


The pressures will be in the inverse ratio, i.e. the pressures de- 
veloped in the water will be about 60 times as great as those developed 
in the air. 

Even more important is the comparative penetration of waves in 
air and water. We have seen (p. 126) that as limited by viscosity 
the penetration of waves in air is given hy I == 0*88 X lO'^A^, where 
I is the distance in which the amplitude is reduced in the ratio e : 1. 

If we insert the values for water in the corresponding formula 
we have c= 1*45 X 10^ cm./sec., v= 0*0114 c.g.s., 1= ScX^IStt^v ~ 
4*9 X 10^ A^, Hence for the same wave-length the penetration in 
water is about 55 times as great. If we take heat conduction into 
account we find that it is practically negligible for water waves, vrhile 
for air we have Z = 6*4 X 10^ A^, so that the penetration is probably 
something like 77 times as great when this factor is taken into con- 
sideration. This is for the same wave-length. For the same frequency 
the wave-length is 4*3 times as great and the penetration (4*3)2 77 

= 1400 times as great. From this point of view the advantage of 
compression waves in water over electromagnetic waves in water is 
even more remarkable. For salt water I = \/A/61. Consequently 
if we take A = 15,000 metres, we have Z ^ 2 metres. 


Biquard* gives a comparison of the values of A (p. 131) for various liquids 
as calculated from the classical formulse. It will be seen that the effect of heat 
conduction is almost negligible in every case. 


^ Theses de Doctorat, Paris, 1935- 
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Table IV 

Sound Absorption Coefficients (A X 10^’) as calculated for different 
Liquids (Biquard) 


Liquid 


Viscosity 

Heat Conduction 

Combined 

Acetone 

6-54 

0-5 

704 

Ether 

8-48 

0-49 

8-97 

Benzene 

8-36 

0-3 

8-66 

Chloroform . . . . 

10 045 

0 057 

10-1 

Ethyl acetate 

7-95 

0*31 

8-26 

Methyl acetate 

6-34 

0-44 

6-78 

Meta- xylene 

8-13 

0-24 

8*37 

Toluene 

7-56 

0*28 

7*84 

Water 

8-5 

00064 

! 8-5 


Biqiiard made measurements of the absorption by using a torsion pendulum 
to determine the radiation pressure at various distances and calculating the 
intensity from the radiation pressure (see p. 164). Other measurements based 
on determinations of radiation pressure have been made by Sorensen *. The 
use of the torsion pendulum of course involves some disturbance of the wave 
system, and in order to avoid this source of error Biquard f made use of the dif- 
fraction of light by ultrasonic waves (see Chap. X, p. 273). His apparatus was 
similar to that of Wyss (fig. 10.18, p. 278). The trough containing the liquid in 
which the waves are being propagated is moved across the beam of light and the 
intensity of the sound waves calculated from observations on the diffracted light. 
The following table gives the calculated and observed values of the coefficient 
of absorption a for a frequency of 7958 kilocycles per second. It will be noticed 
that the observed value is in every case much greater than the calculated value, 
but the reason for this still awaits satisfactory elucidation. 


Table V 

Calculated and Measured Sound Absorption Coefficients 
of different Liquids 


Liquid 

t 

aXl0» 

Calculated 

i 

aX 10* 
Measured 

Acetone 

20 

0-44 

17 

2 

Benzene 

20 

0-54 

17 

68 

Chloroform . . 

20 

0-66 

18 

30 

Ether 

20 

0-67 

18 

3-5 

Ethyl acetate 

16 

0*67 

15 

4*9 

Meta-xjdene 

20 

0*78 

20 

4-7 

Methyl acetate 

20 

0-53 

17 

6-9 

Toluene 

20 

0*49 

20 

5*4 

Water 

20 

0-538 

20 

1-6 


• Ann, Phys. Lpz., Vol. 26, p. 121 (1936), Vol 27, p. 70 (1936). 
t Comptes RendtUy Vol. 197, p. 309 (1933). 
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9. Reception of Sound Waves in Water. 

The reception of sound waves in water offers no serious difficulty. 
Leonardo da Vinci (1452-1519) has been credited with listening to 
underwater sounds by applying his ear to the handle of an oar whose 
blade was immersed in the water. Francis Bacon describes an experi- 
ment in which a man descends under water with an inverted bucket 
over his head so that his mouth and nose are kept free from water. 
“ Then let him speak; and any that shall stand without shall hear his 
voice plainly; but yet made extreme sharp and exile, like the voice of 
puppets: but yet the articulate sounds of the words will not be con- 
founded.” * The Abb4 Nollet conducted experiments on the trans- 
mission of sound in water, as a preliminary accustoming himself to 
keeping his head immersed. There was at that time a controversy as 
to whether or not water was compressible, and upon the answer to 
this question himg the decision as to whether it could conduct sound. 
Nollet tried the method of direct attack. With his ears immersed four 
inches under water he heard a pistol shot, a small bell and a whistle, 
and understood loud speech, the soimds all being produced in air. 
The intensity he found to vary little with the depth, showing that most 
of the loss occurred at the surface. An alarm clock sounding in water 
was not audible when he had his head in the air, but with his ears 
immersed he found the sound extremely loud. 

Practical experiments on submarine signalling were carried out in 
the United States Navy in 1894, and later practical tests were initiated 
and earned out by the Submarine Signal Company under the direc- 
tion of the General Manager, Millet.f The microphones were im- 
mersed in liquid in two tanks fixed on the inside of the ship below the 
waterline. Signals from submarine bells could be heard over long 
distances imder all sorts of weather conditions. With two tanks, one 
on each side of the ship, it was easily possible to compare the strengths 
of the two signals received and get a rough idea of the bearing of the 
source. It was possible to keep a course direct for the source by keeping 
the signal strengths equal. These tests also demonstrated the im- 
portant fact that a bell in a water-tank in the forepeak of one vessel 
can be heard by another vessel at a distance of three or four nautical 
miles. The possibility of locating submarines by their water noises 
was suggested in the paper referred to, and the importance of this 
suggestion was fully realized during the war of 1914-18. 

Colladon and Sturm in their pioneer experiments on the Lake of 
Geneva used a large horn, the open end of which was immersed in 
the water and the narrow end held to the ear. A simple form of 
receiver is the Broca tube. This was originally a stethoscope capable of 

• Buckingham, Matter and Radiation^ p. 5 (Oxford Univ. Press, 1930). 

t Tram. Inst, Naval Architects, Vol. 47, p. as6 (1905). 
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being immersed in water. It consisted of a flat circular metal box, 
one of whose sides was a thin metal plate. A tube fixed into the centre 
of the opposite face led to the ear of the observer. The box may be 
replaced by the closed end of a rubber tube, the open end being inserted 
into the ear. The closed end is sometimes enlarged so as to form a 
spherical cavity. The rubber transmits the vibrations to the enclosed 
air. An arrangement similar in principle is the geophone, which con- 
sists of two metallic plates between which is compressed a flexible 
rubber ring. The upper plate is made massive to give it inertia, while 
the lower one is made light in order that its inertia may not seriously 
interfere with its motion. There is a shallow air space between the two 
plates which communicates by tube with the ear. In these methods 


180 * 



of reception the vibrations remain mechanical throughout and the 
reception is not very efficient. 

The most efficient methods are those which transform the me- 
chanical vibrations into electrical. In the magnetophone, the vibra- 
tions of a thick rubber diaphragm are transmitted to a coil in a non- 
uniform magnetic field. The vibrations of the coil in this field generate 
an alternating E.M.F. which can be conveyed to a telephone. An 
electrostatic condenser with a movable plate can obviously be used 
in a similar way. The vibration of the movable plate gives rise to a 
variation of capacity which with a fixed charge causes a varying 
E.M.F. By far the most useful general method, however, is some 
form of carbon microphone (p. 512) such as is used in the telephone 
transmitter. There are two types: {a) the button type, (6) the solid 
type. In the first of these the carbon granules are loosely packed 
beWeen tw’o carbon plates, and the shaking of the granules causes 
variations in the conductivity of the mass of granules separating the 
plates. In the second type the granules are not free to move, but 
one plate is exposed to the varying pressure due to the waves and this 
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pressure, transmitted to the granules, varies their resistance. In either 
case if the microphone is in series with a telephone and battery the 
variations of current will operate the telephone. 

It is obviously very desirable not only to be able to hear a sound 
produced in water but to be able to locate its direction. A form of 
hydrophone * which offers possibilities of this kind and proved of 
service during the war of 1914-18 is shown in fig. 5.4. It consists of 
a heavy metal ring closed by a metal diaphragm. To the centre of 
this diaphragm is fixed a small chamber containing a button micro- 
phone. Connecting wires are led up an attached rod to a telephone 
head-piece. This hydrophone is bidirectional. When its edge is 
presented to the source of sound the pressures on the two sides of the 
diaphi'agm are equal and the micro- 
phone gives no response. The 
response is a maximum when it is 
rotated through 90°. The setting 
for zero response can be made with 
fair accuracy, but there is no in- 
dication in which direction along 
this line the source is to be sought. 

The intensity curve is as shown. 

By fitting one of these bidirectional 
hydrophones with a “ baffle plate ” 
supported a few inches away from 
one face of the diaphragm a single 
maximum can be observed when 
the other face points to the source. 

The intensity curve is now as shown 
in fig. 5.5. The hydrophone is unidirectional, but the maximum is 
not sharp enough for accurate setting. If the two types are com- 
bined, however, the bidirectional one can be used to fix the line in 
which the source lies and the unidirectional one then gives without 
ambiguity the direction along this line in which the source must be 
sought. The great practical disadvantage of this method is that though 
it works extremely well for fixed stations or for ships at rest, the 
noises produced by the motion of a moving ship makes listening with 
these hydrophones extremely difficult. 

The action of the baffle plate is a little obscure, as it is too small 
to cast a true shadow with waves of the wave-length normally used-t 

Propagation in the sea has, from the point of view of signalling, 
numerous advantages over propagation in the atmosphere. Not only 
is there much less dissipation of energy, as we have just seen, but in 
the sea we have a medium bounded above and below. Reflection at 

*Journ. Inst. Elect. Engineers^ Vol. 58, p. 572 (1919-20). 

t Proc, Roy. Soc.^ Vol. 100, p. a6i (1921-2). 



Fig. 5.5. — Polar curve of sensitiveness of 
hydrophone with baffle plate 
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the surface takes place almost without loss and reflection from the 
bottom is fairly copious. Then in the atmosphere temperature gradients 
refract the waves, air currents deflect them and eddies break them up. 
In the case of the sea all these effects are greatly diminished. Though 
the temperature gradient is small, its effects are noticeable and mani- 
fest themselves in a seasonal variation. 



CHAPTER VI 


Reflection of Sound Waves 


1. Echoes. 

The reflection of sound waves on a large scale is familiar to us in 
the echo frequently found from a cliff, the edge of a wood or the gable 
of a house. In a fog, if the audibility is good, a ship can be navigated 
along a cliff-boimd coast by timing the interval between the sounding 
of a blast on the whistle and the receipt of an echo. Echoes are occa- 
sionally met with in large buildings. In every room there is a continual 
process of reflection taking place from floor, walls and ceding whenever 
a sound is produced, but as a rule this gives the prolongation of soimd 
known as reverberation, A separate and distinct echo can be heard only 
when a fairly pronounced reflection follows the initial sound at an 
interval sufficiently long for the ear to appreciate the two as distinct. 
This requires an interval of about 1/15 of a second and therefore a 
path difference of about 1120/15 or 75 feet. A large hall with curved 
surfaces which may act as concave mirrors for the soimd beams is 
always liable to this defect, and glaring instances are on record. Where 
such defects exist they may be cured by covering the reflecting surface 
with a material which absorbs the sound waves and so diminishes the 
intensity of the echo. This subject wdl be more fully dealt with later 
(Chap. XIX). 

Another type of reflection is illustrated by the Whispering Gallery 
of St. Paul’s Cathedral. Here, as was suggested by Lord Rayleigh,* 
a sound emitted tangentially to the circular wall is carried round by 
successive reflections and is clearly heard at the opposite side. The 
phenomenon is assisted by the fact that the walls are dome-shaped 
and so hinder the spread of the sound upwards. The investigations 
carried out by Sutherland and Raman f show that the phenomenon is 
in reality more complicated than Rayleigh indicates, periodic changes 
of intensity occurring both round the wall and ra^ally, but they 
corroborate Rayleigh’s explanation in essentials. 

The so-called echelon ” echo from a flight of steps belongs more 

•PAiV. Mag., Vol. 20, p. 1001 (iQio); Vol. 27, p, 100 (1914)- 
t Proc, Roy. Soc,, Vol. loo, p. 424 {1922). 
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properly to the class of phenomenon studied under diffraction and 
will be dealt with later (p. 235). 

Echoes from atmospheric discontinuities are not uncommon. Arago 
reported the observation of echoes from clouds. Rayleigh on one 
occasion observed the return of an echo from the sea after twelve 
seconds, and Tyndall noted similar phenomena in the course of his 
work on transmission of sound in the atmosphere. He repeated the 
phenomenon on an experimental scale by reflecting the sound of a 
high-pitched whistle on to a sensitive flame, using a gas flame as re- 
flector. 


2. Multiple Echo. 

A multiple echo repeated at sufficiently short intervals may give 
rise to a musical note. An instance of this is the multiple reflections 
which follow the sound of a footstep in a narrow passage between two 
houses or two walls. A source of sound at S (fig. 6 . 1 ) will produce an 



image in wall B at and this in turn at Sg in wall A, and this at S 3 
in wall B. Similarly S will produce an image at S^' in A and at 82 ' 
and S 3 '. These images are equally spaced at a distance d apart. The 
echoes will therefore arrive at S with a time interval of djc between 
each successive pair, where c is the velocity of sound. The frequency 
of the note is therefore cjd. The observer being also the source of 
sound, the whole system of images moves with him and the pitch 
of the note remains constant if the walls are parallel. Appel records 
a case where he noticed a change of pitch as he walked down a narrow 
lane. He found for the extreme widths 1-32 metres and 1*78 metres. 
Taking the velocity of sound as 345 m./sec. these lengths give fre- 
quencies 261 and 194, in good agreement with the observed change 
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of pitch. Where the observer is stationed at one end and the source 
moves down the passage the predominant pitch alters, but the dis- 
tance of the observer from successive images does not vary by a 
constant amount, so the apparent wave-length varies and the pitch 
is indefinite. If the sound is some way from the observer the paths 
from the nearer images vary very little and the pitch of the notes 
becomes correspondingly high. 

3. Analytical Treatment of Reflection. 

The reflection of waves incident normally on a plane boundary 
may be treated by using the general equation of wave motion. 

(a) Rigid Boundary. 

Let the rigid boundary be at a; == 0. Then here there can never 
be any displacement. 

Let the incident wave be =f{ct — x)\ then if the displacement 
of the medium is represented by 

^ ic) -f- F(ct + x) 

and we impose the condition that ^ = 0 at a; = 0 for all values of t, 
we have 

0^f{ct) + F{ct) 

.*• F{ct) = -f{d) 

F(ct + a:) = —f(ct + x) 

$ — f{ct—x)—f{ct + x).. . . (6.1) 

That is, in addition to the positively travelling wave = f{ct — x) 
there is a negatively travelling wave $2 — ~~f + ^)> displace- 

ment i at any point being -f ^ 2 - This negatively travelling wave 
is the reflected wave. 

For the incident wave 

i, = c/'(ct-x) (6.2) 

For the reflected wave 

4 = -r/'(c<-f X) (6.3) 

At the boundary, a: = 0, so that 

that is, the velocities are equal and opposite. 

A wave is therefore reflected from a rigid boundary with its particle 
velocity reversed. As the velocity of the wave has also been reversed, 
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the relation of the particle velocity to the wave velocity remains 
unchanged. The same is true of the displacement. 

Again, we have for the incident wave 

and for the reflected wave 

At the boundary x= 0, so that 

that is, the condensations are equal and of the same sign. 

(b) Free Boundary. 

If we suppose the boimdary to have no inertia, then for all values 
of t the residtant condensation there must be zero. Putting as before 

^ =/(c< — a:) + i’(c< + aj), 
we have — x) + F'{ct -f x). 


Hence at the boundary x~ 0 
we have 0 = —f^ct) + 

that is, 

F’(a + x) =f(ct + x), 

F(ct + x) ~ f(€t + x) + const., 

i +f{ci + a:) + const. . . (6.4) 

Since the constant represents a displacement of the medium as a 
whole we may make it equal to zero, and we have 

i =f(ci — x)+f{ct + x). 

Here the reflected wave is 


^2=/(c( 4- a;), 

and obviously ^ — x) = at x = 0, 


^ =/'(c< + ») =/'{c<) at X = 0. 
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That is, in the case of a boundary having no inertia the wave is re- 
flected with its condensation reversed, i.e. a compression is reflected 
as a rarefaction, and conversely. 

Also ^*1 = cf\ct — rr) = cf\ci) at x = 0, 

and ^2 = -f a;) = cf\ct) at x — 0, 

that is, the velocity is unchanged. This case is nearly realized at the 
open end of an organ pipe. 

In both the above cases the reflection is obviously complete. 

It will be seen that if we consider the direction of displacement 
and velocity in space we can summarize the effect of reflection as follows : 

Rigid Boundary, Free Boundary. 

Displacement reversed. Displacement unchanged. 

Particle velocity reversed. Particle velocity unchanged. 

Condensation unchanged. Condensation reversed. 

Pressure difference unchanged. Pressure difference reversed. 

As was suggested earlier, the matter is simplified if we consider 
the direction of the displacement and the particle velocity relative 
to the direction of the wave, which is of course always reversed. In 
that case we may say that reflection at the rigid boundary takes place 
with no change of displacement, particle velocity, condensation or 
pressure difference, while at the free boundary all these quantities 
are reversed. 

We have seen that for a positively travelling wave f = +C5, 
while for a negatively travelling wave ^ = — cs. Hence for a reflected 
wave either | or s must change sign, the direction of ^ being referred 
to a direction fixed in space, 

4. Partial Reflection at Normal Incidence. 

We shall take the case where the waves impinge normally. Let 
the incident wave be denoted by the sufifix i, the reflected wave by 
the suffix f, and the wave transmitted in the second medium by the 
suffix t. 

Continuity at the boundary requires that the velocities of the 
media on opposite sides shall be equal. That is, 

ii + ir — if 

The pressures on opposite sides of the boundary roust also be equal. 
That is, 

“h (®*5) 

where K and s represent elasticity and condensation. 
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But = (\Si, 

ir ~ 

(since the reflected wave is travelling in the negative direction), 

and ^ ^ 2 ^^, 

where Cj, Cg are the velocities of the waves in the two media. 


Hence 

or 

and from (6.5) 


and 


0''\S If — CtyS I 


Ci(Si 


nv 


I{^(S^ + Sr) lUSt, 

• ^ T 1^2 

* ' 6 *,. + Sr ~~ 


c.Kc> — cJ{. 


( 6 . 6 ) 


This gives the condensation in the reflected wave in terms of the 
condensation in the incident wave. 


Also 


5.=-: Si 


2c^K ^ 

CjJfiLg ■"] — (y2 A •J 


(6.7) 


which gives the condensation in the transmitted wave in terms of that 
in the incident wave. 

If the inertia of the second medium is infinite (which is the case of 
the rigid boundary), Og == 0. Hence Sr — 5*, and the wave is completely 
reflected without reversal of the sign of its condensation. 

If the inertia of the second medium is zero, c^— co\ Hence Sr = 
—Si, and reflection is complete with the sign of the condensation 
reversed. 


Again, since and /fg = p 2 P 2^9 

we have ^ 

Si + C^PiC,^ 

^ zpz -^2 /fi o\ 

~C^P2+C,p, • • • • 

where = e^pj and JBg = 02 ^ 2 - The product cp for a medium is the 
unit area imfe^nce or characteristic impedance of the medium (see 
p. 290). 
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For the case of reflection at an air/water surface we may take for the \ralue6 
of the velocities of sound 

Cj = 3-43 X 10^ cm. /sec. in air, 

Cj = 1*45 X 10® cm. /sec. in water, 

and for the densities 

pj — 1-2 X 10“* gm./c.c. for air, 
p 2 — 10 gm./c.c. for water. 

We therefore have 

i?i = CjPi = 41*2, 

It, = C 2 P 2 = 1*45 X 10®, 

fr = 0-9994, 

«.■ 

SO that the water surface is practically a perfect reflector. This is obviously 
true no matter whether the sound originates in the water or in the air. 

Transmission from liquids to solids or vice versa is much easier and reflection 
less copious, because the characteristic impedances are more nearly equal. 

For steel the characteristic impedance is 3*9 X 10®. In this case we have for 
a water- steel boundary 

-?• = 0-928, 


and the percentage of energy reflected is (0*928)^ X 100— 86 per cent, giving a 
transmission of 14 per cent. 

For oak J? = 3*4 x 10® and for a water-oak boundary we have = 0*4, 
giving a reflection of 16 per cent and a transmission of 84 per cent. 

If we consider the case of two gases for which y is the same, then, since they 
must be at the same pressure, K must be the same. From (6.6) and (6.7) we 
therefore have 


Let 

then 


^ 2 ^ ^^1 

^2 ^1 ^2 

Cl 

= p, say; 

C 2 

fir _ p — 1 _ 2p 

ft "h 1’ M- "f- 1 


For a wave in hydrogen reflected at a surface separating this gas from oxygen 



** fi^ 6’ 8^ 5 ’ 


In order to find the relation between the amplitudes we may put S for the 
maximum condensation and ^ for the maximum particle velocity. 

Cji = = 27T/a, 


Then 
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where / is the frequency and a the amplitude. Hence 

Qy ^ 

_ 1 ® _ 2 
o,- c,.?, 4 ’ 5 ” 5* 

5. Partial Reflection for any Angle of Incidence. 

An application of Huygens’ principle leads at once to Snell’s law 

sini __ Cj 
sinr Cg' 

where is the velocity of the waves in the medium in which they are 
incident and Cg the velocity in the medium into which they are 
refracted. 

Let Uj, ay, be the displacement amplitudes of the incident, 
reflected, and transmitted waves respectively. These wdll be propor- 
tional to the velocity amplitudes, w^hich must have equal components 
normal to the surface of separation on both sides of the surface. 
Then 

(ai + <^r) cost = at COST. 

Let ay = mai ; then 

aj(l + m) cosi = a^ cosr. 

If now we express the fact that all the energy of the incident w^ave 
must divide itself between the reflected and transmitted beams, we 
shall get another relation between these. The mean energy per unit 
volume in a beam is proportional (1) directly to the square of the 
amplitude, (2) directly to the normal density, (3) directly to the 
square of the frequency. 

Let the density of the first medium be pi and that of the second 
pg. The frequency need not be considered, as that is the same for all 
the beams. The cross-section of the incident beam is AB cosi, if we 
consider the beams to have unit depth perpendicular to the plane of 
the diagram (fig. 6.2). The reflected beam has the same cross-section, 
but the transmitted beam has cross-section AB cosr. The energy 
of the incident beam reaching the surface per unit time is contained 
in a column of length This is distributed between a reflected 
column of the same length and a transmitted column of length Cg. 
We therefore have 

. AB cost = c-^nfia^py . AB cost + o^^p ^ . AB cosr, 
cost(l — m^) = c^a^p^ cosr. 
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Dividing this equation by the square of the previous one, we have 



(1 — m2)pjCi __ pgrg 

(1 + m)^ cosi cosr 


or 

] — m P 2 cosi C 2 

1 + ^ Pi cosr Cl' 

. . (6.9) 

But 

Cg sinr 

Cl sin^’ 



.1 — m P 2 coti 
” 1 + w Pi ' cotr’ 


or 

Pi cotr — p 9 coti 

m = — ^ . 

Pi cotr + p 2 cot^ 



P 1 /P 2 — coti/cotr 

P 1 /P 2 + cot^7cotr' 

. (6.10) 



Fig, 6.2 


Tills gives the ratio of the reflected and incident amplitudes. A 
more rigorous derivation of this relation will be found in Rayleigh’s 
Sound (Vol. II, § 270). 

For perpendicular incidence (6.9) reduces to 

fn = - as before (6.11) 

PiIP 2 + C2/C1 

6« 


(F 701) 
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The condition for no reflection is obviously 

CiPi ~ ^aP2* (6.12) 

Since the frequency is the same in both media, that is, 

the condition for no reflection may be stated as 

\Pi “ A 2 P 2 (6.13) 


6. Echo- Sounding. 

In the course of the early experiments on the transmission of 
sound in water the possibility of detecting an echo from the sea bottom 
suggested itself and was at once realized by experiment.* Here was 
the basis of a very simple method of depth sounding. The immemorial 
practice of heaving the lead is still in use, but it has many disadvantages. 
It is a slow process, cannot be carried out in a ship travelling at speed, 
and for survey work in deep water requires an elaborate mechanical 
outfit. Measurement of the time interval between the production of a 
sound at the surface of the sea and the receipt of the echo from the 
bottom at once gives us a value for the depth if the velocity of sound 
in sea-water is known. 

The chief practical difficulty is that of measuring the time interval 
with sufficient accuracy. In a depth of 50 fathoms (or 300 feet) the 
total time taken by the sound wave in the double journey is only about 
one-eighth of a second. If this distance is to be measured to an accuracy 
of 1 per cent (or an error of 3 feet in depth) the interval must be 
measured to 1/800 of a second. 

One of the earliest successful -^methods was due to Behm whose 
experiments were begun in 1911, Ships were fitted with two hydro- 
phones, one on each side. The source of sound was a detonating 
cliarge contained in a cartridge fired from a specially constructed firing 
head into the water and detonated there by a time fuse. The explosion 
actuated the hydrophone on the near side of the ship and the echo 
affected the hydrophone on the further side of the ship, which had 
been shielded by the hull from the effect of the original explosion. The 
time interval was recorded and measured by a special device. The 
necessary outfit is extremely portable, and one was carried by Amund- 
sen on his polar expedition. A modified type adapted for use in air 
was carried on the Zeppelin ZR 111 on her trial flights over Germany, 
and soundings were taken when the airship was flying at a height 
of 600 feet and a speed of 60 miles per hour. 

Experiments conducted by the Research Department of the British 
Admiralty led to another form of apparatus, which has several advan- 
tages over the Behm type and is now manufactured under licence. 


• See Nature, Vol. 113, p. 462 (1924). f Engineering, Vol. 120, pp. 595, 629 (1925). 
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The whole apparatus and its arrangement is shown in fig. 6.3. The sound waves 
used are damp^ trains emitted by striking a metal diaphragm. The transmitter 
is fitted on one side of the hull and consists of a diaphragm, a metal hammer, 
and a solenoid. The hammer is held back against a spring by the solenoid, whose 



Fig. 6.3. — Echo depth sounding: British Admiralty system 
1 . Screw by which adjustment is made. 2, Graduated wheel reading depth directly 

circuit is completed through two brushes bearing on the revolving metal disc 
shown on the right of the diagram. Once in each revolution of this disc the 
ebonite piece (shown in black) comes under the brushes, the circuit of the solenoid 
is broken, and the spring drives the hammer down on to the diaphragm, sending 
out a damped train of waves of frequency about 1250. On the other side of the 
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ship is a button microphone, the circuit of which is linked through a transformer 
to the headphones. The circuit containing these phones is short-circuited through 
the switch contacts bearing on the rotating metal disc carried by the revolving 
shaft and shown on the left of the diagram. Once in each revolution of the disc 
the insulated segment comes under one of the switch contacts and the phones 
are thrown into operation. If at this instant the hydrophone receives a sound 
it will be heard in the phones. The switch contacts can be adjusted by the hand 
wheel shown on the extreme left. When the apparatus is working all that is 
necessary is to adjust the hand wheel until the echo is heard. The position of 
the hand wheel will depend on the time interval to be measured and therefore 
on the depth, and it is accordingly possible to attach to the hand wheel a scale 
reading depth directly in fathoms or feet. In this method there are no cartridges 
to be carried and as the apparatus can be worked with the ship at full speed a 
continuous record of depths can be obtained throughout a voyage. As an adjunct 
for purposes of navigation and as an instrument of research in charting ocean 
depths the instrument is of very great value. Alternative methods of sounding 
which have special advantages will be discussed later (pp. 191 , 225 ). 


7. Pressure of Sound Waves on a Surface. 

That electromagnetic waves must exert a pressure on a perfectly 
conducting and therefore perfectly reflecting boundary was Maxwell’s 
deduction from his general equations of the electromagnetic field, and 
the existence of this pressure was experimentally confirmed by Lebe- 
dew and measured by Nichols and Hull and by Poynting. Theory 
and experiment indicate that the pressure on a surface normal to 
the incident waves is equal to the energy-density of the radiation in 
front of the surface. If the surface is perfectly absorbing the pressure 
equals the energy-density of the incident radiation. If the surface is 
perfectly reflecting the pressure equals the energy-density of the in- 
cident and reflected radiation. Thus the pressure on a perfectly re- 
flecting surface is twice that on a perfectly absorbing surface. 

The pressure due to sound waves was discussed by Rayleigh.* 
He deduced the relation P = \{y \)E, where E is the total energy 

per c.c. in front of the surface, P the mean pressure, y the ratio of 
specific heats. This relation is obtained by first of all deriving a general 
expression for the mean pressure without making any assumption as 
to the relation between the pressure and volume of any given mass of 
the fluid during the transformations. When the adiabatic relation is 
inserted the expression reduces to that given above; y enters into 
the expression as the power of v in the adiabatic relation 

= const. 

If we assume Boyle’s law we have 

pv = const. 

• Phil , Mag ., Vol. 3, p. 338 (1902); Vol. 10, p. 364 (1905). 



165 


VI] PRESSURE OF SOUND WAVES 

and we must substitute 1 for y in the expression for P. This gives 

P=P. 

It may be observed that the formula indicates a zero pressure 
only for the hypothetical case y = — 1, which is incompatible with 
the statical stability of the medium. 

Larmor has obtained this result for any propagated disturbance 
in which the energy-density is inversely proportional to the wave- 
length. The method is to consider the energy change due to the motion 
of a reflector, taking into account the Doppler effect of its speed on 
the wave-length of the reflected beam. The change is equated to 
the work done by the forces moving the reflector. This argument, 
however, cannot be correctly applied to sound waves. The equivalent 
result for a progressive wave is an erroneous calculation of the momen- 
tum, the average per unit volume being Pq( 1 + s)v, where v is the 
particle velocity and the bar indicates that a spatial mean is taken. 
Then as s = vjc, we have \ p^o^jc or Ejc, This is of the second order 
in Vy and therefore the result itself shows that second order effects are 
not negligible ; the equations we have used are not of this accuracy. It 
is mentioned by Rayleigh * that the discrepancy between the equation 
P = E and the relation deduced by Rayleigh and Lamb for sound 
waves, P= (y-f l)P/2, has the same causes as the progressive dis- 
tortion of the waves. P vanishes for the hypothetical fluid which has 
a linear relation between pressure and volume, 

P = Po— <^PoIp- 

In such a medium waves of finite amplitude are propagated without 
distortion. 

Rayleigh’s result is obtained by applying to a stationary wave 
eqn. 2.32 (p. 59), which involves no approximation. He also shows that 
the momentum of a progressive wave, for a cylindrical element of fluid 
of length c in the direction of propagation, is (y -f- \)E' j 4: per unit area, 
assuming the mean density of the fluid to be unaltered by the presence 
of the wave. In this expression P' denotes the appropriate energy- 
density. The reflection of the wave would be expected to require a 
pressure 2(y -f 1)P7^ (v + 1)^/4:, in disagreement with the formula 
already given. It is to be noted, however, that the momentum of a 
progressive wave is to some extent an arbitrary quantity, so far as 
the equations of motion are concerned. 

An accurate solution f of equation 2.57 (p. 71) is 

• PkU Mag,, Vol. lo, p. 364 (1905)* t See Ramsey, Hydrodynamics, p. 360 (Bell, 1935) 
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where v is the particle velocity at the point y. An approximately 
sinusoidal solution is of the form 

1 V — 1 

V — — y) — y)-f ^ 

where the constant term is chosen for the wave emerging from one 
end of a tube in which a stationary wave has been established. 

The momentum per unit area for length c is now given by the 
equations 

V , 3 — y 

s = - 

c 4 c“ 


pv= Po(l + s)v 

== PqV ^ PqV^/c, to the second order in v ; 
Hence momentum = ^ ^ 

= E'; 


that is, the momentum generated is equal to the impulse of the mean 
pressure previously given for the stationary wave. 

Both relations have been used in calculating the energy-density of 
soimd waves from the observed pressure (see section 10, p. 298). 
Zernov ♦ used powerful waves of frequency 512 and energy-density 
about 0’5 erg/cm.® and foimd that P= (y -f- 1)£'/2 gave results agreeing 
with a maximum discrepancy of 3 per cent with those given by a vibra- 
tion manometer method developed by Wien.t Altberg made mea- 
surements on sound waves whose energy content was about half the 
above value, and he used the relation P = £, but his experiments 
unfortunately provide no means of checking the applicability of the 
formula. 


8. Acoustic Repulsion. 

This phenomenon may be conveniently demonstrated by the 
apparatus shown in fig. 6.4, which is taken from a paper by Dvorak. J 
A small glass resonator tuned to the note of the fork is fastened by 
sealing-wax to the end of a light wooden rod, the other end of which 
carries a small lead counterpoise. To the centre of the rod is fixed 
a glass cap which rests on a vertical needle point. When the fork is 

• Ann. d. Physiky Vol. 21, p. 131 (1906). f Wied. Ann., Vol. 36, p. 835 (1889). 

X Phil. Mag., Vol. 6, p. 225 (1878). 
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strongly bowed and the open end of the resonance box presented to 
the open end of the resonator the wooden arm rotates on the needle 
point. The phenomenon is associated with the unbalanced pressure 
on the interior wall of the resonator opposite to its open end. For 



Fig. 6.4. — Acoustic Repulsion 


convenience of construction, a cylindrical resonator of stiff paper 
may be substituted for the glass resonator and tuned by adjusting a 
short paper neck. If four such resonators are combined to form a small 
mill a continuous rotation may be maintained. Other similar experi- 
ments will be found in. the original paper. 




CHAPTER VII 


Refraction of Sound Waves 


1. Experiments on Refraction. 


Early refraction experiments were made on gases by Sondhauss* 
and Hajechjf but the results, although giving a qualitative indica- 
tion of the phenomenon, were to some extent vitiated by the fact that 
the gases constituting the lenses and prisms had to be contained in 
thin membranes and these membranes must have vibrated as a whole. 
Tyndall J cites experiments made with a concertina reed as source and 
a sensitive flame as receiver. Between source and receiver were in- 
serted soap-bubbles blown with nitrous oxide or hydrogen. In the first 
case the action was that of a converging lens and in the second case 
that of a diverging lens. Refraction through a prism has been demon- 
strated by Pohl § using a whistle as source and a radiometer as 
detector. 

If the velocity of sound in air is assumed to be 340 m./sec. at ordinary 
temperatures and the velocity in carbon dioxide 269 m./sec., the re- 
fractive index from carbon dioxide to air will be /x= 269/340= 0*79, 
Measuring the angles of incidence and refraction, Pohl obtains 


= sm3^ 
^ ~ sin 39*8° 


0-5 

0-64 


= 0-78. 


Here again a containing membrane is used. 

Gezechus || got over the difficulty of the containing membrane by 
using a hemispherical network of wire enclosing wool, down or similar 
substances, fixed like a lens over a circular aperture in a board. The 
source of sound was a high-pitched whistle (Galton whistle), and the 
refracted beam was explored with a sensitive flame. A true image 
was obtained for which the relationship of the distances from the 
lens 



V' 1 


• Phil, Mag., Vol. 5, p. 73 (1853). 

^ Pogg. Ann,, Vol. 103, p. 163 (1857). J Sound, pp. 364-7. 

^Physical Principles of Mechanics and Acoustics, p, 288 (Blackie & Son Ltd., 1933). 
Wyoum, d. Russ, Phys,-chem,, Vol. 22, p. 233 (1890). 
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was roughly verified. If the velocity of the sound in the cotton wool 
is taken as c and the velocity in the air as Cq, then /x = CqIc. 

If R is the radius of the hemisphere (about 25 cm. in these experi- 
ments) then, as for light waves, 


and 


j 

.. II J 


_ ^0 _ ^o/ 

M ^ +/ 


Working with wave-lengths from 2 cm. to 6 cm. Gezechus found 
that the velocity in the medium diminishes as the average density 
increases, and for a given density it increases with frequency, e.g. 
A — 6 cm. gives c — 160 m./sec.; A = 2 cm. gives c = 250 m./sec. 


2. Audibility of Sounds from Distant Sources. 

When the extreme sensitiveness of the ear is considered in relation 
to the amount of power put into certain sources of sound, the in- 
audibility of these sources at quite short distances is remarkable. 
Thus the high note of a Scottish siren tested by Lord Rayleigh * at 
St. Catharine’s required 600 h.p. to maintain it. The distance at which 
the siren should be audible if all this power were converted into energy 
of sound waves and spread uniformly over a hemispherical diverging 
wave is easily calculated. The minimum audible intensity corresponds 
to a transmission of power amounting to 10"^^ watt/cm.^; 1 h.p. == 746 
watts. It follows that if x is the distance of audibility in cm. 

^00 X 746 _ , 

27TX^ 

or X— 2*67 X 10^® cm. = 267,000 kilometres (about), 

a distance more than six times the circumference of the earth. 

Perhaps fortunately, this range of audibility is not achieved even 
under the most favourable conditions. The maximum range is only 
a few kilometres, and in unfavourable conditions it may drop to one 
or two kilometres. One obvious reason for this is the inefficiency of 
the source of sound as a transformer of mechanical energy into sound 
— a subject to which we shall return later. The second reason is the 
dissipation in the atmosphere, but this, as we have already seen, is 
small. A third reason is the dissipation of sound at the edge of the 


Phil, Mag.f Vol. 6, p. 289 (1903). 
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wave as it travels over the ground. There is little accurate experi- 
ment to guide us here, but Osborne Reynolds * has shown by direct 
experiment that sounds are heard at much greater distances across 
a snow-covered field than across the same field in ordinary circum- 
stances, and the frictional absorption due to long grass, shrubs, trees, 
&c., is probably very great. The exceptionally good audibility of 
sounds over water is probably due to the comparatively small surface 
absorption. 

3. Effect of Heterogeneity in the Atmosphere. 

The factors noted in the preceding paragraph are quite insufficient 
by themselves to account for recorded instances of low range of 
audibility of high-power sources. 

The following example is given by Tyndall :f 

“ On July 3 we first steamed to a point 2*9 miles S.W. by W. of the signal 
station. No sounds, not even the guns, w^ere heard at this distance. At 2 miles 
they were equally inaudible. But this being a position at which the sounds, 
though strong in the axis of the horn, invariably subsided, we steamed to the 
exact bearing from which our observations had been made on July 1 . At 2.16 
p.m., and at a distance of 3| miles from the station, with calm clear air and a 
smooth sea, the horns and w^histle (American) were sounded, but they w^cre 
inaudible. Surprised at this result, w’e signalled for the guns. They w^ere all 
fired, but, though the smoke seemed close at hand, no sound whatever reached us. 
On July 1, in this bearing, the observed range of both horns and guns was lOJ 
miles, while on the bearing of the Varne light- vessel it was nearly 13 miles. We 
steamed in to 3 miles, paused, and listened with all attention; but neither horn 
nor whistle was heard. The guns were again signalled for; five of them were 
fired in succession, but not one of them was heard. We steamed on in the same 
bearing to 2 miles, and had the guns fired point-blank at us. The howitzer and 
the mortar with 3-lb. charges yielded a feeble thud, while the 18-poundcr was 
wholly unheard. Applying the law of inverse squares, it follows that, wdth the air 
and sea, according to accepted notions, in a far worse condition, the sound at 2 
miles’ distance on July 1 must have had more than forty times the intensity 
which it possessed at the same distance at 3 p.m. on the 3rd.” 

Tyndall afterwards learned that in the evening of the same day the sounds 
had been heard at the Vame Lightship 12} miles from the signal station. 

Tyndall was of opinion that the main factor involved was the 
heterogeneity of the atmosphere. In his view ascending currents of 
air at a temperature different from that of the surrounding air and, 
over water, ascending currents of air charged with water vapour, 
cause successive reflections of the sound waves which render the 
atmosphere opaque. This view was reinforced by various experiments 
with a whistle and sensitive flame, showing that the air over a series 
of flames is opaque, as is also a region of air where there are alternate 
descending streams of carbon dioxide and ascending layers of coal- 
gas. Very probably this heterogeneity plays a considerable part in 

• Proc. Roy, Soc,, Vol. 22 , p. 531 ( 1874 ). + Sounds pp. 303 - 4 . 
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diminisliing audibility, but it is fairly certain that Tyndall exaggerated 
its role. It was no doubt the cause of the controversy as to whether 
a fog is detrimental to audibility. This is a question of first-rate im- 
portance in connexion with fog signals, in relation to which this whole 
subject was first systematically studied. If the fog which obscures the 
light from the lighthouse also damps out the sound waves from the 
siren, then before the days of submarine sounds and ordinary wireless 
the navigator was in a sorry plight. There seems to be no a priori 
reason to expect that a fog should affect the audibility of sounds of 
ordinary frequency, the wave-lengths being much too long for the 
water particles to act as obstacles, and the air being usually still and 
probably homogeneous. Fog, however, occurs frequently in banks 
which mark discontinuities, and with the source in one bank and the 
observer outside of it or even in another bank, the reflection may be 
considerable and diminution of intensity correspondingly great. The 
importance of heterogeneity in the atmosphere was rather minimized 
by Reynolds, who assigned the major role to refraction due to wind 
and temperature gradients. Tucker,* however, from observations on 
aeroplanes made with Service sound locators, confirms Tyndall’s view. 
He finds that acoustic clouds are most common on warm sunny days 
with good \dsibility and that uniform fog banks are acoustically clear. 
It is of course highly probable that the “ turbulence ” in the air is 
an important contributor to the effect.f 

4. Effect of Wind Gradient. 

Another factor was first suggested by Stokes, J and its importance 
subsequently explained by Osborne Reynolds. § It is a fact of common 
experience that sound is heard better down wind than up wind. What 
is not generally realized is that very long distance records for sounds 
are frequently made up wind. Both these facts can be explained by 
considering the refraction of sound waves due to wind gradient. Wind 
is practically without effect on the audibility of sound if it blows at 
the same speed at all heights. Even with very high winds the wind 
velocity is very small compared with the velocity of sound. But if 
there is a wind gradient, i.e. if the wind velocity is a fimction of the 
height above the ground, then sound waves will suffer a change of 
direction which, although not due to a true refraction, is similar in its 
effects. If we take the obvious case of a wind velocity increasing with 
height, it is easy to see qualitatively what its effect will be on the 
propagation of soimd waves. If plane waves arrive from a distant 
source the effect of a wind gradient is to deflect waves travelling with 
the wind towards the ground and waves travelling against it away 

• Nature, Vol. 114, p. 689 (1926). 

f Devik, Chr, Michehons Inst. Beretninger, Vol. 6, p. 2 (1936). 

t B. A, Report, p. 22 (1857). § Rroc, Roy. Soc., Vol. 22, p, 53 * (1874)* 
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from the ground. Thus an observer may fail to hear a sound, not 
because it has died away, but because it has been refracted and is 
passing over his head. 

The way in which sound waves are affected by wind gradient is 
shown in fig. 7.1. The waves, but for the wind, would appear in the 
diagram as semicircles surrounding the source. They are actually 
distorted as shown, the tops being carried forward more than the 
lower edges. If now we remember that the sound rays are always 
perpendicular to the waves, we see that to windward the rays are 
directed upwards and tend to leave the surface of the earth, while to 
leeward they are bent down and so directed along the ground. This, 
then, is a case of refraction similar to that which we studied in the 
case of water ripples (p. 24), and the relation between the two 

phenomena becomes still clearer when it is 
mentioned that fig. 7.1 is actually from a 
sketch, made by Reynolds, of the ripples 
spreading out from drops falling into a 
stream which flowed past a vertical wall. 
Near the wall the velocity of the stream 
is retarded, so that farther from the wall 
it moves more rapidly, and what would be 
a semicircular set of ripples if the water were at rest becomes the 
set of ripples actually shown in the diagram. 

Furthermore, as the wave travelling down wind is kept close to 
the surface and is subject to frictional dissipation, while the wave 
travelling up wind is kept above the ground, it may well be that 
looked for in the proper place the wave travelling up wind will be found 
to be more intense than that travelling down wind at the same distance 
from the source. These considerations were established by some simple 
observations of Osborne Reynolds (loc, cit.). He placed a bell on a 
box in the middle of a field and tested its audibility at different dis- 
tances and at different heights with and against the wind. Against 
the wind the sound was lost at 20 yards with the head on the ground, 
lost at 30 yards with the head 3 feet up, lost at 70 yards with the 
head 6 feet up, and heard at 70 yards with full intensity at a height 
of 12 feet. In this position the sound was as intense as that at 70 
yards to lee of the bell, if not more intense. This fact explains the 
tradition of the sportsman who approaches his prey up wind. The 
sound waves due to his footsteps w^l miss a bird on the groimd until 
he is quite close up. 

If we leave out of account the divergence of the wave, we may form 
some idea of the path which the bottom of the wave or the limiting 
ray would follow. If the variation of the speed of the wind were 
uriifonn from the surface upwards, the rays of sound would at first 
move upwards in nearly circular paths of radius 1100 X Vg) feet, 



Fig, 7.x 
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where 1100 is the velocity of sound in feet per second and 
is the velocity gradient in feet per second per foot vertical height. 
As the gradient is in fact greatest at the ground and diminishes up- 
wards, the actual path would be more nearly parabolic. 

Further observations on the variation of audibility with wind 
direction are recorded by Tyndall * and the explanation in terms of 
wind gradient is accepted. 

The following more detailed treatment of the phenomenon is given 
by Barton.f Here the wind velocity is assumed to vary regularly 
with height and Huygens’ principle is applied. 

Let AB (fig. 7.2) be the surface of separation, and the wind 
velocities on opposite sides. Let AC be the incident wave-front making 



an angle 0q with the surface, and angle of incidence between 

the ray and the normal. The ray will not be perpendicular to 
the wave-front. We require the position of the wave-front at a time t 
when the wavelet from C has just reached B. 

Draw CB' perpendicular to AC and lay ofE B'B, making B'B/CB' 

= Uq/c. 

A spherical wavelet from A will at time t have its centre at A', 
where AA' = and radius A'Q = ct. Then BQ is the refracted wave- 
front. 

, BA' B'A~A'A+BB' B'A 

cosec0i-^,Q- ^ 

= cosec 0Q — ^ 

c 

cosec — cosec 01 = -3 ^ = constant. . . (7.1) 

c 

This gives the inclination of any refracted wave-front. 

• Sound, pp. 343-7. t Textbook of Sound, p. 99 (M«cmillan, 1908). 
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For the direction of the ray we have 


tan^i = tanAQN ^ 


NA NA' 




AA' 


NQ NQ ^A'Qcosdi 
% 


— tan ^ ®6C d^. 


• (7.2) 


For a laminated medium the final directions of the wave-front and 
the ray will, from the form of the equations, be independent of the 
constants of the intervening layers, and we shall have 

cosec = cosec 00 — ® .... (7.3) 

c 

u 

tan (j>n == tan 0„ -1 — - sec On (7 .4) 

0 

If the equation gives for cosec 0„ a value lying between +1 and 
— 1 the wave cannot penetrate the layer in question. 

If we take the limiting case and put = 77/2 (wave-front vertical), 
we have 

cosec 00 == h 

c 

Any pair of values of Oq and Un — Uq which makes the left-hand side 
less than 1 gives total reflection. 

If the wind velocity increases with height indefinitely, such a layer 
must ultimately be reached, provided that the initial value of 0o is 
not zero. 

If, however, 0o = 0 (wave-front horizontal), then cosec 0o= 00 , 
and all values of 0„ are zero. Thus the wave-front is always horizontal, 
but the ray deviates without limit from the vertical, since 

u 

tan (f)n = tan 0„ -| — ~ sec 0„ 
c 


In the case where the wind velocity is proportional to the height 
and the wind gradient therefore uniform, we have 

- = 6 + ay, 
c 

where y is measured vertically upwards. 

For pos-^^ible values take h = -02, a ~ *0001, c = 1100 ft, per sec,, Uq =» 22 ft. 
per sec. == 15 m.p.h. 
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If we assume 6„ = 60°, and let the suflSx n refer to the layer where total 
reflection takes place, we have 


cosec 60° = ^ + 1, 


But 


c 

— Ur, 




where is the height of the totally-reflecting layer, 

“ eoaceflO® — 1 

= 0 1547, 

or = 1547 ft. 

We can obtain the horizontal distance to the point at which the 
sound ray becomes horizontal by obtaining the equation to ite ray: 


dx 

dy 


= tan (f) — tan 6 -\- (b ay) sec d. 


But coscc 6 = cosec 9^ — 


U — Un 


= cosec dn 


ay. 


Put cosec 0Q “/; then 


8ec0 


/- ay 


, tan 6 ==■ 


Put 

then 


V{(/-«y)-- ly 

dx ^ 1 + (6 + ay){ f— a y) 

V{(f-ayf—A 

2 = f — ay — cosec 0; 
dz = ~ady, 


V{{f- ayf- 1 }’ 


-adx : 


1 + (^+/— 2)2 
V(2^- 1) 


or 


r dz f(b+J)zdz f 


dz, 
ib+f)zdz 


zHz 


V(z^-l) J 


+ C, 


where C is to be determined from the condition that the trajectory 
passes through the origin, i.e. when a: = 0, y = 0. 

This gives 

—ax = Iog{ 2 : + ^^/{z'^ — 1)} + (6 +/) V(2® — 1) 

- i2 V(2" - 1 ) - I log{2 + V(2" - 1 )} + c. 
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When y=0, 2 = /; 


/. 2ax = log 


f+V(P- 1 ) 

2+V(^^- 1 ) 

+ (/+ 26) ^/(/^ — 1) — (/-[- 26 + 


ay)^{z^—l). 


To find the horizontal distance to leeward at which the sound ray is hori 
zontal we have to find the value of x for which y = 1547 ft. and ay = *1547, 

We have /= cosec 60® = 1*1547, 

2 = /— ay = 1, 

^/(z^ - 1 ) = 0 . 


Substituting these values in the equation we get 

a: = 6070 ft. 


A more detailed theoretical discussion is given by Milne.* He 
assumes the following principle: 

The motion of a wave-front is the same as if at each moment each 
point on it were moving with a velocity compounded of (1) the velocity 
of sound at the point considered, taken in the direction of the normal 
to the wave-front at this point drawn in the direction in which the 
wave-front is progressing, and (2) the velocity of the medium at the 
point. 

This principle is sufficient to determine the successive positions of 
the wave-front, given the motion of the medium and the velocity at 
each point. A sound ray is then defined as a curve such that the 
tangent at each point is in the direction of the resultant velocity given 
by the above principle, taken at the moment when the wave-front 
passes through the point. 

It is to be noted that the type of variation of wind velocity with 
height here assumed is not universal. Occasionally in the layers near 
the surface of the earth, and frequently in higher layers, the velocity 
diminishes with height, and this reverses the phenomenon, giving 
greater audibility against the wind. 


5. Effect of Temperature Gradient. 

A similar effect must follow from the existence of a temperature 
gradient, as was pointed out by Reynolds.f Sound travels more rapidly 
in warm air than in cool air. It follows that if the temperature de- 
creases as we rise above the surface of the earth, the velocity of sound 
also decreases and we get a refraction of sound rays away from the 

•PM. Mag., Vol. 47, p. 97 (1921). 

+ Proc. Rov. Soc.. Vol. 22. p. (1S74): Phil. Trans., Vol, 166. p. 315 (1876). 
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earth, as in the case of sound travelling against an adverse wind. In 
the case of temperature, however, the efEect is the same in all directions 
and all rays are bent upwards. This particular kind of temperature 
gradient is the normal one, and is probably most marked in the middle 
of a hot sunny day. The rays of the sun are absorbed by the ground, 
which becomes hot and heats the layers of air immediately in contact 
with it, the upper layers being relatively cool. Audibility is therefore 
poor. On the other hand, in the evening after a hot day the earth 
cools quickly if the sky is clear, and so cools the layers of air in contact 
with it. Thus temperature increases with height, the velocity of the 
soimd also increases with height, and all rays are refracted downwards. 
This accounts for the good audibility which so often obtains in the 
evening. 

It will be obvious that the range of audibility is greatly increased 
if the point of observation is high, and the same result is obtained if 



Fig. 7.3 — Refraction of sound as a result of temperature gradient 


the source is high. This will be seen from fig. 7.3. Rays which leave 
the source in a downward direction are deviated so as to become hori- 
zontal and finally move upwards again, so that if source and observer 
are at the same height the range is double that for the observer at this 
height and the source on the ground. 

The effect of this increasing range of audibility with increasing 
height of the source is to give a definite acoustic horizon, and this has 
been observed by Tucker in the case of experiments on the location 
of aeroplanes by sound.* 

In fig. 7.4 we have two neighbouring rays approximately horizontal, 
along which the velocity of sound is c and c-\- 8c respectively, and whose 
distance apart is 82?, where 2? is the radius of curvature of the rays. 
Then, measuring s along the ray, we have 

8s^ ^8s 

R -f- 8R R 

.. S.'»8.(l + f). 


• Nature, Vol. 1x4, p. 6S9 (x926)« 
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Since AB, CD are successive positions of an element of the wave- 
front the time taken to describe the paths 85, Ss' is the same ; that is, 

8s' 8s 

c + 8c c * 


1 

R 


1 dc 
c dE 


(7.5) 


But c = + a6) = Cq (1 + ^aO) approximately. 



Assuming the temperature to vary linearly with the height, and 
considering rays which are nearly horizontal, we have 

I __ I dc __ 1 dc dd __ I c^a 62 — 

R c dh c d O dh c 2 h 


R 


a 02 — 61 

2~~ir' 

546 A 

62 — 61 


(7.6) 

(7.7) 


The gradient actually observed in the lower strata of the atmosphere varies 
with the time of day and with the state of the sky. If we assume 2° C. per 1000 
ft. as a reasonable value we have 

~ == 273,000 ft. or about 62 miles. 

The range of audibility, neglecting diffraction, for a source on the ground 
and an observer standing (head 6 ft. up) would be given by 

= 2 X J? X 6, 


i.e. « = V2 X 273,000 X 6 1800 ft., 

or about J of a mile. 
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For a source 6 ft. up the range would be doubled — this shows the importance 
of a high position for the source — and the range would of course be considerably 
increased by diffraction.* 

It is suggested by A. B. Wood f that in view of this effect of tem- 
perature a seasonal variation of the audibility of sounds over the sea 
may reasonably be expected. The maximum sea temperature occurs 
later in the year than the maximum air temperature. In the Straits of 
Dover the maximum temperature occurs about September and the 
minimum in March. Thus from March to August the sea temperature 
is on the whole lower than the air temperature and the gradient is 
positive upwards, while from September to February the conditions are 
reversed. Thus we should expect good audibility in summer and poor 
audibility in winter. Wood cites the observations of Player J made from 
the North Foreland on the sound of a siren from a light- vessel several 
miles away. From May to September the siren was audible on six 
occasions and inaudible on two: from October to March it was audible 
on two occasions, inaudible on nine. 

6. Abnormal Audibility of Sound. 

In 1666 there was an engagement between the English and Dutch 
fleets in the Channel which was heard in London but not at Deal, 
Dover, or on the Downs. 

The fact is recorded by John Evelyn in his Diary under date Ist June, 1666. 

Being in my garden at six o’clock in the evening, and hearing the great guns 
go thick off, I took horse and rode that night to Rochester: thence next day 
towards the Downs and sea- coast, but meeting the Lieutenant of the Hampshire 
frigate, who told me what passed, or rather what had not passed, I returned 
to London, there being no noise, or appearance, at Deal, or on that coast of any 
engagement. Recounting this to his Majesty, whom I found at St. James’s Park, 
impatiently expecting, and knowing that Prince Rupert was loose about three 
at St. Helen’s Point at N. of the Isle of Wight, it greatly rejoiced him: but he 
was astonished when I assured him they heard nothing of the guns in the Downs, 
nor did the Lieutenant who landed there by five that morning.” 

The same fact is recorded by Samuel Pepys in his Diary under dates 2nd and 
3rd June and summarized xmder the date 4th June, 1666, as follows: “And 
so far as to yesterday it is a miraculous thing that we all Friday and Saturday 
and yesterday did hear everywhere most plainly the guns go off, and yet at Deal 
and Dover, to last night, they did not hear one word of a fight, nor think they 
heard one gun. This, added to w^hat I have set down before, the other day, about 
the Catharine, makes room for a great dispute in philosophy, how we should hear 
it and they not, the same wind that brought it to us being the same that should 
bring it to them: but so it is.” 

Similar references to this phenomenon on the same large scale are 
to be found in connexion with explosions and gun-fire, and on a much 

• Mallock, Proc. Roy. Soc., Vol. 91, p, 71 (1914)- 

t A Textbook of Sound, p. 29a. X Journ. Roy. Met. Soc., Vol. 52, p. 354 (1926). 
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smaller scale the silent zone has been observed in connexion with 
fog sirens on the coast. So far as these small-scale instances are con- 
cerned it seems probable that the silent area owes its origin to wind. 
Near the surface of the earth the wind velocity increases with height, 
but this positive wind-velocity gradient does not persist indefinitely, 
and if it is reversed at a moderate height the curvature of the rays 
will be reversed. Thus rays proceeding against the wind will first be 
concave upward, and, later, becoming concave downward, will return 
to the ground. These silent areas occur to windward as reckoned from 
the surface wind and are variable in distance and in distribution. 
They are of no great theoretical interest. 

The case of the large-scale phenomena is quite different. Here 
the inner zone is generally lopsided and sometimes quite small. It is 
called the area of normal audibility, because the velocity of sound 
as calculated from the observed time and distance agrees with the 
theoretical value for the given atmospheric conditions. The outer 
zone is usually completely detached from the inner. It shows signs 
of symmetry about the source and its inner boundary is at a distance 
from the source between 100 km. and 200 km. More important still, 
it is an area of abnormal audibility, the calculated velocity of the 
audible sound being very much less than that to be expected from the 
atmospheric conditions. This suggests that the path of the rays is a 
long one, reaching perhaps a considerable height in the atmosphere. 

Three possible explanations suggest themselves: (1) reversal of 
wind gradient, (2) reversal of temperature gradient, (3) variation in 
composition of the atmosphere. 

The first of these fails by itself to account for the regularities which 
are observed and for the degree of symmetry. In 1899 the “ isothermal 
layer ’’ in the atmosphere was discovered by Teisserenc de Bort. He 
showed that the temperature in the atmosphere, after falling steadily 
with increasing height, becomes steady about 10 or 12 km. above the 
surface of the earth. The atmosphere below this is called the tropo- 
sphere, the region in which convection keeps the composition and tem- 
perature gradient constant. Above this lies the stratosphere, where 
the temperature is constant and where the absence of convection may 
be presumed to allow the atmosphere to stratify, each constituent gas 
forming its own atmosphere according to Dalton’s law of partial pres- 
sures; the result is a mixed atmosphere richest in heavy gases in 
its lower layers and becoming progressively richer in hydrogen and 
helium as the height is increased. 

A large explosion at Forde in Westphalia in 1904 was discussed 
by G. V. d. Borne.* He discounted the possibility of explaining 
the observations by wind and invoked instead an increase of sound 
velocity with height in the stratosphere due to the high proportion 

• Phys. Zeits,^ Vol. ii, p. 483 (19x0). 
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of helium with its large value of y. This explanation was later 
supported by van Everdingen,* who made observations during the 
war of 1914—18 and published maps of the areas of audibility for naval 
and military engagements. Against this explanation must be placed 
the fact that it requires a trajectory the highest point of which may 
lie at 115 km. to 120 km. above ground level, and the time elapsed 
would be much greater than those actually observed. In addition 
to this, the direct experimental evidence for the variation of composi- 
tion of the atmosphere is wanting at such levels as have been reached.*}” 
The hypothesis has been modified by Eropkin X so as to apply to the 
atomic form of oxygen, which he believes to be the only possible form 
at altitudes greater than 35 km. 

On 17th January, 1917, a severe explosion took place at a munition 
factory in Silvertown, involving heavy loss of life and immense 
material damage. Owing to the war censorship, the details were suj)- 
pressed, but the magnitude of the explosion may be gauged from the 
fact that nearly half a million windows were broken. Records were 
collected by Davison § and formed the basis of maps of the areas of 
audibility. One of these is reproduced in fig. 7.5. It will be seen that 
the area of abnormal audibility is completely detached and that in 
places the boundary is very well marked. The inner margin of the 
outer zone is about 100 km, from the source. 

In 1922 an important paper was published by Lindemann and 
Dobson II in which they suggested that the temperature in the strato- 
sphere increases with height. This conclusion was based on observations 
which had been made at various times on the heights at which meteorites 
become incandescent. They deduced a temperature of about 300° K. 
at about 60 km. height. This reversed temperature gradient at once 
suggested itself as a possible explanation of the silent zone. In 1923 
a series of large explosions was arranged at La Courtine in France and 
observers in neighbouring countries were notified in advance of the 
times at which firing would take place. This made possible much more 
accurate timing than had ever been available before. A map for one 
of the explosions is shown in fig. 7.6. A rough sjntnmetry around the 
source is indicated for the area of abnormal audibility. The numbers 
are (1) distance in km., (2) elapsed times in sec., (3) velocities in 
km. /sec. corresponding to distances measured along the ground. 

Maurain ^ published the discussion and maps, and concluded that 
to account for the calculated velocities the temperature at a height 

• Proc. Roy. Acad. Set. Amsterdam, Vol. i8, p. 923 (1915). 
t Paneth, Nature, Vol. 139, p. 220 (i937)- 
Xyoum, Roy. Met. Soc., Voi. 62, Supp. 68 (1936). 

^Proc. Roy. Soc. Edin., Vol. 38, p. 1 15 (1918). 

1 ! Proc. Roy. Soc., A, Vol. 102, p. 41 1 (1922). 

Sur la Propagation des Ondes Aeriennes: Annales de VInstitut da 
Physique du Globe, (1926). 
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P'ig. 7.5. — Sound map for eicplosion at Silvertown, January, 1917 

Dots indicate place where the sound was heard. Circles indicate places where no sound was 
heard. Crosses represent two places in the silent area which are on high ground and where the 
sound was heard. Dotted lines give a rough idea of intensity, and similar intensities in the 
inner and outer areas are indicated by the letters A, B, C. 


of 60 km. must be greater than 300® K. or else v. d. Borne’s hypothesis 
must be invoked. Whipple subjected this report to detailed criticism.* 
He assumed: 

(1) Ground air temperature 290® K., falling by 6*7® per km. to 
210® K. at 12 km. in accordance with the known data. 


Nature, Vol. ii8, p. 309 (1926). 
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(2) Uniform temperature of 210° K. from a height of 12 km. to 
an undetermined height jfiTg- 

(3) Uniform positive temperature gradient until the ground tem- 
perature recurs at an undetermined height 

By computing the paths of the rays for various assumed values 
of and he found good agreement for = 32 km., = 46 km. 

Vast explosions like that at La Courtine are very expensive, and 



in 1926 Whipple * explored the possibility of using gunfire. He found 
that guns at Shoeburyness could be heard at Grantham, a distance of 
185 km. Since then long-distance experiments have been organized, 
using hot-wire microphones connected to string galvanometers to 
record the receipt of the sound. Gunfire takes place at Yantlet, Shoe- 
buryness and Woolwich, and sounds are received at Birmingham, Bristol, 
Cardiff, Nottingham, Exeter, and North Walsham. By using three 
microphones at a station and measuring the time intervals between the 


•JoKm. Roy. Meteor. Soc., Vol. 6x, p. 289 (1935). 
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reception of the sound at successive pairs the angle of descent of the 
sound rays may be estimated. The time signals corresponding to the 
instant of firing are superimposed on B.B.C. programmes. In order 
to compute the paths of the rays the following relationship is used: 

Starting with equation (7.5), 

1 1 dc 

R “ VdR^ 


let us assume that the atmosphere is stratified in horizontal layers, 
and that in any layer the ray makes an angle 0 with the horizontal. 
Then 


dc dc , 

m = -iy 


dc dc . , 


Hence, we have 


difj 1 1 0c ]dc f 

ds R cdR 


1 dc 
c ds 


cot */r. 


C 8CCt/» — const. = Cfn (7.8) 

Here c and ip arc corresponding values, and it is obvious that 
is the velocity when sec(/f = 1, i.e. when the ray is horizontal at the 
vertex of its path. The law may be stated by saying that the velocity 
of the trace of any wave-front on a horizontal plane is constant. If 
we know the velocity at ground level and ip for the received sound 
ray, c^ is known. The height of the summit of the trajectory is cal- 
culated on the following assumptions: 

(1) The temperature gradient and wind gradient in the troposphere 
are known from observations made at the time. From there both 
ends of the trajectory of the ray so far as they lie in the troposphere 
may be computed on the assumption that the trajectory is symmetrical. 
It is found that, as a rule, ignoring the effect of wind in the troposphere 
introduces very little error. 

(2) The height of the tropopause or transition layer between the 
troposphere and stratosphere is known, also the temperature of the 
lower layers of the stratosphere. It is assumed that this temperature 
is maintained steady to an unknown height the velocity of sound 
being constant and the ray straight. 

(3) At this height jffg temperature starts to rise again at a 
uniform rate so as to give the velocity at the ton of the traiectory. 
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When these assumptions are fitted in with the known elapsed time 
a hypothetical trajectory can be traced. The conclusion drawn from 
the experiments so far made is that the isothermal layer in the strato- 
sphere extends from the tropopause to a height of about 30 km.; 
the ground temperature recurs at about 40 kra., and the heights reached 
by the sound rays vary between about 45 km. and 60 km. In some 
cases the recorded angle of descent is as much as 35°, which implies 
a value for of something like 420 m./sec. This means either a tem- 
perature of 440° K. (167° C.) or a very strong wind in the stratosphere, 
or a combination of both. 



That wind in the stratosphere plays some part is strongly suggested 
by the fact that the areas of abnormal audibility always lie to the 
west of the source in summer and to the east of the source in winter. 
This is borne out by all the English observations and also by the work 
of observers in Germany. Excellent records were obtained from four 
explosions at Oldebroek in Holland carried out by the International 
Commission for the Investigation of the Upper Atmosphere,* The 
map for one of these is shown in fig. 7.7. It will be noted that the 
explosion took place in December, and that the outer area of audibility 
lay to the east. Whipple has established the probability of a season^ 

• Duckert, &c., Zeits.fiir Geopkysik, Vol. lo, p. 119 (1934). 
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wind in the stratosphere by a comparison of pressures at a height of 
20 km. above England and above Lapland. 

A systematic series of experiments has been carried out by the 
N otgemeinschaft der Deutschcn Wissenschaft. These experiments show 
a marked seasonal effect, the minimum distance of audibility in the 
outer zone being 110 km. in winter and 190 km. in summer. The velocity 
for the inner zone is normal for the temperature of the air at ground 
level, but as in the case of the La (k)urtine explosions the apparent 
velocity for the outer zone is much less and suggt^sts a much longer 
path through the upper atmosphere. Analysis of the observations 
leads to the conclusion that the velocity of sound at about 40 km. 
is about 340 m./sec., which would correspond to a temperature of 
290° K., in good agreement with Whi}>ple’s results. 

It seems probable that the existence of relatively high temperatures 
in the stratosphere is associated with the ozone layer in which absorp- 
tion of radiation takes place, but the separation of the eifects of tem- 
perature from the eifects of wind is necessary as a basis for any satis- 
factory theory. It is because at present no other method of investi- 
gation is possible at these heights and none seems likely in the future 
that work on the abnormal audibility of sound assumes such importance. 

7. Low-frequency Sound Waves. 

Associated with all explosions there seem to be low-frequency 
waves which are inaudible and which may travel before or after the 
audible waves. These waves are discussed by Davison (loc. cit.) in 
connexion with the Silvertown explosion. They are indicated by the 
rattling and movement of doors and windows, and their responsibility 
for this phenomenon can be clearly fixed when it occurs either before 
or after the audible sound. In the inner area of normal audibility the 
phenomenon was observed some time before and some time after the 
audible sound. In the outer area of abnormal audibility two cases 
were recorded where the phenomenon occurred before the audible 
sound. A novel recorder of these inaudible sound waves was provided 
by the pheasants in the outer area. Records of the disturbance of 
pheasants were received from 116 places in the outer area, and in 
19 of these the behaviour of the birds was observed before the sound 
was heard. Dr. Davison attributes their agitation to the low-frequency 
waves. It is interesting to notice that either the shaking of windows 
or the agitation of the pheasants or both were observed in sixteen places 
lying in the silent area. 

These low-frequency sounds are discussed by Gowan.* They are 
easily recorded by instruments. The hot-wire microphone may be 
made to serve this purpose, and in Germany an instrument known as 


• Nature, Vol. 124, p. 452 (1929). 
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the undograph is now widely used. It consists of a steel fibre fastened 
to a thin mica sheet along an axis of symmetry. The sheet swings 
freely — one half with as little clearance as possible in an opening in 
the wall of an air-tight box and the other in a small damping chamber. 
The movement of the mica vane is recorded by a spot of light from a 
mirror attached to the suspension. In the matter of sensitiveness 
there is little to choose between the hot-wire microphone and the 
undograph, but the latter is more self-contained and therefore more 
portable. 



CHAPTER VIII 


Superposition or Interference 

1. Superposition of Simple Harmonic Vibrations in the same direction. 

Suppose we have a series of wave trains of the same period and 
wave-length arriving by nearly parallel paths at a point. Then at 
this point the vibrations due to the several members of the series will 
be superposed and we shall have a series of vibrations, which may be 
written as 

aisin(wi + €i), 

I2 = a-z Bin(cot + e^), 


= sincu^ -f cos cot sin^i 

a2 since^ cos €2 + ag coscu^ sin€2 + • • • 

= sinoj^Sa cose + cos^a^2a sine (8.1) 

If we put Sa cose — A cos<^ and 2a sine = A sin^, we have 
i = A sincti^ cos^ + A coscot sirn^ 

= A s\jx{o}t + cj}) (8.2) 

Thus the resultant vibration is simple harmonic: its amplitude is A 
and its phase angle where 

A = \/{(2a sine)2 -f (La cose)^} . . . (8.3) 

and tan^ = - (8.4) 

2a cose ' ^ 

One case of special interest is that where only two vibrations are 
concerned and they have the same amplitude. Here 

A = a\/{2 + 2 cos(ei — eg)}, 

and €i — eg is the phase difference. 

If e^ — eg = 0 or 2K7t, where K is any integer, A = 2a; 

if €1 ■— eg = (2K — l)7r, .4 = 0. 


178 



Chap. VIII] SUPERPOSITION OF S.H. VIBRATIONS 179 

Thus the vibration at the point in question may have double 
amplitude or zero amplitude, or any value between, according to the 
value of (€j — € 2 ). 

The phase dift’erence may arise partly as a result of a difference 
of phase between two sources, each sending a train of waves to the 
point. This, however, is unusual. It is commoner for the two sources 
to be in the same phase and for the difference in phase at the point 
in question to arise owing to the difference in length of path from the 
two sources. If tliis path difference is 8, then Ci — € 2 = 277-8/A, and 
we have A = 2a it 8 — 0 or KX, 4 == 0 if 8 = {2K — l)A/2. This 
case corresponds to the experiment described on p. 185. The dif- 
ference of phase may also arise through the train of waves being led 
from the same source to the point of observation by two different 
paths. Numerous instances of this will appear later. 

Another case of special interest with reference to diffraction is 
that of the superposition of a series of vibrations of the same amplitude 
and period but with a common phase difference. If this phase differ- 
ence is e and the common amplitude is a, we have 

Ha sine = a[sin€ + sin2e . . . -f- sin me] 

sin me/2 . m+1 
= a— ; sm — - e, 
sin e/2 2 

Ha cose — a[cose + cos2e . . . + cosi/ie] 

sin me/2 m+l 

== a — J- cos - e, 
sine/2 2 




a sinm-e/2 
sine/2 


If now m becomes very large and e very small and if the phase 
difference between the last vibration and the first is 2a = me, we have 


asm a imisina 


sin a/m 


, since a/m is small, 


where R is the algebraic sum of the amplitudes when all the disturb- 
ances are assumed to be in phase, i.e. when sina = a since a = 0. 
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2. Graphical Composition of Simple Harmonic Vibrations of the same 
Period in the same Direction. 

All the results just obtained analytically can be quite simply ob- 
tained graphically. Let Pj, Pg (fig. 8 . 1 ) be the positions at time t — 0 
of the two points which by projection on to OY generate the two 
motions 

= Ui sin(a)^ + e^), 

^2= ^2 sin (0)^4- €2). 

Then OPj = OPg = ^XOP^ = ZXOPg = Ca- 



Complete the parallelogram OP^RPa and draw the diagonal OR 
and the perpendiculars PiA^, PgAg, and RA. Then at time ^ = 0 

= OAj, ^2 ~ 0^2 ~ 

^ + ^2 = OA. 

Then, since Pj and Pg have the same period, the parallelogram 
rotates with OR unchanged and A describes the resultant simple 
harmonic vibration which has the same period as the constituent 
vibrations. 
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Vlfl] 

Hence ^ = ^4 sin {ojt + 

where A — OR = — 2 aiagCOsOPiR) 

= + ^2 + 2 

“ + 2 aja2COs(€i — Cg)}, 

tan(/> — tan ARO 
= OA 
” AR‘ 

Draw PjB perpendicailar to AR; then 

OAj + A|A (7j sinej + sinco 
AB -}■ BR cos€i + ag cos eg’ 



The method is obviously capable of extension to any number of 
vibrations. As just derived for two, it is known as FresnePs rule. 

Draw OAi (fig. 8.2) to represent and from A^ draw A^Ag propor- 
tional to ag and making with OAj an angle eg — e^. Then OAg is pro- 
portional on the same scale to the amplitude of the resultant vibration 
and ZA^OAg is — e^. 

To extend the method to any number of vibrations we may choose 
a datum line OX (fig. 8.3). Draw OA^ to represent making ZXOAj 
— e^, and so on for all the component vibrations. Then join A„ to 0 
to close the polygon so formed. 0A„ is the amplitude of the resultant 
vibration and ZA„OX is its phase angle 0. 

If we take the particular case already treated analytically, where 
= ag ™ Ug . . . - - a and — e, Cg = 2c, cg = 3e, . . . , then applpng 
the graphical method we see that the lines representing the displace- 
ments to be compounded become the sides of a regular polygon, usually 
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Fig. 8.3. — Composition of any number of simple harmonic vibrations of the same 
period and direction 


incomplete. The resulting displacement is the line closing this in* 
complete polygon. Let OP be this line (hg. 8.4). Then 

ZPTX - me == 2a, ZPOT - a, 

A = OP — 2R sin a 
= 2Ii sin^me, 

where li is the radius of the circle touching TP and TO, 



Fig. 8.4. — Composition of any number of simple harmonic vibrations of the eatiM 
«mplitude, period and direction and common phase difference < » 2a/m. 
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But a=2^sin^e. 



Fig. 8.5. — Composition of seven simple harmonic vibrations of the same 
period, amplitude and direction with a common phase ditference e : (a) c == 0; 

(b) e = i:>“; (c) e - 30“; (^f) e - 45“; (e) c - 60“. 

Fig. 8.5 represents the superposition for seven constituent vibrations 
when the common phase difference is (a) 0°, {b) 15°, (c) 30°, (d) 45°, 
(e) 60°. Obviously the magnitude of the resultant depends on the dif- 
ference in phase between the first and last vibrations. It is a maximum 
if this is zero, i.e. if all the vibrations are in the same phase. Measure- 
ment of the resultant OG gives the resultant amplitude in each case. 

Obviously, if as already suggested the number m of components 
becomes very large and c very small, the parts of polygons become in 
the limit segments of circles. If d$ is the amplitude of each vibration 
and € is a small increment of phase dd' we have 

ds 

-- constant — R, ox s == R0\ 


(f791) 
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which defines a circular arc of radius R tangential to OX at 0 (see 
fig. 8.4). The resultant amplitude is the chord OP. 

Z PTX = me = 2a as before 


and 


But 


ma ■ 


A POT : 

A- 

arc OP 

R 

A ^ 


a, so that 

: chord OP ~ 2R sin a. 
: 2aR. 
ma 

2ma sin a 


2a 


'tna sin a 
a 


3. Experimental Illustrations of Interference. 

We have seen in Chapter I (p. 32) how the phenomenon of super- 
position or interference may be illustrated using short sound waves. 
The variations of intensity due to superposition may usually be observed 
with ease if the observer walks about in a church when the organ is 
being tuned. It is often possible also to while away an idle few minutes 
at a railway station by locating what correspond to Lloyd's fringes in 
optics — the maxima and minima of sound due to the superposition 
of waves coming direct from a locomotive whistle and those coming 
from its image as formed by the platform, i.e. the waves reflected 
from the platform. In an ordinary room with a high-pitched whistle 
sounding the phenomenon is remarkably distinct, especially with one 
ear closed, and there are many types of detector by means of which 
the variations of intensity can be demonstrated. The failure of the 
ear to detect the variations due to superposition of direct and reflected 
waves under ordinary circumstances probably arises from a variety 
of causes. In the first place, we very rarely deal with pure tones and 
as each constituent tone of a musical note produces its own super- 
position-pattern of intensity we nowhere get silence — only a differ- 
ence of quality diflficult to appreciate. Then again our hearing is bin- 
aural. For the shorter waves, at any rate, there may be very different 
intensities at the two ears, and those intensities are averaged. 

Instances of the experimental arrangements necessary for observing 
interference patterns with short waves have already been given. 
With sounds of ordinary pitch interference patterns may be shown by 
a tuning-fork. If the fork is made to sound and rotated in front of the 
ear with its shaft vertical it will be found that there are four positions 
of maximum loudness and four of minimum loudness in each complete 
rotation. 

The phenomenon may also be demonstrated by an apparatus 
first suggested by J. Herschel (1792 -1871), the principle of which will 
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be clear from fig. 8.6. Wave trains travelling from B to D will arrive at 
D in opposite i)hase if the path difference along the two branches is 
(2/1 — l)A/2, where K is any integer. The experiment was not actually 



Fig. 8.6. — One type of flerschel-Quincke interference tube 


attempted by Herschel, but was later carried out by Quincke (1834- 
1924).* The apparatus can be modified so as to contain a trombone 
slide for altering the path difference. Stewart f showed that the simple 
Herschel explanation is inadequate, and by taking account of the fact 



Fig. 8.7. — Transmission of sound through a Herschel -Quincke interference tube (Stewart). 
Instead of changing the length of one branch and keeping the wave-length of the sound the 
same, Stewart kept the lengths of the branches the same and changed the frequency. The 
wave-lengths can be obtained from the relation c = /A; c was taken as 343 m./sec. The inset 
in the upper part of the figure gives the dimensions of the apparatus in centimetres; I.D. stands 
for inner diameter. 

that the sound arriving at D by the path C 2 divides so that some goes 
on through E while some returns to B by and, similarly, of the sound 
arriving at D by C^, some travels back to B by Cg, he developed a more 
complete theory which he verified by observation. Fig. 8.7 shows the 

♦ Pogg. Ann,, Vol. 128, p. 177 (1866). f Phys. Rev., Vol. 31, p. 696 (1928). 
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dimensions of his apparatus and gives a comparison of the theoretical 
relation between the frequency and the intensity at E (as indicated 
by the continuous curve) and the actual observations (as indicated 
by the circles). The minima at A and B in fig. 8.7 are predicted by the 
simple theory; the other four are not. Obviously this branched tube 
acts as a simple filter for certain frequencies. 



Another arrangement by Seebeck is used in one of the stationary- 
wave methods for determining the velocity of sound. It is illustrated 
in fig. 8.8. Sound waves from the fork travel to A either directly by 
the path CDA or, after refl^ection from B, by the path CBA. If we 
adjust the piston B we shall find minimum loudness at A when 2DB = 
(2^C- l)A/2. 

It may be mentioned that if the end of A is closed and we remove 



the piston and transmit the sound waves along the tube from C to 
B, all components will be weakened for which 2AD = {2K— l)A/2, 
and the side tube will act as a filter. 

The simplest experimental case is that in which we have two 
sources of waves of the same frequency and we examine the effect 
in the neighbourhood of a plane bisecting at right angles the line joining 
the sources. 

Let A and B (fig. 8.9) be the two point-sources and MP the plane 
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in which observations arc being made. Let MP = z and AB = s, 
and draw BC perpendicular to AP. Let OM = D. Then 

BP2 = Z)2 f (z - s/2)2, 

AP2 = 1)2 + (2 + s/2)2, 



Fig. 8.10. — Double-slit interferometer 


hence AP- — BP^ = 2sz, 

or (AP - BP) 20P- 2sz. 

That is, 8=5. sin a, 

where a is the angle POM. 

8 

. . sin a = 

s 


We get maxima for 8 = 2KXI2 and minima for 8 = {2K — l)A/2 



/ingle between Incident and emerging sound waves 


Fig. 8.11. — Results of measurements with the double-slit interferometer of fig. 8.10 

Using his whistle as a source of sound and the acoustic radiometer as a detec- 
tor, R. W. Pohl * applies this formula to determine the wave-length of the sound 
given by the whistle. In fig. 8.10, is a double slit, each slit being about 1 cm. 
in width and the centres of the slits about 11 cm. apart; P is the whistle directed 
to the concave mirror Hj which reflects a parallel beam on to the slits. This part 
of the apparatus can rotate about a vertical axis through the centre of 6,. The 
beam issuing from the double slit falls on a concave mirror Hg and is focused on 
the radiometer i?. In fig. 8.11 the radiometer deflections are plotted against the 
angle a between the normal to the slits and the direction from them to the slit 62 
admitting the beam to the mirror of the radiometer. The curve shows well- 


Physical Principles of Mechanics and Acoustics, p. 396. 
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marked maxima and minima distributed fairly symme^trically. The mean value 
for a for the third minimum is 19-2® and since 


we have 


sin a — 


(2K- 1) X 
8 2 * 


X = 1-45 cm. 


4. Location of Direction of Source of Sound by application of Principle 
of Superposition. 

The application to aerial listening has been made by J. Perrin 
in the design of an instrument called the myriaphone. This consists 
(fig. 8.12) of a large number of horns with their wide ends arranged 

in a plane. Cylindrical tubes 
of equal length conduct the 
sound collected in these by 
groups to another set of horns, 
which in turn deliver the sound 
to a single horn connected to 
the ear. M'hen the ])iane of the 
instrument is at right angles to 
the direction from which the 
sound is received each horn in 
the first set colh'cts the sound 
which falls on it, and as the 
length of path is the same 
from all the horns to the ear 
the sounds arrive at the ear in 
phase, with great reinforcement. 
Fig. 8 . 12 ,— Mynaphone amplitude at thc Car is 

approximately proportional (the 
dissipation of sound in the tubes being neglected) to the number of 
collecting horns, and the intensity of the sound to the square of this 
number. On the other hand, the instmment is highly selective with 
respect to direction. If the dimensions of the instrument are com- 
parable with the wave-length of sound, then sounds coming from a 
direction off the axis of the instrument will arrive at the various 
collecting horns with marked differences of phase and these will be 
preserved unchanged in their passage to the ear, so that the 
resulting sound will be considerably weakened. 

Binaural Superposition, 

If a length of rubber tubing is arranged at random on the table 
and the two ends are inserted in the ears, then a tap delivered on the 
tube at any point will give rise to a sound which will appear to come 
from left or right, according to which ear is nearer to the point tapped. 
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When the sound is “ centred ” it appears to come from a point in the 
median plane of the head, the instant of arrival at the two ears being 
the same. If proper precautions are taken this adjustment can be 
made with very great accuracy, a difference in time of arrival amounting 
to no more than 10“^ sec. being appreciated by an untrained observer. 

This faculty of the ear is used in determining the direction of a 
source of sound, e.g. an aeroplane at night. If RL (fig. 8.13) represents 
the line joining the two ears, and LA an advancing plane wave-front, 
then the difference in time of arrival at the two ears will be given by 
AR/c, where c is the wave velocity. If is this time difference, 

AR RL . sin a b sin a 

c c c * 

where b is the distance between the two ears and a the angle which 
the direction of the source of sound makes with the normal to the 
line joining the ears. Hence 

cAt 

sin a = - f-. 
b 

Obviously, then, the sensitiveness depends on h. The distance 
between the ears cannot be increased, but R and L may be replaced 
by two horns, each connected 
separately to one ear and mounted 
on a framework which can be 
rotated about an axis so as to 
“ centre ’’ the sound; b now 
becomes the distance between 
the horns and can be greatly 
increased, with a corresponding 
gain in sensitiveness. One pair 
of horns can be used to give 
azimuth and another pair to give 
altitude, the four horns giving 
the line to the source, or at 
least the line to the point where 
the source was when the sound 
waves were emitted. 

The principle was first applied Fig- S.is —Binaural listening 

in a practical instrument known 

as the Claude orthophone, which was in use in the French army during 
the war of 1914-18.* It is shown diagrammatically in fig. 8.14. 

The sound is received through the open ends O2 of two tubes Tj, T2 bent 
as shown and connected to a stethoscope. It was used for the determination of 



• Paris, Science Progress, Vol. 27, p. 457 (i933)- 
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the direction of gun-fire, so that only an azimuthal bearing was required. Foi 
aircraft location four collecting horns are mounted in a framework as in fig. 8.15, 

the altitude setting being made by 



an observer using Ej, Eg and centring 
by rotation about the axis A|, Ag, 
while a second observer uses the 
horns Aj, and sets for azimuth 
by rotating about the vertical axis 
X. The horns give increased ac- 
curacy of discrimination, since the 
sound transmitted to the ear by the 
horn is a maximum when the axis 
of tlio horn points towards the 
source, or at least is normal to the 
wave-front being received. This 
tends to cut out other sf)unds, and 
if the trumpet mouths are coplanar 
and are arranged to lie in the plane 
of the wave- fronts of the received 
sound, then the time difference is 
zero, so that zero time difference 
and maximum loudness occur to- 


Fig. 8.14. — Instrument for binaural listening gother. In the Exponential SouJld 

Locator of American origin the 
trumpets are exponential and about 15 ft. long. The base length is about 9 ft. 
In the French Telesitemetre each sound collector is a myriaphone consisting of 
forty-two small conical trumpets. 



The accuracy of setting corresponds to a path difference of about 1 cm., 
which, on a 9-ft. base, means an angular error of about of a radian or about 
12*5 minutes. 
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Thore remains the application of the necessary corrections to give the position 
of the aeroplane at the instant when observations are made. Some of those are 
concerned with atmospheric refraction and need not concern us here. When 
they have been applied we have the position of the aeroplane when the sound 
waves then being received were emitted. Meanwhile, however, the aeroplane has 
moved. For an aeroplane at 10,000 ft. the time taken by the sound to roach the 
observers may bo about 16 sec., and in this time the aeroplane may have moved 
half a mile. If the path of the aeroplane is a horizontal line, then the line along 
which the sound is received (the line of sound) will be a past line of sight, and 
all past lines of sight lie in the plane containing the track of the aeroplane and 
the point of observation. 

Let OTj, OTj (fig. 8.16) be two successive lines of sound. Then if t is the time 



Fig. 8.16 



Fig. 8.17. — Ring sight for aeroplane 
location 


for the sound to reach 0 from Tj, OTg = cty and if v is the velocity of the 
aeroplane and Tg its position when the sound is received, TgTg == vt, 

’* OT2 c 

Since the directions OTj and TgTg are known the direction OT 3 can be deter- 
mined. 

I’he correction is actually applied by using a “ring sight” (fig. 8.17). Let 0 be 
the position of the point of observation and Tj a point on the line of sound to the 
aeroplane. Let the length of OTj be L and with centre draw a circle of radius 
r such that rjl — v/c. Then the line of sight will always pass through some point 
in this circle, and the circle will move parallel to itself so that its centre moves 
parallel to the track of the aeroplane. In this case the corrected sight line will 
join the point 0 to the point of the ring which is leading. 

The same principle may be applied to the determination of the 
direction of a source of sound in water. The method was first applied 
in this country, but it has been developed chiefly in the United States, 
where it has been used with great success. If R and L are two acoustic 
receivers connected by tubes of equal length to the two ears, then by 
rotating the frame to which they are attached the sound can be centred 
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and the direction determined. An alternative method of adjustment is 
more convenient. Keeping the direction RL constant, the source of 
sound may be centred by lengthening the path to the left ear and 
shortening the path to the right ear. This method of compensation is 
carried out by the apparatus shown in fig. 8.18. 

The method is rendered more accimato by the development shown in fig. 8.19. 
The arrangement known as the MV tube consists of twelve equally spaced acoustic 
receivers. The paths from 1, 2, and 3 to A are equal, so that for a sound coming 
from a direction normal to the line of receivers the sounds reaching A from the 
three receivers arrive in the same phase and reinforce one another; ac is a circular 
compensator, and if the source of sound is not in the direction indicated the 
compensator can be used to adjust the paths from 1 and 3 until the three sounds 
arrive in the same phase. If the same is done for B, C, and D we have the four 



Fig. 8.18. — Diagram ot circular compensator 

Rotation of upper disc displaces the stops C and alters the relative lengths of 
the sound paths R and L leading to the right and left ears respectively 


sets of receivers centred on 2, 5, 8, and 11. The compensator EF is now adjusted 
so that the combined sounds from the first receivers leave E in phase with those 
from the next three leaving F. A similar adjustment is made for GH. These 
combined sounds are now led separately through the last compensator MN to 
the ears at L and R. If all the compensators had to be set separately the method 
would be extremely slow and cumbersome. This is not so, however; the amount 
of compensation required is proportional to the base line in each case, i.e. the 
distance of the receiivers to which the compensation is applied. If 5 is the distance 
between successive receivers this base line for A, B, C, and D is 2^ in each case, 
so that these four all have the same setting. For E and F it is 35, and for the last 
compensator it is 65. Thus one circular compensator in which the grooves have 
their radii in the ratio of 2:3:6, with the appropriate connexions, carries out 
all the settings in one operation and can be graduated to give the direction by 
direct reading. 

Considerable advantages may be obtained by substituting button micro- 
phones for acoustic receivers. The connexions from the microphones are made 
to two earphones through transformers, in the secondaries of which are placed 
retardation units for the compensation* The retardation lines are of the type 
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known as capacity coupling. In a circuit of this type there is a change of phase 
from unit to unit without appreciable attenuation. The time interval introduced 
per section is ^ 

This electrical arrangement has several notable advantages. The system of 
acoustic receivers has to be screwed to the hull of the observing ship, usually 
one row of twelve receivers on each side of the keel, and repair of defective units 
is difficult. The electrical t3rpe may consist of twelve microphones strung to a 
cable (the “ eel ”) and towed behind the ship, and they can be pulled on board 
with comparative ease. In the case of acoustic receivers, again, the compensator 




Fig. 8.19. — MV tube for submarine detection by binaural listening 

must be close to the receivers. In the electrical installation it may be anywhere 
convenient for the operator. 

It may be notic^ in fig. 8.13 that there is an ambiguity between sounds 
arriving along the direction AR and those arriving along BR. In order to eliminate 
this, two eels are towed in parallel and by special compensators six microphones 
of one can be centred with six of the others so as to give a check observation and 
eliminate the ambiguity. 

Using this type of direction-finder a submarine bell has been picked 
up at 37 miles, and its bearing fixed to within two degrees. As applied 
to echo-sounding, the method consists in the solution of an isosceles 
triangle in which the base and one of the angles is known and the 
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height is required. Fig. 8.20 shows the case in which a ship picks up her 
own propeller sound. An interesting further possibility is indicated in 



For deeper water C+H ^ C+L tan <p 

For shallower water D - C-t-H “ C+ U tan <p' 


Fig. 8.20. — Sounding by angle of reliection method 

For deeper water the angle <f> is made larger by using the propeller as the source of sound. 
For shallower water a source at the middle of the ship may be used. D is the depth of the 
water; C the depth of source and hydrophone below the surface; 2L the horizontal distance 
of source from hydrophone. 


fig. 8.21 in which, having found the depth, a ship is able to locate by 
bearing and distance any other shi}) in her neighbourhood. 

Very remarkable results have been obtained with this type of 



Fig. 8 .21. — Location of other ships by echo-sounding method 

D, the depth, is hrst obtained from the direction of the sound from the ship’s own propeller 
reflected from the bottom. The distances of the other ships are then found in terms of D and 
of the angles at which the sounds of their submarine bells are received by the observing ship. 


hydrophone.* It has been shown to facilitate rapid navigation in 
shallow water, the channel being picked out entirely by means of the 
sounding apparatus and chart. 


* Proc. Amer. Phil. Soc., Vol. 59, pp. i, 371 (1920); Jovrn. Frankl. Intt., Vol. 197, 
p. 323 (19*4)- 
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5. Beats. 

When two sources of nearly equal frequency are sounded simul- 
taneously, the resulting sound shows marked variation of intensity, 
alternately swelling and lulling. The effect may be well demonstrated 
by two tuning-forks originally of the same pitch, one of which has 
been flattened somewhat by loading the ends of its prongs with a 
little wax. If a couple of open organ pipes giving the same note are 
mounted together on a wind-chest and the pitch of one of them is 
flattened by shading the open end with the hand, a strong beating is 
heard. The effect is not unpleasing and is utilized in the voix celeste 
stop, which consists of a series of mistuned pipes giving the charac- 
teristic fluctuations. The qualitative explanation of the phenomenon 
is fairly simple. The source of higher frequency gains on the source 
of lower frequency and is alternately in the same phase and in the 
opposite phase. Thus, if we assume the simple law of superposition 
to hold, the amplitude is alternately the sum and difference of the 
amplitudes of the two sources. Obviously the beat cycle is completed 
every time the sharper source gains a whole vibration on the flatter 
source, so that the number of beats per second is the difference in 
frequency of the two sources. 

The phenomenon is a very important one. The mistuning of an 
interval is made evident at once by the resulting beats and the tuning 
may be made exact by adjusting either source until the beats dis- 
appear. Again, the unknown frequency of a source may be determined 
by counting the beats it makes with a source of known frequency. 
This is the principle used in Scheibler’s tonometer (p. 318). 

Further, according to the Helmholtz theory of dissonance, the rough- 
ness of dissonant intervals is always due to the beats occurring between 
pairs of tones which may be either the fundamentals or partials (p. 335) 
or combination tones (p. 478) or any selection of these. 

Let the two sources have frequencies p -j- e/2 and j> — e/2. Choose 
the time origin so that at the point considered the two component 
sounds are in phase. Then we have 

sin27r[(p + €/2)^ — 

^ 2 = ^2 sin27r[(p — e/2)^ — ^], 

^ + ^2 {^1 “ -^ 2 ) sin27r[(p -f e/2)^ — 

+ 2 A 2 cos net 8m27r(pt — </>). (8.7) 

If Ai > A 2 the first term is a simple sine term with the frequency of 
the stronger source and amplitude given by the difference of the ampli- 
tudes of the sources. The second term is the product of two variable 
factors, one of which has a longer period than the other, since e is 
small compared with p. This term may be interpreted as a sound of 
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frequency p and of variable amplitude. If the two sources have the 
same intensity the first term becomes equal to zero and only the second 
term remains. Its amplitude has a frequency e, which is the difference 
of the frequencies of the two sources, the sign of the cosine term being 
ignored. (The reason for ignoring the sign is that the intensity, which 
the ear appreciates, varies as ^ 2 . It therefore varies as (1 + cos 
and has the frequency e.) 

If 4 = instants when the second term is zero we hear 

only the sound of frequency p + and amplitude A^ — ilg- ^ nr the 
rest of the time we should expect to hear with varying intensities two 
sounds of frequencies p + and p. If c is small these frequencies wiU 
not be distinguished. Indeed, an alternative to (8.7) is 

f — (A 2 — A^ sin27r[(^ — 6/2)^ —</>] + 2A^ cos net sm27T(pt — ^), 


indicating a frequency p — t/2 at the moment of least amplitude. Thus 
the approximation of supposing cos rret to vanish for more than one 
consecutive instant is sufficient to blur the residual frequency to the 
extent of e. 

There is some disagreement among experts as to the variation in 
pitch experienced wdth beats, which Helmholtz claimed to hear. Accord- 
ing to the analysis given by Becquerel, if the more intense sound is 
the sharper, then when the intensity of the resultant sound passes 
from its minimum to its maximum the pitch falls from p -f c/2 to 


P + 


A-^ A2 ^ 

^1 -h A2 2 


If the more intense sound is the flatter the pitch 




rises from p — €12 to p . . . 

Ai A2 

Beats are so familiar a phenomenon that it is hardly necessary 
to indicate further experimental illustrations. Two valve-operated 
telephones in one of which the frequency can be varied are very con- 
venient for purposes of demonstration. Beating with two forks in 
strict unison can also be demonstrated if one is moved in the direction 
of the observer. The difference in this case is due to the Doppler effect. 


6. Stationary Vibration due to Direct and Reflected Plane Waves. 

We have already seen (Chapter VI, section 3, p. 145) that a direct 
wave given by 

gives rise at the surface x = 0 to a reflected wave 

^2= ±/(c«+ aj). 

the sign depending on whether reflection takes place at an ‘‘ open ” 
or a rigid boundary. 
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Taking the case of the rigid boundary, we have for the displace- 
ment i at any point in front of the surface 

^ == H- — X) —f{ct + x). 


For sine waves we may write 

^ ~ a[sin(aj^ — hx) — sin(a>^ + 

= — 2a cosoj^. sinfe . (8.8) 

Then v — ^ 2aco sinco^ sin^j^, (8.9) 

5 — 2ah cosa>^ coste (8.10) 


The particle velocity is zero for all values of t for cosA:a; = 1 
or 

kx = Ktt^ where /f ~ 0, 1, 2, . . . , 
that is, for x = 0, — A/2, — A, &c., 

negative values of x being taken for planes in front of the surface. 

The particle velocity has maximum amplitude for cosfe == 0 
or 

kx -= ± (2/i ~ 1) 7r/2, 

that is, for x = —A/4, — 3A/4, — r)A/4, . . . • 

We therefore have a scries of planes parallel to the surface at 
distances from it of A/4, A/2, 3A/4, &c. If we regard the surface itself 
as the first of the series, the odd numbered planes are nodal planes for 
particle velocity and the even ones are antinodal planes. 

Consider these nodal planes at any fixed instant. For example, 
when sinca^ = 1 and v is therefore greatest, we have 

V — 2(uo sin kx. 

As we pass through the first nodal plane at cc = — A/2, 

( 1 ) kx = — 77 , 

so that sinZ:x = 0; 

(2) kx is increasing numerically and sinfe changes from negative 
to positive. Therefore v changes sign as we cross this nodal plane. 
At each of the other nodal planes v again changes sign. 

Considering the condensation, we note that it has maximum ampli- 
tude for 

coskx = 1 

or kx = i Krr, 

that is, for x — 0, — A/2, — A, —3 A/2, , . . 
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These are the antinodal planes for s. Also, the condensation is zero 
for all values of t where 

coskx “ 0, 

or kx = (2K — 1 ) 77/2 

that is, for x = — A/4, — 3A/4, -5A/4, . . . 

The condensation also changes sign as we cross a nodal plnne. 

Taken together these planes form a series in front of the rigid 
reflecting surface, spaced at a distance A/4 apart. If we regard the 
surface itself as the first of the series, then the odd members of the 
series are nodal planes for velocity and antinodal planes for pressure, 
while the even members are nodal planes for pressure and antinodal 
planes for velocity. If the reflection had taken place at a free boundary 
the nodal and antinodal planes would have had their positions inter- 
changed. 

It should be noted that owing to the dissipation of energy in the 
wave, the reflected wave is never in practice equal in amplitude to 
the direct wave, so that displacement amplitude is never zero at the 
one set of planes, nor is pressure amplitude ever zero at the other set, 
even if the surface is a perfect reflector. 

In a single plane wave train pressure and particle velocity are in 
phase. Displacement and velocity-potential are in phase, but at 90"^ 
to the former two quantities. Just as velocity and pressure behave 
differently on reflection and so give rise to alternating nodes, the nodes 
of pressure occurring at the velocity antinodes, so it is with displace- 
ment and velocity-potential; they too part company in a stationary 
wave system. This is consistent with the necessary conditions 
(Chap. II, p. 60) that 


which imply that any relation between pressure (p) and velocity («;) 
will have a counterpart in a relation between displacement (|) and 
velocity-potential A free boundary, for example, is an antinode 
for displacement and velocity and a node for pressure and velocity- 
potential. 

It can be shown that a solution of the equation of wave pro- 
pagation (2,35) corresponding to a point source of sound at P may 
be expressed in the form 
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where the factor 47 t is inserted to make A represent the “ strength ” 
of the source in the hydrodynamical sense, and r is the distance 
measured from P. 

The value of d^jdn can be made to vanish over the whole of a 
plane surface of which n is the normal by adding a term 





to the right-hand side of the above equation, where is measured 
from a point at the geometrical image of P in the plane (fig. 8.22). The 
solution on the same side of the plane is then 


4770 = 





( 8 . 12 ) 


the time factor being omitted. 

This is the type of disturbance which will result if a rigid perfect 
reflector is placed at the plane in question, so far as the result on the 
same side as P is concerned. So far, this is analogous to the formation 
of an image in optics. In acoustics, however, it may happen that the 
distance of P from the reflector is small compared with the wave- 
length, so that we may also examine the result for small values of 
— r, when and r are both large. Equation (8.12) shows that the 
amplitude is doubled and the intensity quadrupled by the reflector, 
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on the same side as P. The case is interesting for a “ free ’’ boundary 
for which 


4.7rcf> = 


r 






Sr = A 

dr 



I cos a, 


(8.13) 


where I is written for PQ, and a for the angle between the direction 
of r and that of PQ, as in fig. 8.23. 

If we suppose PQ to diminish indefinitely, Al remaining finite and 
equal to jB, say, then we derive the mathematical concept of a “ double 
source 

47r<;i= . .... (8.14) 





and this is the form in which the idea of double sources finds many 
practical applications. The disturbance resulting from an oscillating 
rigid sphere of small dimensions approximates closely to this type, 
because the compressions in front or behind are in opposite phase, 
and act as “ object ’’ and ‘‘ reversed image 

Measurements based on Stationary Vibration, 

If the medium in front of the reflecting surface is explored with a 
small funnel connected by rubber tubing to the ear, the existence of 
nodal planes may be experimentally demonstrated and the further 
interesting fact established that audibility is a maximum at the 
pressure antinodes, i.e. the ear is sensitive to changes of pressure and 
not to air displacement. 

These facts explain a common phenomenon to which attention 
seems first to have been attracted by Baumgarten. On listening to 
the noise of a waterfall reflected from a rock close to his head, he noticed 
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that the pitch of the note seemed to alter with the distance of his 
head from the reflecting surface, being higher when his head was 
nearer to the surface. The effect may easily be observed in the re- 
flection of the noise of a motor-car from a wall or the noise of an 
aeroplane from the ground. It is most marked if the ear remote from 
the reflecting surface is closed. It can of course be detected only 



Fig. 8.24. — Interferometer with moving mirror 


with impure sounds. Each constituent tone produces its own spacing 
of nodal planes, and the predominant pitch heard is that of the tone 
for which the ear is situated in the pressure anti node. Savart in- 
vestigated the phenomenon and found that with his ear at 130 cm. 
from the reflecting surface the predominant pitch gave a frequency of 
about 128. As the first pressure antinode is A/2 cm. from the wall this 
gave A = 260 cm. For the velocity of sound in metres per second 



Fig. 8.2.5. — To illustrate the waves pro- Fig. 8.26. — Like fig. 8.25, except that 

duced by the interferometer with moving there is a phase difference of 180° between 

mirror; both waves in phase in the direction the two waves in the direction of motion, 

of observation. 


this gave 128 X 2*6 — 333 m./sec., which is a sufficient verification. 

An application of the phenomenon is shown in fig. 8.24. P marks 
the position of the whistle and S is a large sheet of metal acting as 
a plane reflector, the distance of which from P can be altered. If x 
is the distance from the whistle to the plane reflector, then 2x = KX 
gives agreement in phase between direct and reflected waves at P, and 
the sound beam proceeds as shown in fig. 8.25. If 2x = {2K — l)A/2, 
the direct and reflected waves will be in opposite phase at P and there 
will be no beam along the axis of symmetry, as is seen in fig. 8.26. 
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It follows that as x is varied the deflection of the radiometer will go 
through a series of maxima and minima equally spaced. These are 
very clearly shown in fig. 8.27. The distance between the mirror and 
whistle changes by (14*1 — 9*8) = 4*3 cm. while six successive minima 
in the sound occur. Hence 2 X 4*3 = 6 A, or A = 1*43 cm. 


These features are of course only part of a system of hyperbolic 
fringes similar to that referred to on p. 10; the only difference is that 
here one source is virtual, being the image of the real source in the 
reflecting surface. When the reflector moves the virtual source moves 
and the whole system of fringes moves in consequence. At any point 
in the medium alternations of intensity are produced, giving the effect 
of beats, and it can easily be shown that these beats may equally well 
be regarded as due to the simultaneous sounding of the real source and 



^ Distance between mirror and 

support of whistle 


Fig. 8.27. — A series of measurements with the 
interferometer of fig. 8.26 


of its image, the frequency of 
the sound from the image being 
modified by the Doppler effect 
due to its motion with a 
velocity twice that of the 
reflecting surface. 

If a photographic plate is 
silvered on the surface on which 
the film is deposited, stationary 
waves are set up when mono- 
chromatic light is allowed to 
fall normally on it, and the 


silver salt on the film is sub- 


jected to maximum photo-chemical activity at a series of antinodal 
planes equally spaced. When the plate is developed and fixed we have 
the metallic silver deposited in these planes, which become partial 
reflectors spaced at distances A/2, where A is the wave-length of the 
light originally incident on the plate. If now light of the same wave- 
length is allowed to fall on the plate, some will be reflected and some 
transmitted at each successive plane. The reflected waves will follow 
one another at intervals of A and will be exactly in phase, so that re- 
flection will be copious. For any other wave-length this will not hold 
and the light will be suppressed owing to destructive interference. 
This is the principle of the Lippmann colour photography process. 
At each point in the plate the spacing of the reflecting planes will be 
appropriate to the colour of the light falling on the plate at that point, 
and when white light is subsequently used to illumine the plate only 
the appropriate component will be copiously reflected. 

This phenomenon accounts also for the very pure and intense 
colours sometimes developed by chlorate of potash crystals. A succes- 
sion of partially reflecting equally spaced planes is developed in the 
crystal. Rayleigh has obtained the same effect with short sound 
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waves, using muslin reflectors. The muslin is mounted on a series of 
rings carried on a framework, which allows of the spacing being altered 
but maintained equal. When these are correctly adjusted for the 
wave-length of the sound waves impinging on them, the reflection is 
copious and can be detected by a sensitive flame. 

A case of great practical importance occurs when a sound source 
is placed just under the surface of water. In this case reflection takes 
place without change of velocity phase but with reversal of pressure 
phase, the conditions being opposite to those for reflection from a 
rigid boundary. It follows that the surface is a pressure node and 
that the pressure antinode does not occur until a depth of A/4: below 
the surface is reached. As the wave-length of a sound in water is nearly 



Fig. 8.28. — Reflection of waves in water from an air surface 


five times that in air, this depth may be considerable. If a hydro- 
phone is sensitive to pressure it may fail entirely to pick up submarine 
sounds if used too near the surface. On one occasion a ship was listening 
to the sound of her own propeller, lost it entirely when she got into 
deep water, and found that she had been listening all the time to the 
echo of the propeller sound from the bottom, the direct sound being 
suppressed by the superposition of the waves reflected with change 
of pressure phase from the surface. 

The phenomenon is equivalent to the superposition of waves from 
two sources equidistant from the surface and in opposite phase. 

The pressure amplitude is zero at the surface and is a maximum 
for ST - SP = A/2 (fig. 8,28). 

But ST - SP = ^ 

• a 

/. depth of the first maximum is given by 
A 2ax Xd 

If this is to be near the surface A must be small and a large. 
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7. Stationary Waves with Partial Reflection, 

In this case we have 

— ^ sin(a>^ — hx), ~ ma sin(a>^ + 

-|- 1^2— a(l + siiAco^ cosZtx— a(l — m) cosoyt sin hx. (8.15) 

If m = +1 we have the case of reflection from an “ open end ’’ 
without reversal of displacement phase, and 

^ — 2a sin cos kx. 

If rn = — 1 we have the case of reflection from a rigid boundary 
with reversal of displacement phase, and 

^ — — 2a cosco^ sinA^x, 

which is the case already considered (p. 197). 

If ^ = 0 we have 

^ = a sin (<x)t — kx) 

and only the incident wave exists. 

Considering the complete equation again, we see that it consists 
of two sets of stationary waves both of period ^njco, with a quarter- 
period phase difference and amplitudes varying from point to point 
and given by a(l + m) coskx and a(l — m) sinkx respectively. 

The first of these amplitudes has maxima for x — 0, — A/2, ~ A, . . . , 
and these maxima are all given by a(l -{■ m). At these points the 
amplitude of the second vibration is zero. 

The second vibration has maximum amplitudes for x==-— A/4, 
— 3 A/4, — 5 A/4, ... , and these maxima are all given by a(l — m). 
At these points there is no amplitude due to the first stationary 
vibration. Hence we again have a series of equally spaced planes 
which are alternately planes of maximum and planes of minimum 
vibration, and the ratio of the displacement amplitudes is given 
by (1 -f m)/(l — m). 

In this case m is the coefficient of reflection for amplitude, and if 

is the amplitude at a displacement antinode and that at a 
displacement node, 

1 -f m _ 

1 — m ag 

^1 ^ 2 . 


or 


. . (8.16) 
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If the coefficient of reflection for intensity is i?, and the coefficient 
of absorption A, 



80 that A = 1-E=-- (8-17) 

The determination of the coefficient of absorption of a surface is 
a very important measurement in connexion with the acoustic absor- 
bents used to reduce the time of reverberation in a room or building, 



Fig. 8,29. — Stationary-wave apparatus for measuring reflecting powers of materials (Paris) 


and a method based on this principle w^as devised and used by Taylor.* 
(See also p. 550). 

A slab of the material is used to close the end of a long tube in which 
standing waves are formed by the reflection from the slab, and the 
nodes and antinodes are explored by means of a Rayleigh disc. The 
method has also been used by Paris f and the apparatus is shown in 
fig. 8.29. The experimental pipe in which the stationary waves are 
produced is 1 foot in diameter and is closed at one end by a specimen 
of the acoustic plaster imder test. The source of sound is a loud- 
speaker completely enclosed and the nodes and antinodes are explored 
by a hot-wire microphone moved by a sliding rod from outside the 
enclosure. A similar method has been used in the National Physical 
Laboratory.^ A full theoretical discussion of the method is given by 
the Bureau of Standards.§ 

• P/iys. Rev,, Vol. 2 , p, 270 (1913). f Proc, Phys. Soc., Vol. 39, p. 274 (i927)‘ 

X Annual Report, p. 67 (1924). § Scientific Papers, Vol. 21, p. 53 (1926-7). 
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S. Interference in Plates. 


It is well known that if homogeneous light is allowed to fall on a 
thin plate, comparable in thickness with the wave-length of the light, 
then the amount of light reflected or transmitted varies periodically 
as the thickness of the plate is increased. In the case of an air film 
between plane parallel glass plates the reflected light is zero for thick- 
nesses of the air film equal to 0, A/2, A, 3 A/2, ... . This is due to the 
superposition on the incident wave train of the scries of trains caused 
by multiple reflection at the front and back boundaries of the film. 
There is no transmission and nearly complete reflection for thicknesses 
given by A/4, 3A/4, 5A/4, .... 

The corresponding problem for sound waves has been treated by 
Rayleigh,* assuming that at a boundary the velocities perpendicular 
to the boundary must be the same in each of the two media and that 
the pressures on the two sides of the boundary must be equal. For 
the case of perpendicular incidence Rayleigh derived the expression 


222 = 


4 Q.o\?kd + (i?i/J?2 + 222/22 i)2’ 


(8.18) 


In this expression 22 represents the fraction of the incident sound 
energy which is reflected, 22^, 222 are the characteristic impedances 
(pp. 148, 290) of the media, d is the thickness of the plate, A is the 
wave-length of the sound in the material of the plate, and k == 277/A. 

It is obvious that if kd == (2JK' + 1)77/2 (where 2f — 0, 1,2 . . .), 
then cotkd — 0 and 22 is a maximum. In this case d = {2K + l)A/4. 

On the other hand, if kd — Ktt then cotM = fi- 

In this case d = jfii A/2 and the reflected energy is zero, the plate being 
acoustically transparent. This transparency is of course confined to 
particular wave-lengths and is associated with the resonances of the 
plate for vibrations along the direction of its thickness. The same 
kind of transparency may occur for flexural vibrations, and this 
phenomenon has been cited by Constable and Aston t to explain their 
observations on the transmission of sound by the walls of a room. 
The plate is of course transparent also if (Ri/R^ — if 

22j = as was found in the case of reflection from a rigid boundary. 

This expression does not seem to have been tested experimentally 
until the discovery of ultrasonic waves, probably owing to the large 
thicknesses of material required in order that d may be comparable 
with A for ordinary sound waves. In the case of ultrasonic waves the 
test has been applied by Boyle and Lehmann. J The experiments were 
made by determining the energy-density in front of a torsion pendulum 
from measurements of the pressure on it. 


• Soundt Vol. 11 , § 271. t Phil. Mag., Vol. 23, p. 166 (1937). 
X Trans. Roy. Soc. Canada, Vol. 21, p. 115 (1927). 
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The vane of the pendulum is placed normal to the direction of the beam, and 
after the beam is allowed to impinge on it the torsion head is rotated until the 
vane is again normal to the beam. The torsion in the wire then measures the 
pressure. The energy-density of the reflected beam is RE and that of the trans- 
mitted beam (1 — R)Ei where E is the energy-density of the incident beam. The 
transmitted beam produces a recoil pressure and therefore, since the pressure is 
equal to the energy-density X (y 4- l)/2, 

R)E] X ^ (Y + VjRE. 



I L j.. j 1 : 1 1 » I I 
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Thickness Ratio ^ 

A 

Fig. 8.30. — Transmission through a plate 

The vane is of lead and is suspended in water. For water w^e have = 1 x 
1*5 X 10^ = 1'5 X 10^. For lead we have i ?2 = 11'3 X 2 ()6 x lO'"* = 23*4 X 10®. 
lYom these values R can be calculated for various values of d/X. Nine different 
vanes with thicknesses between 0-0018 cm. and 0 777 cm. were used, and the 
calculated and observed values of R compared. These showed good agreement 
up to d — X/4, when the reflection is nearly complete, and a sharp minimum 
for d “ 0-765 cm. This was assumed to be X/2 and the velocity of sound in lead 
was calculated from this, the frequency being known to be 135,000 cyclcs/sec. 
An application of the formula to the case of air {R^ = 43) confined between thin 
metal plates in water (Rj = 1-5 X 10®) shows that for a film of thickness 0 01 
cm. and a frequency of 1000 (X = 33 cm. in air) about 91 per cent of the incident 
energy would be reflected. 

The calculation of the velocity of sound in lead just given yields a 
method of determining the velocity of sound in solids first suggested 
by Rayleigh.* Boyle and Rawlinson f amplified Rayleigh’s analytical 
treatment and applied it directly to ultrasonic waves. Later they 

t Trans. Roy. Soc. Canada, Vol. 22, p. 55 (1928). 

8 


• Sound, Vol. II. p. 86. 
(f791) 
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verified by experiments their theoretical conclusions showing that 
at normal incidence transmission is a maximum when the thickness 
of the plate is an integral number of half wave-lengths. This maximum 
is extremely sharp, as is shown in fig. 8.30, which refers to type metal. 
The thickness is kept constant and the frequency varied until the 
transmission is a maximum, an approximate value having previously 
been worked out to avoid any ambiguity due to whole multiples 
of A/2. 

In the case of aluminium f the best transmission frequency is 122 X 10* 
and d = 0-825 in. = X/2. Hence the velocity required 

= 122 X 10* X 0-825 X 2-54 X 2 
*=5-11 X 10®cm./sec. 

This may be compared with the values given on p. 284. 

9. Composition of Simple Harmonic Vibrations in Directions at Right 
Angles. 

This phenomenon is more important in optics than in sound, owing 
to its application in connexion with polarized light, but in sound it 
has an important historical application in connexion with the exact 
comparison of frequencies (p. 213) 

We shall assume first of all that the two vibrations to be com- 
pounded have the same period. By suitably choosing the instant 
t = 0 we can represent them by 

f = »! sinca^, 

7j ~ sin (cot + (f>) 

== ag sincu^ cos^ + <^2 ^oscot sin (/x 

where $ and rj are the simultaneous co-ordinates of the point which 
traces the resulting motion. To find the path of this point we must 
eliminate t from the two equations 

sinca^ == — , 

Cli 

cosca^ = -.™7 cos<iY 

sm<p Vag J 

obtaining — --- cos(^ -f • sin^^ =0. , . (8.19) 

• Canadian Journ, of Research y Vol. i, p. 405 (1929); Vol. 2, p. i (1930). 
t Klein and Hershberger, Phys. Rev.y Vol. 6, p. 760 (1931). 
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This is in general an ellipse inscribed in the rectangle 
rj = ±^ 2 . The principal axes make with the axes of reference angles 
given by ^ in the equation 

tan 20 = COS0 tan 20, 
where tan0== — 

and 0 is the angle made by a diagonal of the rectangle in question 
with the axis of The diameter OA (fig. 8.31), where A is a point of 



Fig. 8.31. — Composition of two simple harmonic vibrations of same period at right angles 

contact of the ellipse with one of the vertical sides of the rectangle, 
is conjugate to the y-axis and is therefore given by 



or tan a == cos 0 tan 0. 

Hence the angle a changes from 0 when 0 = 0 to 0 when 0 = 7r/2. 
This may be seen also from the equation given above, which becomes 
simpler for these special values of 0: 

(I) Two vibrations in phase, 0=0. 

Cl -!)’=''■ 

and we have two coincident straight lines through the origin. 
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(2) Two vibrations in quadrature, ^ = 77-/2. 

Here .5^ + i* 1 = 0 (8.21) 

a/ a-^ ' ’ 

This is an ellipse referred to the directions of the constituent vibra- 
tions as axes and with the amplitudes of the vibrations as its semi- 
axes. 

In the special case where = ag = a, 

+ 7^2 _ ^2 ^ 0, (8.22) 

and we have a circle of radius a. 

This composition of two vibrations of the same period in directions 
at right angles may be illustrated by using a fairly long simple pen- 
dulum. The pendulum is set swinging and at some point in its swing 
the bob is given a quick blow at right angles to its plane of swing. 
It immediately begins to describe an ellipse. If the blow is delivered 
at the instant when the bob passes through its middle position the 
orbit is linear, the plane of swing being rotated by an amount depend- 
ing on the strength of the blow. If the blow is delivered at the end of 
the swing the bob describes an ellipse, the axes of which are along 
and at right angles to its original line of swing. With a little care the 
blow may be adjusted so as to give the circle. 

10. Graphical and Experimental Methods of Composition. 

For imequal periods the analytical discussion becomes more difficult, 
but a graphical method is easily applied. 

Construct a rectangle ADBC (fig. 8.32) whose sides are 2a^ and 
the double amplitudes of the vibrations to be compounded. Let the 
periods of the two vibrations be and and let = p/g, where 
p and q are the smallest whole numbers which can express the ratio. 
On BC and AB describe semicircles. Divide the semicircle AB into 
2q equal arcs and BC into 2p. Through the points of subdivision draw 
lines parallel to AB and BC as shown. The time taken by the point 
executing the first vibration to move from B to C is and since 
the lines drawn through the points of subdivision of the semicircle 
constructed on this side divide BC into paths described in equal 
increments of time, each division of the side BC occupies time 
lTJ2p, 

Similarly each division of the side AB occupies time lTJ2q. 
Since pjq^ the divisions are described in equal times. It 

follows that if we start at any intersection in the rectangle the end of 
a time Ti/4y or finds the point describing the combined motions 
at the opposite angle of the elementary rectangle. Fig. 8.32 applies to 
the case plq= 2/3 and the tracing of the curve was started from A. 
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If E had been chosen as the starting-point the curve would have been 
as shown by the dotted line. The initial phase relation is different 
in this case. With less simple ratios for the periods of the two 
motions very beautiful and attractive patterns result. 

For demonstration purposes Wheatstone’s kaleidophone (fig. 8.33) 
gives quite good results. It consists of two strips of steel placed end to 
end with their planes at right angles to one another. A bright metallic 
bead is attached to the end of one strip while the other end of the 



Fig. 8.32. — Composition of two simple harmonic motions with frequencies in the ratio 2: 8 
in directions at right angles 


other strip is gripped in an adjustable clamp. The figure shows the 
appearance from two directions at right angles. The strips are nearly 
rigid for bending couples in their own planes and bend easily for 
couples at right angles. Thus in the first position shown the strips 
oscillate with length in the plane of the paper and with length Zg 
in the plane perpendicular to the paper. If the system is given an 
initial displacement in a direction making an angle with these two 
planes, the motion of the bead is compounded of two vibrations of 
different periods executed at right angles, the ratio of the periods 
being adjusted by varying the length of the strip projecting from the 
clamp. The bead may be strongly illuminated and its motion pro- 
jected on a screen. 
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Another experimental method is that of the Blackburn pendulum. 
This pendulum is suspended as shown in fig. 8.34. According to A. T. 
Jones * the first suggestion for a pendulum of this type was due to 
James Dean, Professor of Mathematics and Natural Philosophy at 
Vermont.f It was invented independently by Blackburn, Professor 
of Mathematics at Glasgow, probably in 1844, the year before he took 
his B.A. at Cambridge. When the bob swings in the plane of the 



Fig. 8.33. — Wheatstone’s kaleidophone 

paper the effective length of the pendulum is ig. When it swings at 
right angles to the plane of the paper the effective length is l^. Then 



The Blackburn pendulum can be improved for demonstration 
purposes by substituting for the bob a funnel with small nozzle, filled 
with very fine sand. If a blackboard is placed close below the nozzle 
the track of the pendulum bob is marked by a thin trickle of sand. 
If the pendulum is suspended by two strings passing through a ring 

♦ Sound (Chapman and Hall, 1937). 
f Amer. Acad. Arts and Set., Memoirs 3, p. 241 (1815)* 
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the ratio may be modified by altering the position of the ring. 

Various types of harmonograph are also used for the same purpose. 
These consist essentially of two rigid pendulums vibrating in planes 
at right angles. One carries a tracing point and the other a surface on 
which the trace is made. The periods of the pendulums can be adjusted 
and the curves obtained are very beautiful and interesting. 

In all these experimental methods the difficulty is to adjust the 
two periods to a ratio expressible as the ratio of two small whole 
numbers. If this is not exactly achieved the pattern is not steady but 
gradually changes and goes more or less rapidly through the whole 
series of possible curves. We may regard this as the case of two vibra- 
tions exactly adjusted but subject to a small progressive change of 
phase difference each time the pattern is completed. 

The application of the foregoing to the comparison of frequencies 
is due to Lissajous. For the case of tuning-forks small mirrors can be 
mounted on the prongs and a spot of light projected on a screen by 
successive reflection from the two mirrors when the planes of vibration 
of the forks are at right angles. When the frequencies of the forks are 
in exact adjustment a perfectly steady pattern is produced, and the 
method is extremely sensitive. It can be extended to the case of a 
string or other vibrating system by attaching a speck of starch and 
observing it under a strong illumination through a microscope, the 
object glass of which is attached to the comparison fork. The fork 
is arranged so that the vibration of the object glass is at right angles 
to the motion of the point observed. 
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1. Diffraction. 

It is well known that when Newton was considering the relative 
merits of the corpuscular and wave theories of light, the factor which 
determined his support of the corpuscular theory was the phenomenon 
of rectilinear propagation. As was established later, the departure 
from rectilinear propagation, which is known as diffraction, occurs for 
all types of wave motion. AMierever the wave-front is unobstructed 
each element of the wave-front travels along a straight line or ray. 
Wherever the wave-front is obstructed by the interposition of an 
obstacle or a perforated screen, propagation ceases to be rectilinear 
and we have diffraction. The shorter the wave-length the less obvious 
is the phenomenon of diffraction ; thus for light it is much less obvious 
than for sound. It is impossible in the case of sound waves to discuss 
the radiation from a disc or a horn without knowing the ratio which 
the wave-length of the sound bears to the linear dimensions of the 
disc or the end of the horn. Short waves may be radiated almost as 
a “ pencil ’’ of sound rays, while imder the same conditions long waves 
are propagated in every direction. 

The quantitative study of diffraction is based on Huygens’ prin- 
ciple. An instantaneous position of the wave-front is considered which 
passes through the obstacle or aperture whose effect is to be deter- 
mined. Every point on this wave-front is then considered as a point- 
source and the effect of the wave at any point in space is obtained by 
summing the effects contributed by all the point-sources. A convenient 
method of simplifying this process was suggested by Fresnel, w^ho was 
the first to give any adequate account of the phenomena of diffraction. 

2. Diffraction of Plane Waves through a Slit. 

We have already seen that the narrower the slit which is interposed 
in the path of a train of waves the more widely does that train diverge 
on the farther side of the slit. We shall now consider the theory of this 
phenomenon in greater detail. Let AB (fig. 1.8) be a slit whose length is 
perpendicular to the plane of the diagram in a screen whose plane is 
also perpendicular to that of the diagram. Let a plane wave fall on 

214 
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the screen from the left. Consider the effect of the wave at a distant 
point P such that the lines proceeding to it from A and B may be 
considered parallel. Divide the wave-front at the instant it fills the 
slit into a series of equal elementary strips parallel to the length of the 
slit. The contributions of these to the disturbance at P will be approxi- 
mately equal but will differ in phase. Graphically we can compound 
them as on p. 182. Analytically we can compound them by using the 
formula on p. 179, 



Fig. 0.1. — Tuna plotted against o. 

where A is the resultant amplitude, a is the amplitude due to each of 
the m elementary strips into which the unobstructed part of the wave 
front is divided, and 2a is the difierence in phase at P between the 
wave trains from the first and last strips. 

In this case 2a == 27 tAC/A= 27resin0/A, where e is the width of 
the slit and 6 is the angle between the normal to the slit and the 
direction to P. 

For the direction normal to the slit 6== 0, a == 0, (sina)/a = 1, and 
A = mu. 

Let Aq denote this value of A . Then in general 

_ Aq sing 


(F791) 


a 


8 * 
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Obviously J = 0 for a = Ktt, i.e, c sin0 = K\ or 8in0 = KXje, 
The maximum values for A (ignoring sign) are given by the values 
of a for which dAjda = 0, i.e. for which a = tana. We can easily find 
the values of a for which this is true by plotting tana against a and 
then drawing a line through the origin making an angle of 45^^ with 
the axes (fig. 9.1). Where the straight line cuts the graph, a= tana. 
It will be seen that this happens at values of a near to 37 r / 2 , 5tt/2, 
77 r/ 2 , ... , and also of course at a = 0. 


Ao 






Graphically, as we saw on p. 183, the problem is that of the varying 
length of the chord A of a circular arc of fixed length when the curvature 
of that arc is varied. The angle between the tangents at the extremities 
of the arc is 2a, the extreme difference of phase. It follows that for 
a — 0 the arc is a straight line and the chord coincides with it, the 
length of both being Aq = ?m. For a == 7r/4 the arc is a quadrant, 
for a = 7r/2 the arc is a semicircle and so on. For a= tt the arc is a 
circle and the chord vanishes. These values are shown in fig. 9.2. The 
relation of AjA^ to a is shown in fig. 9.3 by the dotted line. The con- 
tinuous line shows the relation of A^jA^ to a, and as the intensity is 
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proportional to the square of the amplitude this curve gives the inten- 
sity. For the first (central) maximum A = Aq. 

For the second maximum A = Aq — — 


sin 377/2 
“377/2' 


nearly 


2Aq 

Sv 


That is, the ratio of the intensities is 977-/4, i.e. approximately 22. 



It follows that the energy is almost entirely concentrated in direc- 
tions for which a < 77, i.e. for which 


776 sin 6 


< 77 or sin 0 < 


A 

e’ 


That is, sin 6 is a measure of the divergence of the waves from the 
slit, and w e see that the smaller the width {e) of the slit the larger the 
divergence; if e — A, 0 = 7r/2, and the wave diverges in all directions. 

It can be shown that for a circular aperture* sin 0 = 0-61 A/r, 
where r is the radius of the aperture. 


• Airy, Trans, Cambr. Phil. Soc., Vol, $, p. 283 (1834)* 
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3. Experimental Investigation of Diffraction of Sound Waves through 
a Slit. 

For sound waves in air, measurements have been made by Pohl, * 
using a high-pitched whistle and radiometer. 

The whistle is mounted at P (fig. 9 . 4 ) at the focus of a concave mirror Hj. The 
slit, in this case 11*5 cm. wide, is placed at so that slit, whistle, and mirror 
may be rotated about an axis through A. The receiving mirror is at Ho and 
the radiometer at K. The wave-length of the note of the w histle is 1*46 cm. 



Fig. 9.4. — Limitation of a bundle of plane sound waves by a slit (Fraunhofer 
diffraction); R the sound radiometer with receiving mirror H,. 

Fig. 9.5 shows the radiometer readings plotted against 0 . As a 
numerical check w^e may notice that the minimum occurs for 6 = 7'2°. 
Then sin 7*2'^ == A/11-5, so that A — 1*44 cm. 

Fig. 9.6 shows the same results plotted in polar co-ordinates, the 
radius vector r showing the intensity of the sound in that particular 
direction. Both methods of plotting show how the sound is concentrated 
into a comparatively narrow beam. A narrower slit would yield a wider 
maximum in fig. 9.5 and a correspondingly wider spread of the sound. 

Experiments of the same kind have been made for ultrasonic waves 
in water by Boyle and Reid | and a fair quantitative agreement with 
the formula has been obtained. 

4. Divergence of Beams. 

From the discussion in the last section it appears that if sound waves 
are started by a vibrating piston or emerge from a circular aperture 
on which plane waves are incident they travel as a diverging beam. 
Most of the energy is contained within a cone whose semi-angle is given 
by 0= 0-61 A/r, where A is the wave-length of the radiation and r 
the radius of the disc of the piston or of the aperture. This relation 
between the divergence of the beam and the dimensions of the source 
is of great practical importance. In the method of echo-sounding already 
described (p. 152) only a small fraction of the sound energy returns by 
reflection, since the waves are diverging in every direction and continue 


♦ Mechanics and Acoustics, p. 290. f Trans. Roy, Soc. Canada, Vol. 20, p. 233 (1926) 
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to diverge after reflection from the bottom. The result, too, is only a 
mean value of the depth over a considerable area. If the sound could 
be sent out as a nearly parallel beam it could be concentrated like the 
beam of a searchlight on a small area of sea bottom and the intensity 
of the reflect(*d beam would show comparatively little loss. In this 
way minor irregularities, such as a sunken ship lying on the bottom, 
could be detected. Attention was directed to the phenomenon in another 
connexion by Lewis Richardson at the time of the loss of the Titanic 



20 ° 70 ° 0 70 ° 20 ° 


Angle of deviation OC 

Fig. 9.5. — Fraunhofer’s diffraction curve 
(sound-peak) for wave-length 1-45 cm., and 
the slit shown in fig. 0.4. The shaded region 
B indicates the geometrical boundaries of 
the ray. 


A 





Fig. 9.6. — The 
Fraunhofer diffrac- 
tion curve of fig. 
9.5 plotted in polar 
co-ordinates. 


by collision with an iceberg, and he pointed out that if by a right 
relation of wave-length to diaphragm area the divergence of the 
sound beam could be controlled, icebergs might be detected by the 
reflection of a horizontal beam of sound. A further possibility developed 
during the war. In the early stages submarines could be detected by 
listening to the sound which they made. In the later stages submarines 
were almost silent and detection depended on the possibility of detect- 
ing the reflected beam of sound sent out by the searching ship — a 
possibility which could be realized only in the case of beams of small 
divergence. 
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If we limit the semi«angle of the cone to 10° and substitute in the expression 
obtained, we have 

<:8in]0“or0174. 

r 

^ ^ 0-28. 


If c is the velocity in sea- water = 1*55 X 10^ cm./scc., / the frequency of 
the note, then, since X = c//, we have 

- (^28 


If we take / = 1000 wo find that the minimum value of r to give a beam of 
the divergence desired is 


_ 1-55 X 10^ 
^ “ 2-8 X 102 


560 cm. 


It would be impossible to communicate to a diaphragm of this radius a vibra- 
tion which had the same phase all over. 

If we set as the maximum value for r the value 10 cm. then 

X 5 2*8 cm. 

1*55 X 10® _ , , 

j ^ ^ 56,000 cycles/sec. 

This result presents another difficulty — that of communicating to a diaphragm 
of radius 10 cm. a frequency of 65,000, far above the limit of audible sound. 

The earliest suggestion was to use a diaphragm excited by a magnet through 
which was passed an alternating current of the desired frequency, but the in- 
ductance offered insuperable difficulties if the required power w as to be obtained. 
Progress only became possible when Langevin* suggested using the reversed 
piezo-electric effect (see below). 


5. Supersonic Generators. 

The piezo-electric effect was discovered in the case of quartz by 
J. and P. Curie, f If a slice of quartz is cut from a crystal in the way 
indicated in fig. 9.7 and pressures are applied to the opposite faces of the 
slice, then these faces will develop equal and opposite electric charges, 
with consequent differences of potential. The long axis of the crystal, 
normal to which the first sections are made, is an optic axis. The 
portion cut from the crystal by two planes perpendicular to this axis 
has a hexagonal perimeter. Lines joining opposite angles of this 
hexagon give the direction of the electric axes. The final slice, as 
shown, is perpendicular to one of these axes. Any one of the three 
might have been chosen by cutting the final slice by planes perpen- 
dicular to any one of the three pairs of parallel sides. 

* Brit. Pat. Specifications, N.S., 457, No. 145691 (1920). 
t Comptes Rendus, Vol. 91, p. 294 (1880); Vol. 93, p. 1137 (i88r). 
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The phenomenon can be very simply illustrated by the arrangement 
shown in fig. 9.8. The quartz slice is held between two metal plates, 
the lower of which is earthed. Pressure is applied to the upper plate 



through an insulating layer, and the gold-leaf electroscope indicates 
a potential whicli varies with the pressure. 

That this effect is reversible was predicted by Li])pmann.* Just 
as elastic deformation of the quartz develops an electric field, so by 



Fig. 9.8. — Demonstration of piezo-electric elteci 

A, slice of quartz placed between two metal plates between which pressure can 
be applied; B, Wilson tilted gold-leaf electroscope; C, battery; D, earth con- 
nexion. 7'he upper metal plate is insubted and connected to the gold leaf. The 
lower metal plate is earthed, as is also one terminal of the high-potentbl battery. 
The other terminal of the battery is connected to the fixed plate of the electroscope. 


placing the quartz in an electric field elastic deformations are developed 
in it. If the field is an alternating one, the quartz will be subject to 
oscillations along the electric axis, whose frequency is that of the 
applied field. If one face can be kept fixed the other will move to and 
fro, owing to the change in thickness. If this face is in contact with 
air, water, oil or any other fluid, waves will be generated in the fluid. 


Ann. de Chim. et de Phys.^ Vol. 24, p. 145 (1881). 
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The type of circuit used by Pierce * is shown in fig. 9.9. The piezo-electric 
crystal vibrator C has one of its electrodes connected to the plate P (^f the valve 
and the other electrode to the grid G. The filament F is heated by the battery 



shown and the plate current is supplied by the other battery B. A micro-ammeter 
A and a telephone T shunted by a condenser C are included in tla^ plate circuit. 
L is a resistance of about 30,000 ohms or a large inductance of about 20 milli- 
henries. This system produces oscillations in the circuit and mechanical 
oscillations of the crystal with a frequency equal to the natural frequency 
of the vibration parallel to its 
thickness. An aperture II in the 
front electrode allows the train of 
waves to emerge. This system was 
used by Pierce for the determina- 
tion of the velocity of sound (p. 258). 

It is very useful for experiments 
in gases, but cannot be used for 
experiments on liquids, as the 
powerful damping of the crystal by 
the liquid stops the reaction. 

Another simple and effective 
circuit is that due to Hartley and 
shown in fig. 9.10. Her© the 
frequency of vibration is not con- 
trolled by the free vibration of the 
crystal as is the case in the Pierce circuit. The vibrations of the oscillating 
circuit containing an inductance and a variable condenser are imposed on the 
ciy^stal and adjusted to resonance by altering the capacity. This arrangement 
gives more powerfxil vibrations and is suitable for experiments with liquids. 

• Proc. Amer. Acad. Arts and Sci., Vol. 6o, p. 275 (1925). 



Fig. 9.10. — Circuit of a valve oscillator of 
Hartley type, and the connexions to the 
piezo-quartz. 
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The natural frequency of vibration of the crystal is determined by 
its dimension parallel to the direction of vibration. The density of 
quartz is 2*654 gm./c.c. and Young’s Modulus measured in the 
appropriate direction is 8 X 10^^ dyne/cm.^ The velocity of compres- 
sional waves in the quartz is therefore 

V(^5r) "" ^ cm./sec. 

The v^ave-length in the quartz corresponding to any given frequency 
is therefore obtained from the relation 


. 5*5 X 10® 

/ ■ 

If both faces are free to move, the fundamental mode of vibration 
will have a nodal plane in the middle of the slice and the thickness of 
the slice will be A/2. It follows that the approximate frequency given 
by a plate of thickness e vibrating in its fundamental mode will be 


5*5 X 1 0® 
2e 


X 10® c.p.s. 


Young’s Modulus is not strictly applicable either to the thickness 
vibration of a plate or to the longitudinal vibration of a rod (see 
p. 281). Hund * gives for the experimental values 


Thickness vibration of quartz plate | /= — X 10® c.p.s. 
Longitudinal vibration of quartz rod | /= . 9 x 10® c.p.s. 


Using quartz, frequencies of 5 X 10’ c.p.s. may be attained, but if 
this is the fundamental frequency the plate is only 0*055 mm. thick 
and very fragile. Tourmaline plates can be produced which give 
1*5 X 10® c.p.s. Higher frequencies are of course attainable by using 
partial tones, and this has the further advantage that a number of 
different frequencies may be obtained from the same plate, although 
the intensity is never so great. If the surface of the plate is large 
compared with the thickness the partial tones are very nearly har- 
monic. 

Another method of generating supersonic waves is based on the 
phenomenon of ma.g7i€tostnction. The fact that a rod or tube of ferro- 
magnetic material undergoes a change of length when subjected to a 
magnetic field parallel to its length seems to have been observed first 


• Proc. Inst. Radio Eng.^ Vol, 14, p. 447 (1926). 
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by Joule.* The effect is very small, amounting only to a few parts in 
a million, and has been studied by Bidwell| and others. 

The application of the phenomenon of magnetostriction in order 
to maintain mechanical oscillations in a magnetic rod was made by 
Pierce.J The rods used were of various ferromagnetic metals and 
alloys. The arrangement is designed so that an oscillating electric 
current in the circuit stimulates the rod to longitudinal vibration, 
while the vibrations of the rod react on the electric circuit so as to 
maintain the frequency of oscillation constant. Frequency standards 
covering the range from 25,000 downwards can be obtained — a range 

lower than that in which the 
quartz standard can be more 
advantageously used. The ar- 
rangement is shown in fig. 9.11. 

Two magnetizing coils and L2 
are used, one in the plate circuit 
and one in the grid circuit. The 
vibrating rod R is clamped at the 
centre so that it lies axially in the 
coils. The rod may be magnetized 
permancmtly or by the plate current 
or by a j)ermanent magnet placed 
near it. A direct-current milliam- 
mc'ter at A indicates the plate 
current and the change of this 
current with change of the variable 
capacity C indicates the presence of 
oscillations. The direct effect of 
static magnetization on length is 
very small. In the case of nickel it 
amounts only to about one part in 

Fig. 9.11.— Magnetostriction oscillator circuit a million for ono gauss. On the 

other hand, wFen the magnetizing 
current is oscillatory of a frequent'y equal to the natural frecjuency of the rod 
the changes in length may be more than 100 times as great. 

In addition to the direct effect there is also an inverse effect, i.e. when a 
magnetized bar is stretched its state of magnetization is changed. It is the as- 
sociation of these two effects that makes the maintenance of oscillations possible. 
Any change in the plate current causes a change of length at the right-hand end 
of the rod. This change is propagated to the left-hand end, where it effects a 
change of magnetization and so induces an electromotive force in Lg. This acts 
on the grid and produces an amplified current change in the plate circuit and in 
Lj. Thus the oscillating current builds up to a large amplitude with a frequency 
determined by the frequency of longitudinal mechanical vibration of the rod. 
The frequency of the standards was determined by comparison with a standard 
clock. The frequency is essentially independent of vacuum tube voltages and 

• Phil. Mag.f Vol. 30, p. 76 (1847). 

f Proc. Roy. Soc.^ Vol. 40, p. 109 (i886); Phil. Trans. ^ A, Vol. 178, p. 205 (1888). 

t Amer. Acad. Arts and Set. Proc.^ Vol. 63, p. x (1927-8): Journ. Amer. Soc, Acoust., 
Vol. 9, p. 185 (1938). 
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characteristics, and the temperature coefficient of frequency 7 is only 
— 0*000107 /deg. cent, for nichrome. J 

6. Applications of Supersonic Waves. 

L^'Supersonic waves can be used for a great variety of purposes, and 
accounts of these have been given by Boyle * and Hopwood.f More 
recently a very complete treatment of their production, measurement 
and use has appeared by Bergmann.J One of the practical uses of 
supersonic waves in liquids is that of transforming immiscible liquids 
such as water and oil into homogeneous stable emulsions. This pro- 
perty was first pointed out by R. W. Wood and Loomis.§ The tube 
containing the mixture of liquids is dipped into an oil-bath transmitting 
the waves. The process of emulsification is partly due to agitation at 
the interface, but Richards || has shown that the solid boundaries are 
particularly active and that the shattering effect of the radiation is so 
great that minute fragments of the glass walls are colloidally dispersed 
through the liquid. Claus ^ has succeeded in producing very fine 
dispersions of metals by bombarding the anode with supersonic waves 
during the process of electrolysis. Szalay ** used the waves to dis- 
integrate polymerized molecules and split the chain of starch molecules 
into five or six fragments. In contrast to the dispersive effect which 
the waves produce in the case of liquids or hydrosols is the coagulative 
effect which they produce in the case of aerosols, i.e. suspensions in 
gases. Smoke is quickly coagulated and the large particles so produced 
cannot remain in suspension. This phenomenon has been studied by 
Brandt and others. ff Numerous chemical effects have been observed 
and the disruptive effect of the waves on pathogenic and other micro- 
organisms has been studied. The heating effect of the waves is con- 
siderable and they may provide an alternative to the present methods 
of diathermy. 

The effect, however, which has led to the discussion of supersonic 
waves at this point is the possibility of using them to produce a directed 
sound beam. 

\ They have been so applied by Lange vin to the development of a 
supersonic depth-finder. The frequency selected is about 40,000, 
which gives a wave-length in water of about 3*5 cm. A plate of diameter 
six to ten wave-lengths gives a pencil in which the divergence of the 
waves is comparatively small. There is a practical difficulty to be 
overcome. Plates of quartz so thick that their natural frequency is 

• Science Progress, Vol. 23, p. 75 (1928). Journ. Set. Inst., Vol. 6, p. 34 (igzg). 

t Ultrasonics and their Scientific afid Technical Applications (Bell, 1938). 

§ PhiL Mag., Vol. 4, p. 417 (1927). WJ. Atner. Chem. Soc., Vol. 49, p. 3086 (1927). 

^ Zeits.f. tech. Phys., Vol. 16, p. 80 (1935); Vol. 16, p. 202 (1935). 

•• Zeits. Phys. Chem., Vol. 164, p. 234 (i933)‘ 

ft Zeits.f. Phys., Vol. 94, p. 348 (1935); Trans. Faraday Soc., Vol. 32, p. iioi (1936). 
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40,000 and having a diameter of 20 to 30 cm. would be very difficult 
to obtain and very expensive. The thickness difficulty is overcome 
by using as electrodes two steel plates cemented to the opposite faces 
of the quartz. These plates load the quartz and reduce its frequency, 
so that with a plate a few millimetres thick the necessary wave-length 
can be obtained. The use of these plates also enables us to substitute 
for the single quartz plate a mosaic of small pieces, provided these 
are all carefully cut and tested. 

A spark is made to generate oscillations in a circuit containing a transmitter, 
and this circuit is tuned until its frequency is the natural frequency of the trans- 
mitter. Each spark then generates a damped train of electrical oscillations, which 
are transformed into mechanical oscillations of the transmitter, and so into a 
train of compressional waves in the w'ater which is in contact with the face. The 
reflected wave-train is received again on the transmitter, which piles up the 
energy by resonance, and the resulting oscillations of the quartz plate generate 
an alternating E.M.F., which is amplified by a valve system. The output from 
the receiver is led to an oscillograph, and the depth found in one of two ways. 
The oscillograph is essentially a suspended magnet system round which an electric 
current can be led, so as to produce a deflection measured either by a beam of 
light reflected from a mirror attached to the magnet or by a pointer. By an in- 
genious arrangement a spot of light travels vertically downwards with uniform 
speed to the left of the depth scale. This spot receives a kick every time the 
oscillograph is put in action. This occurs at the instant of sending the signal and 
at the instant of receipt of the echo. The apparatus can be adjusted so that the 
first kick registers the depth of the transmitter below the surface of the water, 
and the second kick indicates on the scale the depth of the surface from which 
reflection occurs. These two points can be determined with great accuracy, and 
the sending of the signals is performed automatically at short intervals by a 
motor. 

Instead of this optical method of observation, a mechanical record may be 
obtained by attaching to the oscillograph a long needle which bears on smoked 
paper revolving on a drum. The drum is geared to the sparking mechanism, 
so that a signal is sent once in each complete revolution of the drum. If the 
needle is at rest it produces an unbroken line on the smoked paper, but when a 
signal is sent or received the needle is suddenly deflected and the kick shows 
on the trace. Fig. 9.12 shows a photograph of one of these records. The white 
line on top represents the surface of the water, and the distance between that 
and the next white line represents the depth of the transmitter below the surface. 
This second white line is formed by the sudden deflection of the needle due to the 
sounding of the signal. The wavy line lower down is made up of the kicks due 
to the receipt of the echo, and the distance on the record between the two kicks 
on any one lino measures the depth of the water at the instant at which the 
signal was sent and received. The strong white line represents increments of 
depth of 60 metres; thus, starting on the left with a depth of about 63 metres, 
the depth remains nearly constant at first, then increases to 90 at the centre of 
the trace, and then very rapidly to about 140, after which it gradually falls to 
100 . 


It has already been shown that the reflecting power of the interface 
of two media depends on their respective characteristic impedances. 
The ratio of the reflected amplitude and the incident amplitude for 
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Depth in metres shown on extreme right 
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normal incidence has already been shown to be (1 — a)/(l + a), where 
a is the ratio of the impedances. For purposes of calculation we may 
use the following data: 


Substance 

Density (jfm./c.c.) 

Velocity of 
Sound (cm. /sec.) 

Sea-water 

1-02 

1-55 X 10^ 

Steel 

7-8 

6-2 X 10“ 

Granite 

2-7 

40 X 105 

Ice 

0-92 

21 X 105 


Characteristic 

Impedance 

1-6 X 

41-0 X 105 
11 X 105 
2 X 105 


Using these values — which, in the case of granite and ice, are of 
doubtful accuracy — we obtain, following Boyle and Taylor,* these 
numbers: 


Media 


Ratio of 

Impedances (i/a) 


Coefficient of 
Reflection 


Sea-water/Steel 25-6 

Sea-water/Granite 6-9 

Sea-water/Ice 1-25 


0-92 

0-75 

0-11 


We thus see that a copious reflection may be expected from steel 
and from granite, but a comparatively small one from ice. Experi- 
ment, however, indicates that the reflecting power of ice is greater 
than these numbers would lead us to expect. 

Another possible application of these sound beams deserves mention. 
Tliey may obviously be used not only for ordinary depth determinations, 
but for detecting sunken obstacles, for they indicate the depth of a 
small patch of bottom and not the average depth over a considerable 
area, as is the case in the ordinary echo method. The beam may also 
be directed horizontally, and the reflection received from a submarine 
or from the hull of another ship. Boyle has carried out experiments on 
the reflection from icebergs and reflection has already been registered 
at considerable distances. 

^ It is possible also to telephone under water along a supersonic 
beam by using the supersonic waves as carrier and modulating them 
by applying to the source an electromotive force which is varied by 
a microphone actuated by the voice. Experiments in this kind of tele- 
phony have been carried out successfully by Langevin. 

\yBj emitting from a harbour mouth an intense supersonic beam it 
would be possible to guide a ship. She would only have to pick up tlie 
beam and follow it, and the necessary information and instructions 
could be telephoned to her along the beam while she was being navi- 
gated. It is obvious, therefore, that we may look forward with con- 
fidence to increased ease and safety in navigation from the utilization 
of under-water sonic and supersonic radiation. 


Proc. Roy. Soc. Canada, Vol, 20, p. 246 (1926). 
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7. Fresnel Zones. 

Many problems in diffraction can be most simply treated by the 
method of dividing the wave-front into half -period zones. The method 
is due to Fresnel and is based on Huygens’ principle. If any element 
of area on an instantaneous position of the wave front may be treated 
as a source of waves and if the effect of the wave at any point is 
obtained by compounding the waves coming from these elementary 
sources, then the problem may be greatly simplified by suitable 
division of the wave-front into elementary areas or zones. 



Let the plane of the wave-front at the instant considered cut the 
plane of the diagram in fig. 9.13 in the line AB, and let AB be the 
diameter of a circular aperture in a screen coinciding with the position 
of the wave-front. Let P, on the axis of the aperture, be the point at 
which the effect of the wave is to be determined. Let PMq be normal 
to the plane of the wave-front and of length b. 

With centre P describe a series of spheres of radii 6, 6 -|- A/2, 
6--f- 2A/2, 6 + 3A/2, .. . , cutting the wave-front in a series of circles, 
as shown diagrammatically to the left of the figure. 

Area of the centre zone — = 7r(PMi^ — PMq^) 

= ,r[(6 + A/2)2 - 6"] - 7r(6A + 

which is approximately 7r6A, if A is small compared with 6. Similarly 
it can be shown that the area enclosed by the second circle (radius 
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MoMg) is 27 t 6A. Hence the area of the annular zone between the first 
and second circles is rrbX. 

Similarly all the annular zones between successive circles have the 
same area, and this is the area of the central circular zone, TrbX. The 
radius of the central zone is \/(bX)j that of the second ^/{2bX), and so 
on. The radii of the successive circles are therefore in the ratio of the 
square roots of the integers. 

Now the mean distance from P to points on the central zone differs 
from that for the surrounding annular zone by A/2. If, then, we 
regard these zones as sources of waves travelling to P the waves will 
start in the same phase and arrive at P in the opposite phase. The 
same is true for each pair of consecutive zones. It is for this reason 
that they are known as ‘‘ half -period zones 

Let A be the resultant amplitude at P due to the whole aperture, 
A^, A 2 , A 2 , . . . , the amplitudes due separately to the central circular 
zone and the successive annular zones respectively. Then 

A = A^ — ^2+^3 — ^4 + • • • • 

Now the amplitude due to any zone separately will depend on its 
area, its distance from P and the obliquity of the direction to P. All 
tlie zones have the same area and the distance and obliquity increase 
slowly. Therefore Ai^ A 2 , Aq, . . . , form a slowly diminishing series, 
and their differences also diminish steadily. Consider first the infinite 
series which applies when the aperture is of unlimited size. 

Write A^ — A 2 = DA^y . . — An+^ — DA^^ 

Then it appears from the actual form of the terms that 

DA^ > DA 2 > DA^ 


The series of which A is the sum may also be put in the form 


A — lA^ + \{DA-^ — DA^ -j- \{DA^ — ^-^ 4 ) + • • • 

“ \A^ + (positive terms), 


or alternatively 

^ = Pi + - DA2) - \{DA^ - DA^) - • . . 

= \A^ + ~ (positive terms). 

Thus A lies between ^A^ and \A^ -f DA^ is generally very 

small and to a sufficient approximation A — ^A^. 

Similarly, if the series began with A^, its sum would be if n 
were odd, —\An if n were even. Hence the sum of n terms of the series 
is Pi + \Any according as n is odd or even. 

If the elementary wavelets are represented on a vector diagram, the 
phase will increase indefinitely for points farther from Mq. The diagram 
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will have the form of a spiral (fig. 9.14) beginning at Mq, which 
corresponds to the centre of the aperture in fig. 9.13. The points on a 
radius of the central zone of fig. 9.13 correspond to points on the first 
half-turn of the spiral, so that the diameter of this is the resultant 
amplitude due to the central zone. Similarly A 2 , Aq, A^, . . . , are 
successive diameters of the spiral, which ends at a point corresponding 
to the edge of the circular aperture. If the aperture is very large the 
spiral approaches the centre and A == AJ2. 

Thus the effect of the whole unobstructed wave-front at P (9.13) is 
but half that due to the uncovering of the first half-period zone only. 

If a circular or spherical obstacle is placed so that P lies on its 
axis, Fresnel’s method can be applied by commencing with an annular 
zone surrounding the obstacle. The effect at P will be half that due to 
this zone. If this zone is of a low order in the complete series (i.e. 



Fig. 9.14, — Vector diagram for circular aperture 


if the obstacle is small or P is distant) this effect is not negligible and 
there will be wave disturbance at P. Thus we get wave disturbance 
at the centre of the shadow. The experimental demonstration of this 
has already been given (p. 33). 

If the first unobstructed zone is of a high order, i.e. if the obstacle 
covers a large number of zones in the complete series, the effect at P 
is small and the shadow produced by the obstacle is effective. 

A more detailed examination of the problem shows that in any 
plane perpendicular to the axis there is a central maximum where the 
axis cuts the plane, and surrounding this a series of concentric rings 
alternately of maximum and minimum intensity. The existence of 
these maxima and minima was demonstrated by Tucker and Paris * 
and their relative intensities measured and compared with theory for 
a circular disc of wood of diameter 6 feet and thickness 1 inch. The 
measurements were made by means of a hot-wire microphone tuned 
to the frequency of the source of sound. They showed that the location 

• Phil, Trans,, Vol. Z2i, p. 389 (1921). 
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of the central maximum serves as an accurate means of locating the 
direction of the source of sound, even for low-frequency sounds.* 

8. The Zone Plate. 

One striking result which follows from these elementary considera- 
tions will be apparent if we assume the aperture AB to be adjustable. 
If it is initially very sniJill, the amplitude of the wave motion at P 
increases as the aperture opens until the radius is \/{bX). The amplitude 
then begins to diminish until, when the radius of the aperture is (26 A), 
the amplitude is a minimum; since is nearly equal to this 
minimum is nearly zero. If the aperture is further opened the amplitude 
will again increase, reaching a second maximum when the radius is 
y (36A). Thus the amplitude of the wave motion at P varies periodically 
as the aperture is opened. 



This phenomenon may be illustrated experimentally by the valve- 
operated telephone and sensitive flame. On a sheet of cardboard two 
circles are drawn with radii R and i2\/2. The cardboard is then cut 
so as to remove a central disc and a surrounding annular area, and 
these are suspended by strips of lantern-slide binding so as to lie in 
their proper positions. The sensitive flame S and telephone T are 
then correctly centred on opposite sides of the cardboard each at a 
distance d. The half-period zone condition will be fulfilled for waves 
coming from the telephone to the sensitive flame, if in fig. 9.15 

SB -f BT - SA + AT + A/2 
or SB = SA + A/4 
= d -f A/4 

222 _ SB2 _s^2 A/4)2 - d2 

• 

' A ■ 

• Rankine, Ency, Britt, y 13th ed., supp. vols., article Sound. 



IX] 


THE ZONE PLATE 


233 


Here d can be adjusted to suit A and R. Thus if JS = 10 cm. and 
A = 2 cm., d “ 100 cm. The wave-length A may be measured by 
the stationary-wave method. If the apparatus is properly adjusted 
and the flame not too sensitive it will roar when the central zone is 
removed and the annular zone left in position, and also when the 
annular zone is removed and the central one left hanging in position, 
but when both are removed simultaneously the flame is quiescent. 
This makes a very striking demonstration of the phenomenon. 

If a series of circles are drawn on cardboard with radii R, R\/2, 
R\/3, R^/4:y . . . , and if alternate zones commencing with the centre 
one are removed except for two strips forming two diameters at right 
angles, the resulting arrangement is a “zone plate ” and with correct 
placing of S and T gives a very marked increase of intensity at S. 
This is due to the fact that the arrangement now allows to pass only 
the alternate terms of the series for A, and these all have the same 
sign. 

9. The Diffraction Grating. 

In optics the diffraction grating is a very important piece of 
apparatus for the production of spectra and for the measurement of 
wave-length. In acoustics the production of spectra is of little im- 



Fig. 9.10. — Diffraction grating for sound wave* 


portance, but the grating has been used as a method of determining 
the wave-length of a sound (see also p. 348). The action has been 
illustrated experimentally by Pohl, using the whistle and radiometei 
already referred to (p. 187). 

The experimental arrangement is shown in fig, 9.16. G is the grating mounted 
with the whistle P and the concave mirror so that the whole apparatus can 
be rotated about a vertical axis through A. In this way the intensity of the 
sound transmitted in directions making various angles a with the incident beam 
may be measured on the radiometer R. The grating consists of wooden laths 
with seven slits and a distance of 5 cm. between consecutive centres. 

The radiometer deflection was plotted against a and showed a strong 
central maximum with well-marked secondary maxima on each side. 
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If we draw rays from the centre of successive slits to a distant 
point (fig. 9.17) these rays will be approximately parallel, and the 
waves will arrive at the point in the same phase if the succes- 
sive path difEerences are a whole 
number of wave-lengths. That is, 
AC = KX. If AB = e = grating 
space, AC ™ e sina, 



sin a~ K - 
e 

gives the successive maxima for the 
diffracted pencils {K = 1, 2, 3, . . .). 
Applying this relation to the ex- 
periment just described and taking 
the first diffracted maximum, Pohl 
found a= 1G*8°, A= 1-45 cm. 

Altbcrg * used this method to 
determine the wave-length of the 
sound from an oscillating circuit. 

The frequency was calculated from 
the electrical constants of the circuit and the wave-length, assuming 
340 m./sec. as the velocity of sound, was 2*21 mm. The beam of sound 
was rendered parallel by reflection from a concave mirror and then 
directed on to a series of equally spaced rods. Consistent results were 


Fig. 9.17. — Principle of the grating 




Fig. 9.18. — Glancing angle of a space lattice, demonstrated with sound waves 


obtained although — probably owing to an error in 
of the velocity of sound — they were too high. 

the assumed value 

e 

a 

sina 

X = e sina 

1-18 cm. 

11-7° 

0-2028 

2-39 

0-79 „ 

17-7° 

0-3040 

2-40 

0-62 „ 

23-3° 

0-3955 

2-45 

0-41 „ 

35-2° 

0-5764 

2-36 


The same method has been used by Neklepajev.f 


• Ann. d. Physik, Vol. 23, p. 267 (1907). f Ann. d. Physikf Vol. 35, p. 175 (1911). 
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Pohl has devised an experiment for sound waves to illustrate the 
investigation of crystal structure by reflection. Three or four plane 
gratings are placed parallel to one another, so that the distance between 
each successive pair is the grating space for an individual grating 
(fig. 9.18). The grating space chosen was 3 cm. and the wave-length of 
the sound was 1*45 cm. as before. Regular reflection takes place as 
for an ordinary plane reflector, but only at certain well-defined angles 
of incidence — in this case at = 61° and = 76°. The complements 
of these angles — known by analogy with reflection from crystals as 
glancing angles— are 29°, 72 = 14°. From fig. 9.19 we see that 
reflection takes place when the retardation of the second sound path 
on the first is an integral number of whole wave-lengths. Hence 
AB + BC=^KX. But AB = BC=esiny, 

_ KX 
2 siny* 



Fig. 9.19. — To illustrate how the phenomenon of the glancing angle arises 


For A = 1*45, y = 29°, K — 2, we have e = 3 cm. 

With crystals the plane gratings are replaced by the so-called 
“ lattice planes ” and the common distance between these planes is 
determined by finding the glancing angles for X-rays with a wave- 
length of something like cm. 

It is frequently noticed that the reflection of a short sharp sound 
such as is produced by a footstep on a pavement or the tapping of a 
walking-stick on the ground forms an echo which is a high ringing 
note. This phenomenon can usually be traced to a flight of steps, iron 
railing, wooden fence, or some other periodic structure. Each element 
of this structure scatters the incident wave, itself becoming the origin 
of a new wave, and these new waves arrive at the ear in succession and 
so give rise to the sensation of a musical note. In fig. 9.20 let S be a 
source of a simple wave and P the position of the observer. Let the 
periodic reflecting surface be perpendicular to PS and the common 
distance of its elements be e. Let OA — pe and OB ^ (p -f 1 )«. 
Then 


Path PAS = V{<^^ + y") + + y^)- 



236 


DIEFKACTION 


[Chap. 


If we call this path Dj,, then the path from P to S by reflection 
from another point distant y + dy from 0 will differ from by an 
amount S(i)p), where 




ySy j ySy 

V(«* + y^) + /)' 


If, however, reflection is from successive elements of the stnicture, 
then Sy == e, and y = pe. 


S(Z»J = 


1 


+ 


1 




]• 



If c is the velocity of sound, the time interval in arrival at P of the two 
successive reflections is S(Z)^)/c. Hence 


Frequency = 


c 

w;) 


pe^ 


1 


+ 


1 


-V (a^ + V 




Obviously the frequency varies with p. 

For p=<», /=|g- 

For p = 0 to 1, direct calculation gives / = 


2c 

?(lla+l/by 


Thus the highest frequency is the first to arrive. 
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If the observer and the source coincide in position, then h = a, and 

The hijfhest and lowest frequencies arc now caje^ and c/2e, and their 
interval or ratio is 2a/e. For a — 0, i.e. observer and source in the 
plane of the structure, / is constant at the value 



10. General Theory of Diffraction. 

Plane waves, and spherical waves spreading out symmetrically 
from point sources, correspond to special solutions of the wave equation 

35^ = 0 O.l) 

On p. 200, reference has also becai made to a “ double source 
and tlie resulting value of </> is obtained by differentiating in a fixed 
direction that for a simple point source. That there is such a solution 
might be anticipated by examining (9.1), which holds after further 
differentiation. These straightforward results are only of value in a 
space where the validity of the parent equation is not interrupted. But 
we have seen in this chapter that in practice the results of interest are 
often very much less symmetrical and we have to deal with such things 
as screens and apertures. Often the problem is to study the distribu- 
tion throughout space, given only the phase and amplitude of the dis- 
turbance at a certain surface, which is in a state of vibration either 
because it is a source or reflector of sound, or merely because it is an 
aperture through which sound is passing. We have seen that, contrary 
to the basic ideas of geometrical optics, the information given is 
necessary before the resulting amplitude can be found at even one 
point (P). Equation (9.1) remains valid at all points of the medium 
not occupied by obstacles, and mathematically the problem is that 
of finding solutions of this equation which will conform to the new 
boundary conditions. FresneFs construction does this by applying 
the simple solution, in the form of elementary spherical wavelets, to 
the more general problem. In deriving an equation of which the 
elementary wavelets are the physical expression, we shall also find 
their amplitude, which hitherto we have not evaluated. In section 2, 
p. 215, Aq is given only in terms of the unspecified a. It will be sufi&cient 
to state the answer with only an indication of the way in which it is 
obtained.* 

• For a full treatment, see e.g. Jeans, Electricity (C. U. P., 1908); Lamb, Dynamical 
Theory of Sound (Arnold, 1910); Bateman, Partial Differential Equations (C. U. P,, 1932). 
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The discussion may be confined to an oscillatory disturbance of 
the form the wave equation becoming 

+ (9.2) 


at all points of the medium where no source or obstacle is placed. 
(f> is now a function of the co-ordinates only. The necess^iry link between 
the equation and the given data about the boundary surfaces of the 
medium is found in Green’s theorem. 

Green’s theorem states that, for any two functions of position <j> 
and i/j which with their first derivatives are continuous throughout 
a region bounded by a closed surface S, 

/ - <l>V^)dv =/(-A ^ . . (9.3) 


where the left-hand side is an integral extended over all elements of 
volume enclosed by S, and the right-hand side is extended over the 
surface itself; and djdn denotes differentiation along the outward 
normal to S. 

Consider a surface S surrounding the point P, and suppose that 
here is a distribution of velocity-potential throughout the en- 
closed space, due to external sources only. Then apply Green’s theorem 
to <1) and the function where r is the distance of the element dv 
or dS from the fixed point P; both these functions satisfy the wave- 
equation in the form (9.2), except that at the origin P, from which r 
is measured, the latter function does not satisfy the conditions under 
wliich the theorem applies. To apply the theorem we therefore exclude 
from the volume a small sphere of radius p with P as centre, and then 
the surface integral must also include the surface of that sphere. The 
left-hand side of (9.3) now vanishes. On changing to the inward normal, 
and as 0, we have 




gifcf 

r 


r dn 



where the surface integral again refers only to the outer surface. 

This is the formula from which the required result is to be derived. 
The same formula is to be applied in the case of a surface enclosing all 
the sources but excluding P; but n is then the outward normal. 

Usually the disturbance is given on some surface which is not 
closed, and is zero over the rest of the surface S which may be imagined 
to surround P (fig. 9.21). An example is that of one or more apertures 
in a screen separating a source of sound from P; thus problems of 
interference are included in that of diffraction. Strictly speaking, in 
such cases the calculation should be applied to the actual potential and 
velocity at the aperture, and not that which would occur if the screen 
Wisre absent. This correction may often be ignored. If the disturbance 
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vanishes except over a very small aperture, equation (9.4) shows that 
the effect resembles that of a double source of strength ^dS directed 
normally, together with a simple source of strength ~{d(f>jdn)dS, where 
—d<l>ldn is the particle velocity normal to dS. A small aperture 
behaves as a point-source and sound spreads from it in all directions. 

It is to be noticed also that for apertures which are not small the 
potential at a distant point P may be regarded as due to 

(1) a “ double sheet ”, i.e. a uniform distribution of double sources, 
somewhat analogous to a magnetic shell, of strength (f> per unit area 
normal to the surface S, together with 

(2) a superficial source of strength — 0</>/3n per imit area. 

If kr is small, that is, if all the dimensions of the region considered 
are small compared with the wave-length, the problem is geometrically 
similar to that of static elec- 
tricity or of the flow of an 
incompressible perfect fluid. 

The wave equation in the form 
(9.2) reduces approximately to 
the form of Laplace’s equation, 

” 0. In such cases the 
“ conduction ” of the medium 
resembles that of an incom- 
pressible fluid, or the steady 
conduction of electricity in a 
metal. This justifies the use 
of the hydrodynamical con- Fig. 0.21 

ductivity of a bottle-neck, for 

suflSciently long waves, in finding the “ end correction ” (p. 105). 

Both of the terms in (9.4) can be simply evaluated for a point-source 
R giving a velocity-potential where is the distance from 

R at which is measured. Here 





If kr and kri are large, this becomes approximately 

/ n A T^p%1CT-\-Ti 

— (cosB + cos6^)dS, . . (9.5) 

where 6, 0^, are the angles shown in fig. 9.21, and the two terms will 
contribute equally if both angles are small. In most important appli- 
cations 01 = 0, the surface S being taken as the wave-front itself. 
Then, in real terms, since k = 27r/A, 


. 27r— 

. sin -Y-^ + 


. (9.6) 


(r7«l) 


9 
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Thus no difficulty of calculation occurs with point-sources in known 
positions. 

This equation is the embodiment of Huygens’ principle (p. 5) modi- 
fied by Fresnel, and its discussion is found in optical books. Huygens’ 
principle states that the wave-front S may be regarded as generating a 
large number of secondary wavelets, which in ton combine to form 
the new wave-front. Equation (9.6) shows that a wave of amplitude 
a gives a secondary wavelet from an element dS of mean 

strength ka . dS retarded 77-/2 in phase (because we have sin not cos 
in 9.6). The amplitude of each wavelet varies in proportion to 1/r, and, 
according to direction, in proportion to (1 + cos0) — so that in the for- 
w'ard direction the strength is twice the mean and in the backward 
direction 6 — n it becomes zero. This is again the type of wave that 
would come from a combination of sim])le and double sources of equiva- 
lent strengths. The wavelet reaches P with the appropriate phase, 
the disturbance having travelled altogether a distance (r^ -f r). 
Finally, the wavelets are compounded according to Fresnel’s rule (p. 
181 ), which takes account of their phases. The amplitude phase diagram 
will generally be some spiral curve, if the surface S is divided into 
elementary annuli in the way described in optical problems. It is 
often simpler to use the finite annuli called half-period zones (section 
7, p. 229). 

It is an interesting check of formula (9.6) to ap]dy it to a simple 
point-source, using the half -period zones to evaluate the integral. The 
area of the first zone for a point P at a distance r from a spherical 
wave of radius is TrXr^rj{r-^ 4- ^)* for the internal variation of 

phase, this would represent a total amplitude at P of 7TAj{r^-\- r). 
Fig. 9.14 shows that the true resultant amplitude is less, and that 
the final resultant of all the zones is less in the ratio I/tt, giving the 
correct value ^/(r^ + r). The figure also shows a gain of phase of 7r/2 
between the wavelet which has a direct path to P and the resultant 
at P; this restores the expression 8inA;(ri + r) of equation (9.6) to its 
correct value cosA:(ri r). 

Referring back to equation (9.4), we see that both ^ and d(f>ldn must 
be given in order to solve the problem of calculating <j>p at some other 
point by this method, and it may happen that only one is given. 

It has been shown that, from (9.5), if only small inclinations are in 
question, the terms contribute equally, and either half of the integral 
may be used for calculation. A physical method of obtaining this result 
is given in Lamb’s Dynamical Theory of Sound, § 79, where it is argued 
that as far as P is concerned the disturbance at the surface S is equi- 
valent to either 

(1) the production of fluid at each point of S at that rate which 
will produce a normal velocity — d<f>ldn, or 

(2) the oscillation of a massless membrane at S constrained to 



IX] 


THEORY OF DIFFRACTION 


241 


move so as to produce the actual velocity-potential on the side 
nearer to P. 

The corresponding expressions for (f>p are 



<''’''=+ 21 / 40 ''^ <'■«> 

and the full expression (9.4) is of course the mean of these two. 



CHAPTEK X 


Measurement of the Velocity of Sound 


1. Velocity of Plane Waves of Sound by Adverse-wind Method. 

The velocity of sound may be deduced in terms of the physical 
constants of the medium by forming the differential equation as in 
Chapter II. It may be deduced more simply but rather less directly 
by supposing the communication to the medium of a velocity equal and 
opposite to that of the waves, so that the train of waves is brought to 
rest relative to the observer. If the waves are plane waves of constant 
type, then the velocity, pressure, density, &c., at each point in space 
will remain constant. Let us consider a region of the medium con- 
tained between two planes A and B at right angles to the direction of 
propagation and bounded by a cylinder of unit area of cross-section 
with its axis perpendicular to the planes. Since the motion is longi- 
tudinal it is always parallel to the axis of the cylinder and none of the 
medium crosses the sides of the cylinder. 

Let the velocities, relative to the observer, of the medium at A 
and B, be Wj, respectively, and the densities pg respectively. 

Mass of medium crossing A per second — 

Mass of medium crossing B per second — p2^^2• 


But the density at every point remains constant. Hence there is 
no accumulation of the medium between A and B. 


. , Pi'Wj — P2^2’ 


Momentum crossing A per second = Pi?q“. 
Momentum crossing B per second = 


Rate of increase of momentum of the medium contained in the 
cylinder 




= _ 


P2 

P lW 


P2 
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Let P 2 be the pressures at A and B, Vi, Fg the specific volumes 
at A and B; then 

p2 Pi _ ZlzlF^ 

P2 

Also Pi~~ P 2 ~ resultant force acting on the medium in the cylinder 
= rate of change of momentum. Hence 



• y P^ ^ 2 

• • I ‘ y y — Pl^i • 


But Fi . ^ ™ K, the volume elasticity of the medium, 


Now the velocity of the medium at A relative to the observer, 
is made up of two parts: 


(1) A velocity given to the medium as a whole, which we may call c, 

(2) A velocity due to the passage of the wave (the particle velocity). 


If we choose A so that it coincides with a plane of normal density 
(2) will be zero; then, calling the normal density po, we have 
K = PqC^, and c, the velocity of the medium necessary to bring the 
waves to rest, is the velocity of the waves. Hence c= 

This formula can be checked dimensionally. like all moduli of 
elasticity, is the ratio of a stress and a strain. As a strain has no 
dimensions, the dimensions of K are those of a stress, i.e. of force per 
unit area, Density has the dimensions ML-^, Hence the 

dimensions oi Kjp are and the dimensions of y/{Klp) are 

the dimensions of a velocity. 

It now remains for us to determine the exact meaning of K, In 
the case of a gas, if the bulk modulus or volume elasticity is measured 
isothermally, K = K,= P„ where is the normal pressure of the 
medium. 


This choice does not seem to have been consciously present in 
Newton’s mind, but he assumed Boyle’s law. He shows * that the 

velocity is proportional to 

position he shows that if H is the height of the homogeneous atmo- 
sphere, then in the time of one complete oscillation of a simple pendu- 
lum of length Hy the pulses travel a distance This gives 


Principia, Book 2, Prop. 48. 
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c = j2TTy/{H j g) = \/{Hg), which agrees with the previous proposi- 

tion, since the elastic force is taken as the pressure, so that 

Taking H = 29,725 feet, Newton obtained for c the value 979 ft./sec. 

Meantime Flamsteed and Halley had made careful measurements 
of the velocity of sound over a course from Greenwich Observatory 
to Shooter’s Hill, obtaining the value 1142 ft./sec. 

Newton’s explanation of this discrepancy is ingenious and not without his- 
torical interest. “ By experiment it actually appears that sounds do really advance 
in one second of time about 1 142 feet. But in deriving the calculated value we 
have made no allowance for the thickness of the solid particles of the air, through 
which the sound is propagated instantaneously . . . the diameter of one particle 
of air will be to the interval between the centres of the particles as 1 to about 
9 or 10, and to the space betwecm the particles themselves as 1 to 8 or 9. Therefore 
to 979 ft., which, according to the above calculation, a sound will advance in 
one second of time, we may add one*ninth of 979, or about 109 ft., to compensate 
for the thickness of the particles of the air; and then a sound will go forward 
about 1088 ft. in one second of time. Moreover, the vapours floating in the air 
being of another spring and a different tone will hardly, if at all, partake of the 
motion of the true air in which the sounds are propagated. ... So if the atmo- 
sphere consists of ten parts of true air and one part of vapours, the motion of 
sounds will be swifter in the ratio of the square root of 11 over 10, than if it were 
propagated through eleven parts of true air; and therefore the motion of sounds 
above discovered must be increased in that ratio. By this means the sound will 
pass through 1142 ft. in one second of time. These things will be found true in 
spring and autumn, when the air is rarefied by the gentle warmth of those seasons.” 

There is unfortunately no justification for Newton’s suppositions beyond the 
necessity of somehow bridging an unfortunate gap. 

Euler and Lagrange treated the problem, but both assumed Boyle’s 
law and were puzzled by the divergence of the theoretical result from 
the experimental value. Lagrange indeed suggested that Boyle’s law 
might require to be modified, but carried the matter no further. Laplace 
appears to have suggested the true explanation sometime between 
1802 and 1804, and in 1816 * he pointed out that owing to their 
rapidity the pressure transformations in sound waves probably develop 
heat, and deduced that, in consequence, the Newtonian value of the 
velocity of sound should be multiplied by ^7* where y is the ratio of 
the two specific heats for air. This, of course, is equivalent to sub- 
stituting for K the adiabatic value of the elasticity, 

In this case == yPg, where y is the ratio of the specific heats 
of the medium. 

Thus ...... (10.1) 


• Ann. de Chimie (1816). 
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Taking y as 1*414 for air we have c =331-5 metres per sec. at 0° C., 
which is in good agreement with the experimental value. That the 
rapidity of the vibrations is no justification for the use of the adiabatic 
value of the elasticity has already been noted. 

It may reasonably be asked whether we are justified in confining 
ourselves to the two alternatives so far considered. May not some 
transfer of heat occur and the apparent value of the elasticity there- 
fore lie soinewliere between the two extreme values ? This possibility 
was considered by Stokes. Starting from the experimental fact that 
the dissipation of energy in sound waves is extremely small, he showed 
that the appropriate value of the elasticity must lie very close either 
to the isothermal value or to the adiabatic value. If the transformations 
of the air are such that no sensible temperature difference is established, 
there is no increase of entropy and therefore no dissipation of energy. 
If the transformations are such that no heat is transferred, again there 
is no increase of entropy and therefore no dissipation. If, however, 
neither of these conditions is fulfilled and heat is transferred from the 
compressions to the rarefactions down a sensible temperature gradient, 
the entropy is increased and the consequent dissipation of energy 
would extinguish the waves in a comparatively short range. 


2. Variation of Velocity with Pressure and Temperature. 

(1) For gases obeying Boyle^s lawy/p is constant and depends only 
on molecular weight and temperature. For changes of pressure at 
constant temperature, therefore, c is constant. 

(2) If the temperature alters we have 


(i + ai) 


constant. 


Hence if Pq, Fq are the values of pressure and specific volume at 
0" C., 


_pF_ 

1 -j- at 




— — j 

p(l -f- at) Pq 

whence c^= 

P PQ 

“ CqVI + 

Cq being the velocity at 0° C.; 

Ci = Cq -f- (10.2) 
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That is, increase of velocity per degree centigrade == f Cpa. Since 
Cq= 1090 ft./scc., ft./sec. Also Co=331 m./s^c., whence 

% 61 cm. /sec. That is, the velocity of sound increases by 
2 ft./sec. or 61 cm. /sec. for each degree centigrade rise of temperature. 

3. Long-distance Experiments in the Open Air. 

The simplest and most obvious method for determining the velocity 
of sound is to time the passage of a sound over as great a distance as 
possible. Mersenne (1588-1648) and Gassendi (1592-1655) both deter- 
mined the velocity by noting the time which elapsed between the 
arrival of the flash and the report from a distant gun. 

Mersenne quotes an echo giving back seven successive syllables 
(Benedica'm Dominum)^ occupying in all one second and at a distance 
of 81 “ toises ”. He concludes that the velocity of sound is 162 toises 
per second or 316 metn^s/sec. He notes that it is the same for high- 
pitched and for low-pitched voices, and he can detect no difference in 
fog or clear weather, or up, down and across the wind. 

In 1660 Borelli and Viviani carried out a series of cannon-firing 
experiments under the auspices of the Academia del Cimento of Florence. 
They used the method of Mersenne and Gassendi with certain improve- 
ments in technique, and obtained the value 361 metres/scc. 

A very complete experimental study was made by Derham,* 
Vicar of Upminster in Essex, in 1704. He used for timing a very 
accurate portable movement with a ])endiilum beating half-seconds. 
He measured the time for guns fired at Blackheath to be heard in 
Upminster, and also timed the sound of bells, hammers, and guns 
over a measured mile. He found that, within the limits of the accuracy 
to which he could work, weather conditions were without any 
important influence, and gives as his mean value 1142 ft./sec. or 348 
metres/sec. 

In 1738 a new determination was made under the auspices of the 
Academic des Sciences of Paris. Cannons were fired and the retardation 
of the report on the flash was noted for a series of stations from Paris 
to Monthl6ry, a distance of 17 or 18 miles. By timing at intermediate 
stations the observers hoped to detect any change of velocity with 
intensity. An attempt was also made to eliminate the effect of wind 
by taking reciprocal observations. It will be seen from the following 
discussion that if the velocity of the wind is small compared with 
that of sound — as is always the case — the wind effect is approximately 
eliminated in this way. 

Let Sj, Sg (fig. 10.1) be two observing stations each equipped with 
sources of sound and recording apparatus. Let the wind, supposed 
constant, have a velocity v and let c be the velocity of sound. Let the 
time of transit of the sound from Sg to Sj be and that from to 

^ Phil. Trans. (1704). 



X] 


LONG-DISTANCE EXPERIMENTS 


247 


Sg be ^2- From Si lay off a distance SiSi' in the direction of the 
wind and equal to vt^. Similarly lay off S2S2' equal to vt^. Then the 
path of the sound from Sj to Sg is equivalent to SjSi' + Si'Sg, where 
S/S2 “ cJJg. Similarly, the path from S2 to Sj is equivalent to S2S2' + 
Sg'Sj, where Sg'Si == Then if SjSg ~ I we have 

-f- v\^ — 2 vt-J, cos a. 



As V is small compared with c we may neglect the term in and 
substitute IJc for in the term containing v. Then 

Ih) 

2=: 2 — cos a, 

c 


or 


In the same way 


ct^ -- ^ cosa^ 

= — ^cosa^, 


For a cross-wind, a = 7 r /2 and = 

21 

For any other wind, + t^ = or 

c 

I 

Uh + ^ 2 ) 


( 10 . 3 ) 


{P791) 


9 » 
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Hence to a first approximation we eliminate the wind effect by 
taking reci})rocal observations and using the mean value of the time. 

The final result of these observers was a value of 332 rnetres/sec. 
at 0" C. 

A very careful series of experiments in which Arago took part 
was carried out in conjunction witli the Bureau des Longitudes in 1822. 
The course was from Monthlery to Villt‘juif and the distance was 
determined by the Bunau with great ])recision. Arago pointed out 
that the wind was such a variable factor that the elimination of the 
conse(juent error by reci[)rocal observations was not effective unless 
the observations were simultaneous. After tlie necessary corrections 
had been made tlie vahui was found to be 340-8 metres/sec. at lb"" C. 
or 331-2 metres/sec. at O'" C. 

All the foregoing experiments are vitiated by one serious source of 
error; the uncertainty of the personal equation of the observer. The 
interval which elapses between the jxu’ception of the flash or report 
and the recording is not negligible in comparison with the quantity to 
be measured. Regnault (1810-1878) tried to evade this difficulty by 
electrically registering the firing of the gun and the motion of a mem- 
brane which received the report. He worked over a distance of 2850 
metres, made reciprocal observations, and obtained a value of 330*7 
metres/sec, corrected to dry air at 0^ C. 

The method, however, remains open to serious criticism. The 
membrane has inertia and therefore a ‘‘ personal equation ” of its 
own. This personal equation has the merit of being constant, but it 
has not been eliminated. Further, in order to register the receipt of 
the report on a membrane in the open air, an intense source of sound 
must be used and the distance cannot be very great. This means 
that the elap8(5d times are small and that the abnormal velocity of the 
intense sound near the source is a relatively important cause of error. 

These difficulties can only be overcome by using a reciuver which 
is sensitive and which has so little inertia that it is practically instan- 
taneous in its action. To secure these conditions use has been made 
of the hot-wire microphone (p. 303). This instrument was developed 
during the war of 1914-18 for the location of guns. It consists essenti- 
ally of a container with a fine resistance wire stretched across its mouth. 
This wire is heated by an electric current and is inserted as one arm 
of a balanced Wheatstone Bridge arrangement. So long as its tem- 
perature remains constant its resistance remains constant and the 
bridge remains balanced. If the wire is cooled the resistance drops 
and the balance is destroyed. When a sound wave passes across the 
mouth of the container the compression causes air to surge in and the 
rarefaction causes a return surge. This cools the wire, deflects the 
galvanometer, and gives a record of the instant at which the sound 
is received. 
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Using a detector of this kind Esclangon in 1919 obtained the value 
330*9 metres/sec. for the velocity of sound in dry air at C., and 
Angerer and Ladenburg * in 1921 obtained the value 330*8 0*1 

metres/sec. For air at 10° C. and humidity 67 per cent they obtained 
337*4 metres/sec. or 1107 ft./sec. 

Objections to the general principle of the method, however, still 
remain. No matter what care is taken in selecting suitable country 
and suitable weather conditions and in making the necessary wind, 
temperature and humidity observations, these hitter quantities will 
always vary locally over the distance, and it will be impossible to 
allow for this variation. 

4. Stationary-wave Method. 

The principle used in this method is that of measuring the distance 
between successive nodes in a system of stationary waves and hence 
calculating the wave-length. The method is usually applied to waves 
in a tube, but a stationary wave method in free air and therefore 
independent of the corrections and uncertainties due to the use of 
tubes was proposed by Michelson and carried out by Hebb.f 

Tlie apparatus is shown in fig. 10.2. Two large paraboloidal mirrors Aj, A^, 
made of phuster of Paris, are arranged co-axially facing one another. In the focus 
of one of these niirrora is placed a source of sound S and close to it a telephone 
transnntt(T or micTo])hone T,. A second microphone T^ is arranged at the focus 
of the other mirror. Each microphone is in series with a battery (B^, Bn), and with 



a primary ot an induction coil I wound with two primaries. A telephone receiver 
R is comiected to the secondary of this coil. Waves from the source reach the 
adjacent microphone directly, and the further microphone after reflection from 
the two mirrors. Movement of one of the two mirrors in the direction of its axis 
will vary the relative phase of the waves at the two microphones and therefore 
the intensity of the sound heard in the receiver. The source of sound is a whistle 
blown at constant pressure. It was found possible to make over two hundred 
successive settings of the movable reflector for minima covering a total distance 


Ann. d. Physik, Vol. 66, p. 293 (1921). t Pftys. Rev., Vol. 20, p. 91 (1905). 



250 


MEASURE]\IENT OF VELOCITY OF SOUND [Chap. 


of over 100 ft. The pitch of the whistle was compared with a tuning-fork which 
was in turn compared with a pendulum, and this latter was rated against a stan- 
dard clock. 

The mean of six sets of observations gave 331-29 ± -04 metres/sec. 
In a later paper * Hebb finds 331.44 and shows that this value leads 
to a value for the ratio of the specific heats of dry air at 0® C. which 
agrees well with the best direct determinations of that quantity. 


5. Experiments on the Velocity of Sound in Gases in Pipes and Tubes. 


It is obvious that some of the disadvantages attending deter- 
minations of the velocity of sound in the open air are avoided by 
making experiments in pipes. Wind effects are eliminated and the 
temperature and humidity are much more constant and more easily 
controlled. For these reasons Regnault w^as led in 1862 to take advan- 
tage of the new arrangements being made for the supply of water 
and gas in Paris. He made a long series of experiments on the con- 
duction of sound in pipes. The origin of the sound as a rule was the 
firing of a pistol, and this was electrically recorded on a revolving 
drum. The movement of a diaphragm at the farther end of the pipe 
on receipt of the sound closed a circuit and was also recorded on 
the drum. The time scale was given by the trace of a tuning-fork of 
known frequency. The pipes varied in diameter from 11 cm. to 110 cm. 
and in lenj^h up to 4900 metres. By reflections from the ends distances 
up to 20,000 metres were obtained. The results were corrected for 
temperatme and moisture by using the formula 



- 0-38//A \ 

l + at 


. . (10.4) 


where Cq' is the velocity in dry air at 0° C., c the observed velocity, 
/ the pressure of aqueous vapour, h the barometric height, t the tem- 
perature centigrade. 

The more important conclusions reached by Regnault were as 
follows: 

(1) In a cylindrical tube the intensity of the wave does not remain 
constant, but diminishes with the distance, and this diminution is 
the more marked the narrower the tube. 

(2) The velocity diminishes with the intensity. 

(3) The velocity tends towards a limit which increases with the 
diameter of the pipe. This limiting value after all corrections is given 
by Regnault as 330*6 metres/sec. 

(4) The velocity is independent of the pressure. This was tested 
over a range from 247 mm. of mercury to 1267 mm. of mercury. 

(5) The velocity varies inversely as the square root of the density. 


• Phys, Rev,^ Vol. 14, p. 74 (1919). 
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This was tested for hydrogen, carbon dioxide, rdtrous oxide, and 
ammonia, and allowing for the difficulties of the experiment a fair 
verification of the law was obtained. 

Another important series of experiments was carried out later by 
Violle and Vautier * in a double conduit constructed between Rochefort 
and Grenoble. The conduit had an internal diameter of 70 cm. and 
was 6342 metres long. By connecting the distant ends with a semi- 
circular tube, a U-shaped pipe 12,687 metres long was obtained with 
both ends under observation by one observer. 

The main conclusions arrived at by these experimenters from this 
and other series of experiments were as follows: 

(1) No matter what the nature of the initial disturbance, the sound 
wave in the course of propagation tends towards a simple determinate 
form. 

(2) This form once attained, the different parts of the wave pro- 
pagate themselves with the same uniform velocity, which must be 
regarded as the normal velocity of the wave. 

(3) The disturbance provoked by a pistol shot at first presents a 
complex form and the various parts move with different velocities; 
but the crest of the wave (maximum condensation) soon assumes the 
normal velocity, while the front, starting with a velocity too great, 
slows down and tends towards this same normal value. 

(4) The intensity of the pistol shot is without effect on the normal 
velocity; but the velocity of the wave-front increases with the in- 
tensity. 

(5) Within the limits customary for the intensity of musical sounds 
the intensity is without effect on their velocity, which rapidly assumes 
the normal value. 

(6) Differences of pitch are without effect on the velocity of musical 
sounds. 

(7) The velocity of propagation of sound in the open air is greater 
than in a pipe, where the influence of the walls produces a retardation 
inversely proportional to the diameter of the pipe and exceeding 0*46 
metres per second for a pistol shot in a pipe of 1 metre diameter. 

The last of these conclusions calls attention to the weak point in 
the method. The action of the pipe wall is probably twofold: (1) 
mechanical friction between the interior face of the pipe and the air 
in contact with it must retard the movement of the air; (2) by conduc- 
tion the walls take heat from the condensations and give it to the 
rarefactions, thus tending to equalize the temperature and to produce 
isothermal conditions. This tends to reduce the velocity to the iso- 
thermal value as a limit. The joint effect of these two processes is not 
easy to evaluate. The problem was tackled successively by Helmholtz 

♦ Ann. de Chimie et de Physique^ Vol. 19, p. 306 (1890); Vol. 5, p. 208 (1905); Vol. 8, 
p. 443 (1906); Journal de Physique, Vol. 5, p. 22 (1896); Vol. 9. p. 621 (1900). 
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and by Kirchhoff * and the Helmholtz-Kirchhoff correction is the result. 
The relation is in the form 

' = 

where c is the velocity of sound in the pipe, Cq the velocity of sound 
in free air, r the radius of the pipe, / the frequency of the sound ; and 
it is a constant which has the value 

QV- 1) (10.6) 

where /x is the kinematic viscosity, v the thermal difEusivity, y the 
ratio of specific heats. For measurements in metres, k is about 0*6. 

This formula and the value of the correction have been the subject 
of a good deal of criticism by various experimenters. A very extensive 
series of determinations by Kaye and Sherratt f of the velocity of 
sound in gases based on measurements of stationary waves in tubes 
has yielded valuable information on this point. Using tubes of diflerent 
materials (glass, copper and carbon), of different widths (0*88 cm. to 
2*89 cm.) and making experiments on six different gases at a great 
variety of frequencies, they came to the conclusion that the form of 
the expression correctly represented their results within the limits of 
experimental error. For the numerical value of k they found that for 
the smooth tubes (glass and copper) they obtained values about 10 
per cent too low as compared with the values calculated from the known 
constants for the gases. With the rough tubes (carbon), on the other 
hand, they obtained experimental values which were about 30 per cent 
too high. The correction is difiScult to determine wuth accuracy, as it 
has to be calculated from the small difference of two large numbers, but 
Kaye and Sherratt conclude that apart from this effect of tube surface 
the formula for correction is reliable and the actual value of k for all 
smooth tubes may be found by multiplying its theoretical value by 0*9. 

Similar conclusions were reached by Waetzmann and Keibs,J 
using a thermophone as source and frequencies from 400 to 1400 
c./sec. In the supersonic region Norton § finds the correction to be 
0*47 instead of the theoretical value 0*54, and this is in good agree- 
ment with the results of Kaye and Sherratt. 

Violle and Vautier found as their observed value of the velocity 
of sound c== 338*740 metres/sec. Correcting this value for tem- 
perature and pressure by Regnault’s formula, they obtained Cq = 
330*331 metres/sec. Using a value obtained by Kayser and open to 

• Pogg. Ann,, Vol. 134, p. 177 (1868). 

t Proc. Roy. Soc., A, Vol. 141, p. 123 (1933). See also p. 255. 

X Ann. d. Phys., Vol. 22, p. 247 (1935). 

§yourn. Amer. Soc. AcousL, Vol. 7, p. 16 (1935). 
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criticism, the correction to open-air conditions becomes -f-0*676 metre, 
giving as a final value c — 331*007 mctres/scc. Applying the same cor- 
rection to Regnault’s results they obtained as the most probable value 

c — 331*1 ^*1 metres/sec. 

6. Velocity of Sound in Gases in Pipes and Tubes by Stationary- 
wave Methods. 

These methods all depend on measureimuits made on a stationary- 
wave system with waves of known frequency, the wave-length being 
measured and the velocity calculated. 

The simplest application of the method is the ordinary resonance 
tube experiment. A sounding tuning-fork is held over the end of a 
tube of adjustable length, one end of which is closed. The length of 
the tube is then adjusted until it gives with maximum loudness the 
tone of the fork. It is then vibrating in the frequency of the fork, and 
if its length is the shortest length which will resound to the fork, the 
length of the air column is one-quarter of the wave-length of the note. 
We then have c=fX=fx 47. 

The experiment can be most simply carried out by using a tube 
open at both ends and immersing the lower end in w%ater. The result 
is corrected for temperature in the usual way. The correction for 
moisture is too small to be worth making in view of the other in- 
accuracies of the experiment. The most important of these is that 
the antinode does not occur exactly at the end of the tube but some 
little way above it. The correction which has to be added to the 
measured length in order to give A/4 cannot be easily calculated. 
The correction for a tube ending in an infinite flange, however, has 
been calculated by Rayleigh, w^ho found it to be 0*824r, where r is 
the radius of the tube, supposed circular. Subsequently a more exact 
solution was given by L. V. King,* who obtains 0*821r. The effect of 
removing a flange is found by experiment to be *22r (Rayleigh obtained 
0*25 and Bosanquet 0*20) so that for an ordinary open end it is usual 
to take the correction as 0*6r. The factor calculated by A. E. Bate t 
is 1/V^> giving 0*58f. Inserting the usual correction in the formula 
we have c ~ 4/(Z -f- 0*6r). It is obvious that by using txibes of different 
radii the correction can be eliminated (see also p. 406). It may also be 
eliminated by raising the tube so that the water surface coincides 
with the second node in the tube. Clearly the distance between the two 
positions of the node is A/2 and is independent of the end correction. 
The arrangement cannot be relied on for accurate results. The setting 
is difficult to make and the experiment is open to the same criticism 
as the previous method — the velocity obtained is the velocity in a 
pipe and a narrow one at that. 

* Phil. Mag.y Vol 21, p. 128 (1936). ^ Phil, Mag., Vol 24, p. 453 (i937)- 
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A more promising avenue was opened up by Kundt * (1839-1894) 
with his dust-tube method. The principle is very simple. A wide tube 
(fig. 10.3) is closed at one end by an adjustable piston and at the other 
end by a diaphragm fixed to a rod clamped at the centre. The diaphragm 
nearly fills the cross-section of the tube. The tube between the dia- 
phragm and the adjustable piston contains a dry powder. When the 
rod is stroked with a wet cloth or resined rubber, or struck by a hammer, 
longitudinal vibrations are set up in it, which are communicated by 
the diaphragm to the gas in the tube. If the piston is now adjusted 
so that the length of the gas column gives an exact number of stationary 
waves, the dust will be violently disturbed at the antinodes and will 
form an unmistakable series of striations marking these positions. The 
frequency of the note given by the rod is determined and the wave- 
length of the sound in the tube is calculated by measuring the distance 
from the diaphragm to the piston and dividing by the number of 





Fig. 10 . 3 . — Kundt’s tube 


vibrating segments. This gives the half wave-length of the sound in 
the gas, and therefore the velocity. By using the same tube and 
various gases we can obviously get a series of comparative values for 
the velocities without knowing the frequency of the note, and if we 
know the pressure and density of the various gases and the frequency 
we can determine y in each case. The method was used by Kundt to 
determine the velocity of sound in the solid rod (assuming the velocity 
in air), to determine the velocity of sound in gases other than air, 
and to measure the velocity in air at various temperatures from 0^ C. 
to 100° C. It was used to determine y for mercury vapour by Kundt 
and Warburg f and for argon and helium by Rayleigh and Ramsay. J 
Modifications of the Kundt’s tube method were used by Behn and 
Geiger,§ by Partington,|| by Shilling,^ by Shilling and Partington,** 
and by Sherratt and Awbery. ft The most complete series of experi- 
ments on stationary waves in tubes are those of Kaye and Sherratt 
already referred to on p. 252. 

• Pogg, Ann,, Vol. 127, p. 497 (1866). f Pogg. Ann., Vol. 157, p. 353 (1876). 

X Phil. Trans., Vol. 186, p. 187 (1895); Proc. Roy. Soc., Vol. 8, p. 86 (1895). 

§ Ber. deutsch. phys. Ges., Vol. 5, p. 657 (1907). !> Phil. Mag., Vol. 43, p. 370 (1922). 

Q Phil. Mag., Vol. 3, p, 273 (1927). •• Phil. Mag., Vol. 6, p. 920 (1928). 

ft Proc. Phys. Soc., Vol. 43, p. 242 (1931). 
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The apparatus used by these experimenters is shown in fig. 10.4. The resona- 
ting tube is mounted inside a longer brass tube. The source of the vibrations 
is either a telephone diaphragm supplied with alternating current from an oscil- 
latory valve circuit controlled by a quartz oscillator, or a maintained quartz 
oscillator operating directly on the air column. The reflector is a massive cylinder 
occupying the whole cross-section of the resonating tube and carried by a steel 
rod, the displacement of which can be accurately measured. The temp€rature 
is determined by thermoj unctions Pj, Pg, P 3 , P 4 . During a series of observations 
the frequency is kept constant and the steel piston moved. Variations in the 
E.M.F. across the telephone are correlated with variations in the position of 
the steel rod. These variations in E.M.F. are due to variations in phase of the 
reflected waves and the reaction of these reflected wavt« on the diaphragm. 
The kind of relationship obtained is shown in fig. 10.5. The displacement of the 


Cos Inlet 



reflector corresponding to a complete cycle of values is equal to half the wave- 
length of the sound. The corrected values so obtained were as follows: 


Gas 

18° C. 

100° c. 

Air (dry and COg free) . . 

343-4 metres/sec. 

387-3 metres /sec. 

Hydrogen . . 

1301 

1463 

Carbon dioxide . . 

265-8 

297-2 

Sulphur dioxide . . 

216-2 

244-2 

Ammonia . . 

428-2 

481-9 

Ethyl chloride 

203-8 

230-6 


The phenomena occurring in Kundt’s tube are much more complex 
than early observers supposed. Between the nodes the powder arranges 
itself in striae, of which no accurate measurements were made and 
about the formation of which no theory was suggested. Experimenters 
were handicapped by the fact that the stroked rod is an intermittent 
source of sound and measurements on the striae and the nodal heaps 
can only be made after the sound has ceased. 

A detailed study of the phenomena has been made by Irons,* Cook,t Henry, f 
Andrade, § and Hutchisson and Morgan. || Using a valve-maintained diaphragm 
as the source of sound and fine smoke particles observed in scattered light as 

• Phil. Mag., Vol. 7, p. 523 (1929)* t Vol. 36, p. 1099 (1930). 

t Proc. Phys. Soc., Vol. 43, p. 340 (193 

iNature,Xo\. 127, p.438(i93i); Proc. Roy. Soc.,k,\o\. 134, p. 445 (1932); Phil. Trans,, 
A, Vol. 230, p. 413 (1932). llP/iyi. Rev., Vol. 37, p. 1155 (i 93 i)- 
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tracing points, Andrade was able to measure the amplitude of the vibrations in 
the tube and establish the existence of the circulation that was predicted by 
Rayleigh. This circulation takes place from antinode to node in the neighbour- 



Fig. 10.5. — Air in glass tube. Frequency 2636 cycles 'sec. Temperature 1 6-7® C. 


hood of the walls and from node to antinode along the centre, as shown in 
fig. 10.6. The form of the circulation was given by Rayleigh in the formula 

- r^E^) sin ^ (10.7) 


Wall of tube 



Centre of tube 


Fig. 10.6 — Circulation in a Kundt’s tube; observed lines of flow on the left; lines plotted 
from Rayleigh's formula on the right 

where is the velocity potential, r the radial distance, x the axial distance, and 
E the radius of tube, and the observed circulation gave good agreement with 
Rayleigh’s formula. 

Very light objects like fine smoke particles follow almost exactly the motion 
of the air; round larger particles vortex systems are formed, and from obser- 



X] 


VELOCITY OF SOUND IN PIPES 


257 


v^ations of these considerable liglit is thrown on hydrodynamical problems. All 
the phenomena of Kundt’s tube are explicable in terms of the vortex motion 
and the circulation. Two other figures taken from the same paper of Andrade 
are shown in figs. 10.7 and 10.8. When two particles come close enough together 



to coalesce they arrange themselves side by side across the tube. When a number 
do this they^ range themselves in strise whose longitudinal spacing varitis from 
node to antinode, the edges of the corresponding vortex systems being contiguous. 
The spacing depends on sound intensity, size of particles, gas pressure and density 



Fig. 10.8. — The vortex system formed round a sphere, diameter 0-317 cm. 


of particles. When the sound is very intense the centre stria coincides in position 
with a disc of particles extending right across the tube. These discs arc very 
convenient for meiisurement. The particles rise up the walls of the tube and fall 
back across its whole section. 


7. Velocity of Supersonic Waves in Gases. 

An attempt to investigate the possible variation of velocity with 
frequency was made by Palaiologos * in 1923. Using as a source of 
sound a direct-current arc on which was imposed a high-frequency 
alternating current, he measured the wave-length in air of the resulting 
sound with a wire diffraction grating. For values of the frequency 
from 2 X 10^ cycles/sec. to 2 X 10® cycles/sec., he obtained values 
of the wave-length varying from 1*7 mm. to 0-17 mm. and the cal- 
culated velocity of sound was constant and equal to 335 metres/sec. 
at 0° C. 

• Zeits.f. Phys.y Vol. i2, p. 375 (1923). 
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Experiments were made by Pierce * in 1925 by a method which, 
with modifications, has become a most important instrument of re- 
search in high-frequency sound waves. 





Fig. 10,9. — Gas chamber and auxiliary parts of triple-quartz-plate supersonic 
generating and receiving system 

a, a’ brass flanges soldered to the top and bottom of the air chamber, a brass 
cylinder of diameter 20 cm., 6 heavy-walled copper cylinder acting as guide for 
the piston, c, sending quartz plate, c, reflecting quartz plate, d piston, e micro- 
meter screw, / friction contact through jewelled bearing, g split nut, h disc 
holding nut, /, *' lugs projecting into closely fitting vertical grooves, I vernier 
disc, t adjustable screws. 


The source of waves (see fig. 9.9) is a quartz plate with one face pre- 
sented to a parallel reflecting surface which can be moved at right angles 
to its plane by a fine screw. The reflected waves react on the quartz 


• Proc, Amer» Acad. Arts and Set., Vox. 6o, p. 271 (1925). 
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sufficiently to produce a periodic variation in the readings of the milli- 
ammeter as the distance of the reflector is gradually increased. The 
quartz plate in this experiment fulfils three distinct functions. (1) It 
controls the frequency of the oscillations and this frequency can be 
determined by standard wave-meter methods. (2) It acts as a source 
of waves and if its linear dimensions are sufficiently large compared 
with the wave-length radiated these waves will be sensibly plane. 
(3) It detects the variation in phase difference of the reflected waves 
as they impinge on its surface. The maxima can be located to 0-05 mm. 
and about 100 intemodal distances can be measured, giving an order 
of accuracy in the wave-length measurement of about 1 in 3000. 

The demand for increased accuracy in the measurement of velocity 
in order that dispersion may be investigated, and the desirability of 
making simultaneous measurements on velocity and absorption, have 
led to much more elaborate forms of the interferometer. 

One of these forms is described by Yeagley * (fig. 10.9). The quartz system 
consists of three plates, one used as a freqiu'ncy control, one as the sending plate 
and one as reflector. 

The temperature of the enclosure in 
which the whole apf)aratus is contained 
is controlled to 0*05° C. The effect of 
standing waves is eliminated by tilting the 
reflecting plate as shown in fig. 10.10, so 
that the portion under one edge of the 
lower aperture is X/3 low'er than the other. 

This means that a ray travelling between 
the plates near the left edge of the beam 
starting at a and doubly reflected at b and 
c will arrive at d just one wave-length out 
of phase with the ray travelling over the 
path ijkL Thus the plate can be divided 
into two sets of corresponding points such 
that doubly reflected waves will arrive at 
these pairs of points in opposite phases. 

The reaction of the w aves on leads to 
measurements of absorption, while the 
reaction on Cj enables measurements of the 
wave-length to be made. The results show 
a positive though small increase of velocity as the absorption constant increases. 

A large number of researches have been carried out on the dispersion of super- 
sonic waves in gases by Hubbard, f Grabau,J using a magnetostriction oscillator, 
Richards and Reid,§ Pearson, || ^ilston and Richardson, Penman,** Sinness 
and Rosevearc,tt Brandt and Freund,:]: J and others. 

• Rev. Sci. Inst.t Vol. 6, p. 148 (1935)- 

t Phys. Rev., Vol. 35, p. 1442 (1930); Vol. 36, p. 1668 (1930); Vol. 38, p. loii (193O; 
Vol. 41, p. 523 (1932)* 

I Joum. Amer, Soc. Acoust., Vol. 5, p. i (i933“4)* 

§y. Chem. Phys., Vol. 2, pp. 193. 206 (i934)* 

II Proc. Phys. Soc., Vol. 47, p. 136 (1935)- ^ Proc. Phys. Soc., Vol. 47, p. 533 (1935). 

•• Proc. Phys. Soc., Vol. 47, p. 543 (i935)« 

tty. Chem. Phys., Vol. 4, p. 423 (1936). Zeits.f, Phys., Vol. 91, p. 415 (i935)- 



Fig. 3 0.10. — Arrangement of piezo- 
quartz plates, showing destructive inter- 
ference of twice-reflected portions of 
the supersonic waves. 
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The existence of dispersion seems to be definitely established and to be associ- 
ated with a relaxation time effect for internal degrees of freedom in the atom. 
It seems clear that investigations of this kind will throw a good deal of light on 
the constitution of the molecule.* 

8. Abnormal Velocities for Intense Sounds. 

It has already been shown that what is known as the velocity of 
sound is a limiting value which the velocity of intense sound waves 
approaches only as the intensity diminishes. It is accordingly to be 
expected that where measurements of velocity are made on intense 
sound waves considerable discrepancies from the ordinary values will 
arise. Regnault in the course of his experiments on the velocity of 
sound in pipes found that the velocity increased with the charge of 
powder used in generating the wave. A long and careful series of 
experiments was made by Angerer and Ladenburg,t using the sound 
waves from explosions and an electrical method of recording the time 
interval. The firing of the charge broke an electrical contact and the 
arrival at various microphones suitably disposed was recorded. In 
order to eliminate as completely as possible the variable effects of 
atmospheric conditions, the charges were fired from tliree points in 
fairly quick succession and the progress of the resulting waves was 
followed along the adjacent sides of the triangle in each case. Careful 
measurements were also made of wmd velocity and direction, moisture 
content, &c., not only at ground level but for some distance above. 
The result of a large number of observations was to give the velocity 
of sound waves of small amplitude as 330*8 metres/sec. at 0° C. in 
dry air. When the charge exploded w^as 3 kg. this normal velocity 
was reached at about 100 metres from the source. With a charge of 
200 kg. it was not reached until 200 metres from the source. Near 
the source the existence of abnormally high velocities was established; 
the figures given for a 3 kg. charge are: 

Distance from Explosion Velocity 

3 metres 1150 metres/sec. 

6 metres 470 metres /sec. 

12 metres 380 metres /sec. 

These observations establish that (1) near the source the wave 
velocity is very great — more than three times its normal value, (2) 
the velocity falls off very rapidly and 9 metres farther from the source 
it is only about 16 per cent above its normal value. 

Similar results were obtained from experiments of Payman, Robinson 
and Shepherd J on the behaviour of an explosive wave. 

• See § 7, p. 135; see also Pielemeier, Journ. Amer. Soc, Acoust., Vol. lo, p. 313 (1919); 
Richards, Rev. Mod. Phys.^ Vol. ii, p. 366 (1939); and excellent discussions of the whole 
subject in Bergmann, Ultrasonics ^ and R. W. Wood, Supersonics (Brown Univ., 1939). 

t Arm. d. Physik^ Vol. 66, p. 293 (1933). 

X Safety of Mines Research Board, Papers 18 and 29 (1926); Thompson and Riffolt, 
Journ. Amer. Soc. Acoust., Vol. 11, pp. 233, 245 ( 1939 )* 
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A very complete investigation of tlie sound wave from a gun or 
rifle was made by Miller and others.* The actual wave-front was 
plotted by timing the arrival at a series of microphones in the line of 
fire and in directions making angles of 42^° and 81° with this line. 
The results (plotted in fig. 10.11) show that the wave-front is circular 
and behaves as if the wave emanated from a moving centre shot out 
of the gun. In the figure the dotted lines show the distances to which 
the sound would have travelled with normal velocity from the muzzle 
of the gun. The actual wave-fronts are these same circles displaced 



Fig. 10.11. — Wave-fronts charted from actual observation* 


along the axis. This accounts for the fact that the velocity measured 
along the line at right angles to the line of fire is abnormally low. The 
equation of the wave-front is 

[x - a{l - 6-^0? +y^= • • • (10-8) 

which is a circle whose centre at time t is displaced from the muzzle 
by a distance a(l — The experiments showed that even for 

guns of 10 in. and 12 in. calibre, audible at distances of some ten miles, 
the velocity 1000 feet from the muzzle differs from the normal by 
less than one part in a million. From these experiments it would seem 
that the abnormal velocities near the muzzle of the gun are not due 
merely to the intensity of the wave. 

Using the experiments quoted and reducing the results to dry aii 

• D. C. Miller, Sound Waves^ their Shape and Speed, 
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at stai.dard temperature and pressure, Miller finds for the mean of 
three sets of observations for distance 6-19 km. the value 

c ~ 331*36 i 0*08 metres/sec. 

Taking account of the fact that air is not a perfect gas we have 



where is a correction factor calculated from the equation of state. 

If 1*4029 is taken as the mean experimental value * of y, then for 
</> calculated from Berthelot’s equation of state [(f> 0*999251), c ==• 

331*384 metres/sec., while for </> calculated from van der Waals’ equation 
{(j> — 0*998930) c — 331*331 metres/sec. The mean value of these is 

c — 331*36 i 0*05 metres/sec. 

The results by different methods are summarized as follows: 

{a) Gun-fire, 

Esclangon, 330*9 metres/sec. 

Angerer and Ladenburg, 330*8 „ 

Miller, 331*36 

(b) Stationary waves from high-frequency sources. 

Hebb, 331*41 metres/sec. 

Pierce, Reidf and Grabau,J 331*68 „ 

(c) Stationary waves in tubes. 

Thiessen,§ 331*92 metrcs/sec. 

Griineisen and Merkel, || 331*57 „ 

Partington and Shilling, ^331*4 „ 

9. Velocity of Sound in Gases at Low Temperatures and Pressures. 

The measurement of stationary waves of audio-frequency in tubes has 
been modified and applied to the determination of the velocity of sound 
in helium at low temperatures and pressures by Keesom and van Itter- 
beek.** Some of the results obtained are shown in the following table. 


Abs. Temp. 

Pressure in 
Atmospheres. 

Measured Velocity 
metres/sec. 

Correction for Tube 
metres/sec. 

4*247 

0*9121 

103*94 

+ -03 

4*245 

0*3981 

114*88 

+ -06 

4*245 

0*1966 

118*31 

+ -09 

4*245 

0*0736 

120*17 

+ •16 

3-870 

0*6515 

102*14 

+ -03 

3-876 

0*0669 

115*12 

+ -15 


• Determinations by Lummer and Pringsheim, Shields, Partington and Howe, Brink- 
worth and Johnston. f Phys. Rev., Vol. 35, p. 814 (1930). 

XJourn, Amer. Soc. Acoust., Vol. 5, p.i (1933). 

{ Ann. d. Physik, Vol. 25, p. 506 (1908). }| Ann d. Phvsik. Vol. 66, p. 344 (1921). 

H Phil, Mag,, Vol. 6, p. 020 (1928). •• JRw. d^Acoustiaue. Vol. 2. p. 81 (1021). 
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10. Sound-ranging in Air. 

A knowledge of the velocity of sound in the open air and its variation 
with atmospheric conditions has an important application in the 
location of sources of sound. The possibility of locating enemy guns 
by noting the times of arrival of the n'port at various points had been 
discussed in Austria before 1914 and with the outbreak of war it 
became of vital importance. The first test carried out by the Allies 
took place near Paris under the direction of Nordmann and Bull. 
Two guns fired three rounds each and were located to twenty metres 
for line and thirty metres for range. The microphones were of the 
carbon-granule type fitted with gramophone horns and were connected 
to string galvanometers. These experiments demonstrated the practical 
possibility of the method but revealed serious defects in the type of 
microphone. These were more sensitive to the shell wave caused by 
the passage of the projectile through the air than to the sound of the 
discharge. They were sensitive also to sounds of speech and rifle fire. 
This difficulty was removed by the invention of the Tucker hot-wire 
microphone (§ 12 , p. 303). This arrangement was much more sensitive 
to long waves than to short ones. The microphone was in consequence 
much less sensitive to rifle shots and to the shell wave, which consists 
of rapid oscillations of pressure of no great amplitude, but responded 
to hardly audible gun fire. The theory of the method is as follows: 

Let Ml, Mg be two microphones, and let the time interval of re- 
ception at the two stations be V. Then the source of sound must lie 
on a hyperbola of which M^ and Mg are the foci and ct' is the difference 
of the focal distances. Similarly, if t'* is the time interval for Mg and 
a third microphone M 3 the source must lie on a hyperbola of which 
Mg, Mg are the foci and ct" is the difference of the focal distances. 
The intersection of these two hyperbolas determines the position of 
the source. The actual procedure is greatly simplified by the fact that 
the distance to the source is great compared with the distance between 
the microphones, so that in the neighbourhood of the source the 
hyperbola may, without much error, be identified with its asymptote. 
Since the sound rays from the source, owing to its distance, will be 
approximately parallel, we may proceed as follows. Let Mj, Mg 
(%. 10 . 12 ) be two microphones and let M^Mg be bisected at A. Let 
AC be the direction of the source. Draw MJ) parallel to AC and MgD 
perpendicular to M^D. Then 

M^^D ct* = MjMg cos a 

, cr 

COSa = , 

a 

where a' is the distance between the microphones. This defines the 
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direction of the line AC on which the source lies. For a second pair of 
microphones we have 

cos a = 

a 

and the intersection of these two straight lines gives us the position 
of the source. 

In actual practice six microphones were used, each giving an 
electrical record of the receipt of the sound by the movement of its 
own galvanometer element. Each galvanometer clement deflected a 
spot of light, the six spots being recorded on a moving sensitive film 
on which hundredths of a second were impressed photographically. 



The uniformity of rotation of the drum was secured by a phonic wheel 
device. The microphones were equally spaced on a circular arc of 
radius 20-30 ‘‘ soimd seconds ” (6 to 10 kilometres). The distance apart 
of the microphones was 4-5 sound seconds. Theoretically three micro- 
phones were sufficient, but the additional ones were made necessary 
by the exposure of the lines to enemy fiire. The location on the map 
was facilitated by the use of strings and a plotting board. The board 
had five scales, one corresponding to the point of bisection for each 
pair of microphones, and the scales were graduated in hundredths of 
a second. The location could be carried out either by the direct method, 
in which the enemy gun was located on the map, or by the differential 
method, in which the position of the enemy gun was compared with 
that of the shell-burst from the gun directed by the sound-ranging 
section. 

Meteorological data were specially supplied and could be checked 
by comparing the known position of a bomb discharge with the calcu- 
lated position obtained from the microphone records. Accidental 
errors due to defective knowledge of weather conditions were about 
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seven times as great in range as in line. In average weather and for 
the type of base most used they amounted to 30-40 metres of range. 
The probable error of one observation on a 4|-second base of radius 
25 seconds was about 20 metres at 4 kilometres, and about 80 metres 
at 1 2 kilometres along a bisector of the arc. 


11. Velocity of Sound in Liquids. 

The velocity of sound in liquids is, of course, given by the expression 
already found on p. 50, namely, c— \/{K/p), In this case K is the 
bulk modulus, and as a rule liquids are so nearly incompressible that 
it is unnecessary to distinguish between the isothermal and adiabatic 
values. 

If we take the case of water, the compressibility is about -00005 
per atnujsphere ; 


76 X 13-6 X 981 

‘ ^ ' -odoos 


2*03 X 10^^ dynes/cm. 


c = \/(2*03 X 10^®) == 1*42 X lO^cm./scc. = 1420 metres/sec. 

If great accuracy is rc'quired, however, account must be taken of 
the (liilerence between the isothermal and adiabatic volume elasticities; 
we then have c= \/(yKjp), 

For wat(‘r at 8° C., y = 1*001, and the velocity is modified by only 
one part in 2000. For ethyl ether at 18*^ C., y — 1*32, and the factor 
is very important. In the case of wsea-water y is sufficiently large to be 
important if great accuracy is desired; at a temperature of 30° C., 
y= 1*0207. 

Accurate measurements of the velocity of sound in liquids enable 
us to calculate the adiabatic compressibility. The isothermal com- 
pressibility can be determined from static measurements, and these 
two quantities enable us to calculate the ratio of the specific heats 
for a liquid. This in turn when taken with the measured specific heat 
at constant pressure enables us to calculate the specific heat of the 
liquid at constant volume, which is otherwise very difficult to determine. 


12. Long-distance Experiments in Water. 

The earliest determination was made by Colladon and Sturm (1827) 
over a distance of about 14 kilometres in the Lake of Geneva. A bell 
was struck under water and a flash produced above water simultaneously 
from one boat while the observer in the other boat measured the lapse 
of time between the instant at which the flash was seen and the instant 
at which the soimd was received by a horn immersed in water. The 
time was observed to about ^ second. As the time interval was 
9-4 seconds this gave an accuracy of about 2 per cent. The value 
obtained was 1440 metres/sec. 



266 


MEASUREMENT OF VELOCITY OF SOUND [Chap 


Since these experiments of Colladon and Sturm numerous other 
determinations have been made in sea- water by Threlfall and Adair,* 
Marti f and others. Next to the velocity of sound in air the velocity 
in sea-water is by far the most important. Upon a knowledge of the 
accurate value of this quantity depends the whole practice of echo- 
sounding and the radio-acoustic method of fixing the positions of 
ships at sea. 

One of the most complete investigations is that due to A. B. Wood, 
Browne and Cochrane X carried out at Dover under the joint direction 
of the Director of Torpedoes and Mining and the Director of Research 
of the British Admiralty. Account was taken of temperature and 
salinity and the effect of these on the velocity was estimated. Four 
microphone receivers were laid on the sea bed at intervals of about 
4 miles, the positions being determined by an accurate survey. The 
time intervals of the passage of the explosive wave between the various 
pairs of hydrophones were obtained by means of a six-stringed Ein- 
thoven galvanometer recording photographically. A fifth string was 
operated by a chronometer ticking half-seconds, while the sixth string 
could be used to record a wireless signal marking the instant of firing 
the charge. The charge was fired as nearly as possible in the line defined 
by the microphones. Three results w^ere obtained and are included in 
the table given below. By comparison of these results obtained at 
Dover and a similar determination at Shandon (Gare Loch) where the 
salinity is low (28 parts per 1000 as compared with 35 parts per 1000 
at Dover) the effect of salinity is estimated at between 3 and 4 ft. per 
sec. per 0*1 per cent increase in salinity. The temperature coefficient 
is estimated at 10*9 ft. per sec. per degree centigrade. Contrary to the 
results obtained by Threlfall and Adair, these experimenters observed 
no certain difference in the velocity with the size of charge used, 
although this varied from a few grains of mercury fulminate to a 
300-lb. depth-charge. In the case of the experiments of Threlfall 
and Adair, however, the velocity was measured much closer to the 
source of the explosion. 

Similar experiments have been carried out by Stephenson § near 
New York and by Eckhardt || in Californian waters. Stephenson as 
a result of measurements made between 0° C. and 20° C. gives 2-8 
metres/sec. per degree centigrade as the temperature coefficient. This 
corresponds to 9-1 ft./sec. as against 10*9 ft./sec. obtained by Wood, 
Browne and Cochrane. 

A very complete survey of the existing data was published by 
Service,^ comparing the tables published by Heck and Service for 

• Proc, Roy. Soc.^ Vol. 45, p. 450 (1889). f Comptes Rendus, Vol. 169, p. a8i (1919). 

I Proc. Roy. Soc., A, Vol. 103, p. 284 (1923). § Phys. Rev., Vol. 21, p. 181 (1923). 

II Tram. Roy. Soc. Canada, Vol. 21, p. 83 (1927). 

Joum. Frankl. Imt., Vol. 206, p. 779 (1928). 
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the American Government * with the British Admiralty f tables, and 
applying the data in these tables to some of the best experimental 
determinations. His conclusions are as follows: 

(1) Speed increases with temperature by approximately 0-2 per 
cent per degree centigrade. 

(2) Speed at a given depth increases with the depth by about 0-2 
per cent per 100 fathoms. 

(3) Speed increases very slowly with salinity, the total increase 
from 31 parts per 1000 to 37 parts per 1000 being only about 0*7 per 
cent or roughly 0*1 per cent for each 0*1 per cent increase of salinity. 
He gives the following table: 


Table VI 

Comparison of the Results of Precise Measurements of the Speed of Sound 
in Sea-Water with the Corresponding Values in the Tables of Heck and Service 
and of the British Admiralty, respectively. 

All measurements were made in comparatively shallow water. 


Experimenter 

Tempera- 
ture in deg. 
cent. 

Salinity 
parts per 
1000 

Measured 

Speed 

metres/sec. 

Speed 
Heck & 
Service 
met. /sec. 

Speed 
British Ad- 
miralty 
metres/sec. 

Steplnuison 

- 0-3 

33-5 

1463 

1449 

1442-2 

Marti 

15 

32-3 

1504-15 

1503 

1500-9 

Wood, Browne, Cochrane 

6 

35 

14740 

1474 

1472-0 

Wood, Browne, Cochrane 

7 

35 

1477-3 

1478 

1476-1 

Wood, Browne, Cochrane 

16-96 

35 

1510-4 

1514 

1510-4 

Eckhardt 

13 

33-5 

1492-3 

1498 

1495-6 


13. Velocity of Sound in Liquids in Tubes. 

The objections which can be raised to a determination of the velocity 
of sound in gases contained in tubes acquire increased importance in 
the case of liquids. The pressures developed are very much greater 
and the yielding of the walls at the pressure antinodes may have a 
marked eifect on the results obtained. Wliere a stationary-wave method 
is used the tube is forced into a vibration of which the displacement 
antinodes coincide with the displacement nodes of the vibration in 
the fluid, and the nodes and antinodes for the tube can be detected 
by a stethoscope if the vibrations have audio-frequency. The effect 
of the yielding of the tube is to lower the calculated velocity of 
sound, as appears from the early experiments of Wertheim and 
others. This result was predicted by Helmholtz and the magnitude 


• U,S. Coast and Geodetic Survey Special Publication^ No. 108 (1924). 
\ Hydrographic Department (1927). 
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of the effect was calculated by Lamb,* who found an expression of 
the form 

(“•>'1 

where is the true velocity of sound in the liquid, c is the velocity in 
the liquid in the tube of radius a and thickness A, while K is the bulk 
modulus of the liquid and E the Young’s modulus of the material of 
the tube. 

Direct experiments on the velocity of sound in liquids contained in 
a U-tube were made by Jonescu f and by Cisman.J In these experi- 
ments a wave started near one end of a U-tube had its arriv.al at the 
two ends optically recorded. A wave was then started from a point 
near the other end and its arrival at both ends optically recorded. 
The reciprocal observations eliminated errors due to lag in the record- 
ing mechanism. 


14. Stationary Waves in Liquids in Tubes. 

The earlier workers followed Kundt’s procedure modified to suit 
the case of liquids, the arrangement of a powdc^r in the tube marking 
the positions of the nodes and antinodes in the stationary waves. 
Experiments by Dorsing § gave the velocity of sound in a number 
of liquids to an estimated accuracy of 1 per cent. In calculating 
these values Dorsing used a correction for the tube due to Korteweg.|| 
This method was improved by Busse ^ and applied to fifteen organic 
iquids; the same correction formula was applied but possible errors 
were minimized by the use of much thicker tubes. 

The case of air-free distilled water was studied in some detail by 
Pooler ** using the stationary waves in a vertical steel tube, the source 
of the vibrations being a diaphragm maintained electromagnetically. 
The reaction of the vibrating liquid column on the diaphragm was 
reduced to a minimum by arranging the height of the colunan for 
resonance. 

The correction formulae of Korteweg, Lamb and Gronwall |f were 
tried and the two former discarded in favour of the last named. After 
trying four different diaphragms and three different tubes, Pooler 
arrived at the value Cq = 1485-4 ± 2-3 metres/sec. as the velocity of 
sound in air-free distilled water at 25° C. 

Since the adiabatic bulk modulus K is related to the velocity 


• Proc. Manchester Phil. Soc.^ Vol. 42, No. 9 (1898). 

fyourn. de Phys., Vol. 5, p. 377 (1924)* tyaurn. de Phys., Vol. 7, p. 347 (1926), 
§ Ann. d. Physik, Vol. 25, p. 227 (1908). |{ Wied. Ann.y Vol. 5, p. 525 (1878). 

Q Ann. d. Physik, Vol. 75, p. 657 (1924). •• Phys. Rev., Vol. 35, p. 832 (1930). 

tt Phys. Rev., Vol. 30, p. 71 (1927), 
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and to the density pQ by the relation K = we can calculate K 
and hence the compressibility C. For 25^ C. we find that 

K = 2-2000 X 10^®dynes/cm.*, 

C = 4*5455 X 10“^^ cm.^/dyne. 


The experiments were extended to the case of water at different 
temperatures up to about 70° C., and the accompanying graph (fig. 10.13) 
shows the variation of velo- 


city, bulk modulus and com- 
pressi})ility throughout this 
range. 

Experiments on salt solu- 
tions indicated an increase in 
velocity of 1 metre/sec. per 
0*1 per cent salinity, so that 
a solution as strong as sea 
water would give 1520 
metres/sec. at 26°, a value 
which agrees quite well with 
the long-range experiments of 
§ 12, p. 267. 

15 Supersonic Waves in 
Liquids. 

Just as with gases, so with 
liquids, the discovery of the 
piezo - electric properties of 
quartz opened up an entirely 
new range of wave-lengths. 
The stationary-wave method 
was applied by Boyle and 
others to a determination of 



the velocity of supersonic f»?. lo is 

waves in water. A quartz 

oscillator was used to produce a horizontal train of waves which 
was reflected from a vertical plate. The resulting stationary waves 
produced dust figures which could be measured. In a paper pub- 
lished in 1925 Boyle and Taylor * obtained results which suggested 
a slight increase of velocity with frequency. The increase, however, 
was so small as to be just on the limits of experimental error and in 
a further paper f a more careful series of experiments with frequencies 
ranging from 45,000 to 670,000 indicated that both for water and 


• Tram. Roy. Soc. Canada^ Vol. 19, p. 197 (1925), 
f Trans. Roy. Soc. Canada^ Vol. 21, p. 79 (1927). 
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for castor oil the velocity is independent of frequency. The actual 
values found for the velocity in water varied between 1*480 X 10® 
cm./sec. and 1*495 X 10® cm./sec., the measurements being made at 
18*5° C. 

A high-precision instrument known as the supersonic inter- 
ferometer has been developed, by which the wave-length for liquids 

of which only a small quantity is available 
may be determined with great accuracy. 
The instrument is described in a paper by 
Hubbard and Loomis * and the principle is 
that employed by Pierce in his experiments 
on the velocity of sound in gases. The 
reflected waves react on the piezo-quartz 
source, and the variation of one of the 
quantities in the electrical circuit of the 
quartz or its associated circuit is measured 
and goes through a cycle of values as the 
reflecting surface is moved through half a 
wave-length. The instrument is shown in 
fig. 10.14. 

Q is the quartz plate with electrodes on its two 
faces. The dimensions of the plate are large com- 
pared with the wave-length in the liquid. The 
electrode B is connected to the oscillating system, 
while the electrode A, the cell C and the piston 
P are all earthed. The piston P is moved by a 
micrometer screw, the piston rod being of invar 
so as to eliminate the effect of an uneven distri- 
Fig. 10.14.— Supersonic bution of temperature when determinations at 
interferometer temperatures other than atmospheric are being 

made. The results were shown to be independent 
of the materials or dimensions of the cell and the necessity for troublesome 
corrections was thus avoided. 

Measurements were made in mercury and in sodium chloride solutions 
at various temperatures, with the following results: 

Mercury 

Temperature 20*0® C.; X/2 = 0*16582 cm. 

Frequency = 437,600 cycles/sec. 
c — 1451*3 metres/sec. 




Phil. Mag,y Vol. 5, p. 1177 (1928). 
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Sodium Chloride Solutions 


Temperature 

•’’filer' 

metres/sec. 

a. 49 ^ereen. 
metres /sec. 

4 81 per cent 
NaCl 

metres/scc. 

10 

1460 

1483 


20 

1492 

1515 

1642 

30 

1617 

1538 

1565 

40 

1638 

1556 

1583 

14 - 

5 ^p^^ cent 

25-35 per cent 

NaCl 

Temperature 

metres/sec. 

Temperature 

metres /sec. 

13 8 

1644.1 

8-25 

1780-2 

17(i 

1650-9 

15* * * § 8 

1786-0 

220 

1658-5 

22-05 

1789-3 

26-7 

1665-6 

31-8 

1792-9 

29-2 

1669-4 

31-95 

1792-9 


The values obtained are considered to have sufficient accuracy to 
justify their use in calculating accurate values of the compressibility of 
the liquids tested ; with this in view a series of experiments was made 
on organic liquids by Freyer, Hubbard and Andrews.* For this purpose 
the design of the interferometer was elaborated, although the principle 
was not modified. Settings of the piston could be made to 0*002 mm. 
The experiments cover a wide range of organic liquids and the results 
for the compressibilities are compared with the values obtained by 
direct measurement by other investigators. 

Improvements in design with resulting gain in accuracy have been 
introduced by Randall f and by Quirk.J Randall has made measure- 
ments with his interferometer on supersonic velocities in solutions of 
sugar and in pure distilled air-free water at temperatures between 
0^ C. and 86° C. The values are used to calculate compressibilities, 
and in the case of distilled water these are compared with the results 
of direct measurement. An attempt was also made to determine the 
compressibilities of solid particles in suspension by comparing the 
velocity in the pure liquid with that in the suspension. The results 
obtained were inconclusive, but indicated that the method is a 
possible one. 

The interferometer method has been adapted to measurements of 
velocity in liquids at very low temperatures by van Itterbeek and 
Keesom.§ Measurements in liquid oxygen and hydrogen have been 
made by Pitt and Jackson, || with the following results: 

• Joum, Amer, Chem. Soc.y Vol. 51, p. 759 (1929)* 

t Bur. of Standards Journ. of Res. ^ Vol. 8, p. 79 (1932). 

i Rev. Sci. Jnst.y Vol. 6, p. 6 (1935). 

§ Proc, Acad. Sci. Amsterdam^ Vol. 33, p. 440 (1930); Vol. 34, pp. 204, 996 (1931)* 
^Canadian Joum. Res.y Vol. 12, p. 686 (1935). 

(f791) 
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Substance 

Oxygen (gas) . . 
Oxygen (gas) . . 
Oxygen (liquid) 
Hydrogen (gas) 
Hydrogen (liquid) 


Temp. (Kelvin Scale) 
0 ° 

— 182-9 
- 182-9 
-252-9 
-252-7 


Velocity 

315-6 metres /sec. 
177-6 
912 
357 
1127 


In tlie case of the oxygen there was a little superficial boiling only, 
but in the case of the hydrogen there was some boiling throughout the 
liquid. 

Klein and Hershberger * adapted the interferometer for use with 
Rochelle salt crystals and with magnetostrictive rods as well as with 
quartz crystals, and extended its use to measurements on very small 
quantities of liquids. Their method is analogous to the measurement 
of refractive index by the shift of the interference fringes due to the 
insertion of a layer of transparent material whose thickness is known. 
If less than about 100 c.c. of liquid are available the ordinary method 
is open to three disadvantages: (1) measurements must be made near 
the source where nodal planes are less sharply located, (2) accuracy 
is reduced owing to the fact that only a comparatively small number 
of internodal distances can be measured, (3) it may be undesirable 
that the liquid should come into contact with the reflector and the 
container. 

A small bakelite cell with parallel walls is filled with an oil previously 
investigated and immersed in the same oil between the source and the 
reflector. A series of nodal planes is then located. The cell is now 
removed, cleaned, filled with the liquid to be tested, and replaced. 
The nodal planes are, of course, shifted and the shift is determined for 
eight or ten. 

If /A = where Cq is the velocity of the waves in the oil and 
Cl that in the liquid, then the substitution of the liquid for the oil 
introduces an effective change of path as measured in oil of (/x — 'i)d/fjL, 
and this is Ax, the measured shift of the nodal planes. That is, 

__ ^ 

d- Ax 

For turpentine the following observations are given. Velocity in oil = 1-5 X 
10® cm. /sec. Thickness of layer of turpentine = 1 in. Shift of nodal planes = 
-0-115 in. 

Then H = jig = 0-897. 

Cl — 0-897 X 1*5 X 10® cm. /sec. 

= 1*34 X 10® cm./sec. 

The temperature was 21° C. 


• Phys. Rev., Vol. 6, p. 760 (1931). 
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Meantime an entirely different method of measuring wavedength 
has been developed from a suggestion of Brillouin.* According to 
Brillouin, the periodic variations in density of a liquid through which 
supersonic waves were passing should give it a “ structure ’’ which 
could be revealed by a light diffraction pattern. The suggestion was 
taken up by Debye and Sears.f 

A quartz })late with silvered (electrode) faces is immersed in a glass 
trough of rectangular cross-section filled with the liquid in which the 
supersonic waves are propagated. At right angles to the trough a slit 
and lens are arranged so that plane waves of monochromatic light 
are sent through the liquid approximately at right angles to the 



direction of propagation of the supersonic waves. After passage across 
the supersonic waves the light beam forms not a single image of the 
slit but a central image flanked by a series of diffracted images. 

The complete theory presents many difficulties and has been worked 
out mainly by Raman and Nagendra Nath,J but, as in the case of 
the diffraction of X-rays in crystals, it can be simplified by treating 
the phenomenon as due to reflection at a series of parallel planes 
represented by the loci of maximum compression. In the simplest 
case the diffraction pattern shows a central undiffracted maximum 
with two first-order diffraction maxima. 

The path difference betw^een successive reflected wave-fronts (fig. 
10.15) is 2AN = 2d sin0, where d is the separation of the compression 

* Arm. de Physique, Vol. 17, p. 88 (1922). 

t Proc. Nat, Acad. Sciences, Vol. 18, p. 409 (1932). 

t Proc, Jnd. Acad, Sci., Vol. (A) 2, pp. 406 and 413 (1935); Vol. (A) 3, pp. 75, 119, 
and 495 (1936). 
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maxima and 6 is the angle between the sound rays and the normal 
to the light rays. If 6 gives the direction of the first diffracted maximum 
then 


sin 0 = + 


2r 


(10.10) 


where A is the wave-length of the liglit and I is the wave-length of 
the sound. The fact that the layers are progressive does not affect 
the phenomenon, provided that their separation remains constant. 

The diagram of course exaggerates the size of 0, which is of the 
order of a few degrees even when I is very small indeed, i.e. for very 
high frequencies. The fact that the phenomenon is really not so simple 
as this theory would suggest is made clear by the fact that diffraction 
maxima are observed for many higher orders. These additional maxima, 
however, seem to be due to multiple passages of the light from side to 
side of the trough containing the liquid.* The differences in the inten- 
sities of the maxima are discussed by Raman and Nagendra Nath,t 
also by Extermann and Wannier J and by Extermann.§ The theory 
has been verified experimentally by Parthasarathy,|| who has also 
applied the method to the determination of the velocity of supersonic 
waves in a large number of organic liquids^ at frequencies up to 
7 X 10® cycles/sec. No dispersion was discovered up to a frequency 
of 20 X 10® cycles/sec. for sixteen liquids investigated at this higher 
frequency. 

Debye and Sears applied the method to toluene and carbon tetra- 
chloride, with the following results: 


Substance 

Toluene . . 

Carbon tetrachloride 


Frequency 

1-7 X 10« 
16-5 X 106 
1*7 X 10® 
16-5 X 10® 


Velocity 

1290 metres/sec. 
1310 metres /sec. 
920 metres/sec. 
1310 metrcs/sec. 


Lucas and Biquard ** have applied the method independently to 
estimate absorption as well as to measure velocities. 

A very interesting and useful extension of this method of observa- 
tion was described by Bar and Meyer, ft by means of which a much 
larger body of liquid can be brought under observation. Here the 
light comes not from a single illuminated slit but from a series of pin- 


• Bar, Helv. Phys. Acta, Vol, 8, p. 591 (1935). 
t Proc. Jnd. Acad. Set., Vol. 2, p. 406 (1935). 

X Helv. Phys. Acta, Vol 9, p. 520 (1936). § Nature, Vol. 138, p. 843 (1936). 

II Proc. Ind. Acad. Set., Vol. 3, pp. 442, 594 (1936); Vol. 4, p. 555 (i937)- 
<5 Proc. Ind. Acad. Sci., Vols. 2, 3, 4 (1935-7). 

•• Comptes Rendus, Vol. 194, p. 2132 (1932); Vol. 195, p. 121 (1932); Vol. 196, p. 257 
(1933); *97» P* 309 (1933); Journ. Phys. Radium, Vol. 3, p. 464 (1932)' 

tt Phys. Zeits,, Vol. 34, p. 393 (i933)* 
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holes regularly distributed over an opaque screen. The light is trans- 
mitted through the liquid in a direction at right angles to the direction 
of the sound rays and therefore parallel to the wave-fronts and, in 
the case of reflection or refraction of the sound waves, at right angles 
to the plane of reflection or refraction. The direction of the transmitted 
light is therefore perpendicular to the sound rays and parallel to the 
wave-fronts both before and after reflection, refraction or diffraction 
as the case may be. Each pinhole gives its own set of diffracted pin- 
hole images. The separation of these images gives the wave-length of 
the sound wavers; the intensity of the pattern and the number of 
diffraction spectra visible is a measure of the intensity of the sound 
waves and, perhaps most important of all, the line joining the diffrac- 
tion images gives the direction of the sound rays. The sound waves 
may be diffracted by a grating immersed in the liquid and the direction 
of the diffracted pencils determined from the distribution of the 
images in the resulting diffraction pattern of the light. By this means 
the wave-length of the sound waves can be calculated by two inde- 
pendent methods, and good agreement was obtained. Refraction of 
ultrasonic waves at the surface of separation of water and various 
other liquids was observed by Bar * using this method. Among other 
results he obtained the following values for the supersonic velocities 
at a frequency of 7*5 X 10^ and a temperature of 20° C. 

Benzene . . . . . . 1310 metres/sec. 

Toluene . . . . . . 1297 metres/sec. 

Carbon tetrachloride . . 926 metres /sec. 

Xylene . . . . . . 1345 metres /sec. 

The experimental arrangements were further improved by Bez- 
Bardili.l He first of all measured the supersonic wave-length in xylene 
for the various modes of vibration of the piezo-quartz and the corre- 
sponding values of the frequency. The velocity of the supersonic 
waves in xylene was calculated from these values as follows: 

Frequency Wave-length in mm. Velocity in metres/sec. 


1'89 X 10« 0-713 1350 

5 23 X 10« 0-255 1330 

8-52 X 10« 0-160 1360 

11-95 X 10« 0-110 1320 

18-0 X 10« 0-0732 1320 


Mean value at 20° C. 1336 

Supersonic beams were then allowed to fall on the surface of 
separation of xylene and glycerine and of xylene and water. Fig. 10.16 
is a sketch from a photograph. The incident beam (A) comes from the 
top left-hand corner. Its intensity is indicated by the fact that five dif- 


Helv, Phys. Acta^ Vol. 6, p. 570 (1933). 


t Phys. Zeits., Vol. 36, p. 20 (1935). 
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fraction images are clearly shown ; and its direction is indicated by the 
linear distribution of these images. The reflected and refracted beams 
(B and C) are clearly shown. Only three diffracted images of each pin- 
hole appear. The separation of these images is greater in xylene than 
in glycerine; hence the wave-length and therefore the velocity in xylene 
is less than in glycerine. The ratio of the wave-lengths, which is also 
the ratio of the velocities and the refractive index, is given (1) by the 
ratio of the sines of the angles of incidence and refraction, (2) by 


B 



C 


Fig. 10.16 


the ratio of the wave-lengths calculated from the separation of the 
diffracted images. The following results were obtained. 


Liquids 

Xylene / G ly cerine 
Xylene/ Water 


Frequency 

5*23 X 10« 
8-52 X 10« 
5-23 X 10« 


From Refraction Angles From Diffraction Effect 

Refr Ind n#.fr Tn/< in 

metres/sec. metres/sec. 

0-705 1895 0-702 1900 

0-703 1900 0*699 1910 

0-893 1495 0-890 1500 


Fig. 10.17 shows the diffraction of a supersonic beam (A), the undif- 
fracted beam (B), the first- and second-order transmitted maYimn (E, F) 
and the first- and second-order reflected maxima (C, D) of the sound beam 
being clearly outlined by the diffraction pattern of the transmitted light. 

Alternatively, of course, instead of observing simultaneously the 
effect of a series of beams traversing the trough at different points, 
the trough can be moved at right angles to the light beam and successive 
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observations made. This method is used by Wyss,* whose apparatus 
is shown in fig. 10.18 (p. 278). 

The trough C containing the liquid under experiment is moved by a screw 
S of pitch 1 mm. along a graduated slide, and this slide can be rotated on a turn- 
table so as to be set at any angle to the transmitted light. The light is condens^ 
by a lens L, on to five parallel slits B about 2 mm. apart, so that five separate 
diffraction patterns are produced in each position of the trough. Ihe troug 
itself is of brass and the sides of plate ghiss. The light diffraction pattern is formed 
in the focal plane of the lens L.,. The quartz Q is held in position by a spring, and 
stationary waves are produced in the liquid in the trough by reflection from the 
plate-glass reflector R. 



J) Fig. 10.17 F 


The velocities were calculated both from observation of the 
stationary wave pattern and by observation of the light diffraction 
pattern, with the following results; 

Stationary Wave Pattern Light Diffraction 

Liquid Wave-Length Velocity Wave-Length Velocity 

Benzene 0 2032 mm. 1219 metres/sec. 0-208 1250 metres/sec. 

Xylene 0-2037 mm. 1222 metrcs/scc. 0-214 1286 metres/sec. 

These values are lower than the values cited earlier and the dif- 
ferences are only partially explained by the different temperatures at 

which the observations were made. 

The supersonic sound field has been made visible both for progres- 

• Helv. Phys. Acta, Vol. 7» P- 4 o 6 (i934)* 
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sive waves and for stationary waves by Hiedemann in conjunction 
with others,* both by using stationary waves and by viewing progressive 
waves stroboscopically. The waves have been photographed, and the 
variation of velocity with distance from the source is revealed in the 
longer wave-length of the progressive waves near the quartz surface t 
(fig. 10.19). Many other applications of the method will be found in the 
papers already referred to. 




Fig. 10.18. — Apparatus for observing diffraction of light by supersonic waves 


16. Position-finding by Submarine Sound Signals. 

An accurate knowledge of the velocity of sound in sea-water and 
its variation with temperature and salinity enables submarine sound 
signals to be used in the determination of the position of a ship at sea. 
The methods in use % may be classified as (a) use of synchronous 
signals, (6) radio-acoustic sound-ranging, (c) echo-sounding and other 
methods already discussed. 

(a) Synchronous signals are largely used by commercial shipping. 
The method consists in sending out simultaneous signals travelling 
with different speeds from a known station and measuring the time 

• See papers in Zeits.f. Phys. (1934). 

t Reports on Progress in Physics, Vol. 2, p. 168 (1935). 

X Hubbard, yowm. Amer. Soc. Acoust., Vol. 4, p. 138 (1932). 
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interval between the receipt of the two signals. The two signals may 
be selected from (1) air-borne sounds, (2) water-borne sounds, (3) light 
or wireless. The most reliable combination is water-borne sound and 
wireless. Experiments * carried out by the United States Hydrographic 
Department in 1911 showed the reliability of submarine signalling 
and resulted in the establishment on the Fire Island Lightship, ofi 
New York Harbour, of a synchronized signal station emitting sub- 
marine bell-sounds and wireless dots. A ship fitted with receiving 
tanks on both sides of the bow could pick up the bell at a distance of 
over 8 miles, and by setting the ship’s course so as to receive signals 
of equal strength on the two sides could fix the bearing of the bell 





F'ig. 10.19. — Progressive waves produced by supersonic radiation in liquids 


with considerable accuracy. Determination of the time interval be- 
tween the receipt of the wireless signal and that of the submarine 
sound gives the distance from the lightship, so that the position of the 
ship is completely determined. 

(b) Radio-acoustic sound -ranging is based on exactly the same 
principles as ordinary sound-ranging. 

A development of this method was used by A. B. Wood and Browne f 
in the course of experiments carried out for the British Admiralty. 
A station was established consisting of four hydrophones laid on the 
sea bed on a 12-mile base line outside the Goodwin Sands and con- 
nected by a cable to a recording string galvanometer at St. Margaret’s 
Bay near Dover. One string of the galvanometer records the arrival 
of a wireless signal and four others are connected one to each of the 
hydrophones and so record the arrival of the submarine sound at 

• Phil. Mag,, Vol. 36, p. 7 (1918). f Proc. Phys. Soc,, Vol. 35, p. 183 ( 1923 ). 
(f 791) t 0 « 
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successive hydrophones. The spots of light from the strings are focused 
on to bromide paper, and the record is crossed by time signals marking 
tenths and hundredths of a second. In this way the time intervals 
between the receipt of the wireless signal and the arrival of the sub> 
marine sound at each hydrophone are easily read off with an accuracy 
of 4:0*01 second (+50 ft. in range) and estimated with an accuracy 
of 0*001 second (+5 ft. in range). 

If the time intervals for the four hydrophones are then 

the position of the source lies on a circle of radius ct^ with the first 
hydrophone as centre and also on a circle of radius ct^ with the sound 
hydrophone as centre. These two circles will intersect in two points, 
and through one of these will pass a circle of radius ct^ with the third 
hydrophone as centre. This fixes the position of the source, the fourth 
hydrophone being available for confirmation or in the event of failure 
of one of the others. The source of the sounds is a ship exploding a 
charge of 9 oz. of guncotton in the water and transmitting simul- 
taneously the wireless signal. The explosion can be detected by hydro- 
phones at a distance of 40 miles. The whole time involved in making 
and signalling to the ship a fix ” of her position is about seven min- 
utes. A more or less automatic variation of this method is used to fix the 
position of a surveying vessel in thick weather. A small T.N.T. bomb 
is exploded at the ship and the instant of the explosion is recorded. 
The explosive wave travels to a series of three hydrophones at shore 
positions, where the signal is picked up and transmitted through 
cables to wireless stations. Each of these stations responds auto- 
matically to the hydrophone signal by a radio signal which is received 
by the ship and recorded. A “ fix ” can thus be obtained up to a 
distance of 200 miles. These methods are equally accurate and 
reliable by day and by night, at all seasons of the year and under all 
weather conditions. 

17. Experimental Determination of Velocity of Sound in Rods. 

The first attempt to measure the velocity of sound in solids was a 
series of long-distance experiments made in 1808 by Biot. At one 
end of an iron water pipe about 950 metres in length a bell was mounted 
and struck. At the other end of the pipe two sounds were heard — 
one conveyed by the air and the other by the wall of the pipe. The 
velocity was measured by timing the receipt of the two sounds. 

The velocity of sound in a solid rod may be at once deduced if the 
length of the rod and its natural frequency of longitudinal vibration 
are known. This information was obtained with respect to a number 
of rods by Pierce in the course of his experiments on magnetostriction 
oscillators as standards of frequency (see § 8, p. 323). In particular, 
observations were made on rods of the alloys stoic metal (36 per cent 
nickel, 64 per cent iron) and nichrome. It was found that the product 
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of the frequency and the length is constant to the degree of accuracy 
with which the length is measured. This constant when doubled 
gives the velocity of the vibrations in the rod. The results obtained 
were : 

Material Diameter Temperature Velocity 

Stoic; metal 0-79 cm. 20 ° C. 4160 ± 2 metres /sec. 

Ni chrome 0-96 cm. 23° C. 4981 metres /sec. 

From the calculated value of the velocity and the measured value 
of the density it is possible to calculate Yoimg’s modulus q for the 
material from the relation c — V^qjp. In the paper which has already 
been referred to Pierce gives the results for iron, nickel, nickel-iron 
of different percentages and chrome-iron of different percentages and 
many other alloys. The results for a few of these are shown below: 


Material 

Velocity 

Mctres/sec. 

gm.fcm.’ 

q X l(r‘* 
dyne/cm.* 

Temp, coeff. of 
elasticity X 10* 

Iron 

5074 

7*688 

19*79 

-354 

Nic>kel 

4937 

8*803 

21*46 

-276 

Niebrome 

4981 

8*269 

20*52 

-226 

Stainless steel 

6430 

7*720 

22*76 

-282 


In some cases alloys show a minimum value for the velocity at a 
particular composition (e.g. nickel-iron for 40 per cent of nickel). 

The relation c~ Vqlp is in any case only an approximate one. 
Rayleigh * called attention to the fact that the vibrations are attended 
with thermal effects, one result of which is to increase the effective 
value of q beyond that obtained from the statical method. A more 
exact treatment giving good agreement even at supersonic frequencies 
has been developed by Giebe and Blechschmidt.f Rayleigh also J 
estimated the correction required for the lateral motion of the parts 
of the rod not situated in the axis, Quimby § determined the correction 
for internal friction, which he found to be small. 

18. Experimental Determination of Velocity of Sound in Plates. 

The velocity of waves in a plate was determined for supersonic 
waves by A. B. Wood and Smith || using a method depending on Chladni 
sand patterns. A horizontal sheet of the material is sprinkled with 
sand and touched at a suitable point by a nickel rod excited by 
magnetostriction. With a suitable choice of the point of excitation, 
the nodal lines are found to be parallel to the edge of the plate and 
are formed by the direct transverse waves crossing those reflected from 
the edge. The velocity of the transverse waves is deduced from the 

• Theory of Sound, Vol. i, § 151. f Ann, d, Phys. Vol, 18, pp. 417, 458 (1933). 

X Loc. cit., § 157. § Phys. Rev,, Vol. 25, p. 558 (1925)- 

II Proc. Phys, Soc., Vol. 47 , p. 149 ( 1935 ). 
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distance between the nodal lines and the known frequency of vibration, 
and the velocity of the longitudinal waves is deduced from that of the 
transverse waves through a relationship established by Lamb.* 

From the relationship 


c 


(1 + 
kK 




where c is the velocity of longitudinal waves, the velocity of flexural 
waves, ifc = 27r/A, and K is the radius of gyration of the cross-section, 
the relationship 


c ™ 


Cf A\/3 


where t is the thickness, is obtained, when JcK is small. The following 
are some of the values obtained: 


Sheet Material 


Transverse Waves 
cm. /sec. 


\’clo(ity 

Longitudinal Waves 
cm. /sec. 


Brass . . 
Iron 

Aluminium 

Ebonite 

Celluloid 


17-4 X 103 
47-5 X 103 
42-0 X 103 

20- 2 X 103 

21- 5 X 103 


3-82 X 103 
5*40 X 103 
6*05 X 103 
1-73 X 103 
1-79 X 103 


The velocities of longitudinal waves in a rod, a plate and an infinite 
solid respectively are in the ratio 



j-v'i 


1 


(1 + cr)(l-2a) 


). 


where a is Poisson’s ratio. 


19. Velocity of Supersonic Waves in Solids. 

The supersonic interferometer was applied by Klein and Hersch- 
berger f to the determination of the velocity in solids. The positions 
of the nodal and antinodal planes in oil are first acctirately located. 
A plane parallel slab is then immersed in the sound beam without 
change of frequency or temperature. The positions of the nodal and 
antinodal planes are shifted and this shift is accurately measured. 

.r __ Velocity of sound in solid 

^ ^ Velocity of sound in liquid’ 


d is the actual thickness of slab immersed, and Acr the shift of planes, 
Ao: = (p, — 


or 


__d 

^ d — Aa:* 


• Dynamical Theory of Sound, p. 123. f Phys. Rev,, Vol, 6, p. 760 (1931). 
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In an actual experiment d ~ 0-412 in., b^x ~ 0-161 in., p = (0-412/0-251) 
= 1-64. 

Velocity in oil = 1-50 X 10^ cm. /sec. (known), 

/. Velocity in solid (bakelite) — 1-64 x 1-50 X 10® 

— 2*46 X 10® cm. /sec. 

Where the product of velocity and density for the solid is very 
different from that for the liquid, reflection is copious and the method 
is difficult to apply. In this case the degree of transmission or reflection 


B 












A 


Fig. 10.20 


is measured with a beam of variable frequency and hence of variable 
wave-length, and advantage is taken of the fact that the ratio of the 
transmitted intensity and the incident intensity is a maximum when 
the thickness of the slab is an integral number of half w'ave- lengths 
(see § 8, p. 206). Bez-Bardili * has applied the method of Bar and 
Meyer f to the transmission of supersonic waves through solids, and 
has traced the beam of waves transmitted by a prism immersed in 
xylene. Fig. 10.20 shows the transmission of a beam of ultrasonic 
waves by a prism of aluminium. The directions and relative intensities 
of the incident wave (A) and refracted wave (B) are clearly shown by 
the light diffraction pattern. By measurement of the angles Bez-Bardili 


♦ Phys. Zeits., Vol. 36, p. 20 (1935); Z.f. Phys., Vol. 96, p. 761 (1935)- 
t Phys. Zeits., Vol. 34, p, 393 (i933)- 
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found these values for the velocity of supersonic waves in solids. 





Supersonic Velocity Vel. for 



Refractive 

at 20 ° C 

Audio-frequencies 

Material 

Frequency 

Index 

metres/sec. metres/sec. 

Aluminium 

6-23 X 10» 

0*227 

5880] 



8-52 X 10« 

0*217 

6150 1 

5000 


18 00 X 10» 

0*211 

6330 J 


Copper 

5-23 X 10* 

0-307 

4350 ] 

1 3000 

8-52 X 10® 

0*310 

4310 j 


Iron 

8-52 X 10® 

0*246 

5430 

5100 

Nickel 

11-95 X 10® 

0*180 

7420 

4900 

Glass 

11-95 X 10® 

0*332 

4020 

5000 


Fig. 10.21 shows the transmission through a plate (A incident 
beam, B reflected beam, C transmitted beam). Obviously, since the 
velocity of the supersonic waves in the material is greater than that 



Fig. 10.21 


in the xylene in which the plate is immersed, it is possible by rotating 
the plate to find the position of total reflection and to determine the 
velocity of the waves in the solid from the refractive index calculated 
as in the case of Wollaston’s method for light. 

A very beautiful and interesting extension of the method has 
been used by Schaefer and Bergmann.* In these experiments a trans- 
parent solid, e.g. a cube of glass, is made to transmit simultaneously 
three sets of supersonic waves of the same period parallel to the three 

• Sec various papers in Sitz.-Ber. BerL Akad., 1934, 1935, 1936. and also Bergmann, 
Ultrasonics ^ pp. 164-186. 
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directions of the edges of the cube. This forms a three-dimensional 
grating, and when light is transmitted the resulting diffraction pattern 
is very well defined. It consists (fig. 10.22) of two concentric circles 
each made up of a number of sharp in- 
dividual interference points. The theory 
has been given by Ludloff.* According 
to this theory the inner circle is formed 
by diffraction of the light by an elastic 
space grating generated by the longi- 
tudinal waves, while the outer circle is 
similarly related to the transverse or 
shear waves for which the velocity is 
given by == V'^IPi where n is the 
rigidity modulus. 

Let A be the wave-length of light, A/ 
the wave-length of longitudinal elastic 

waves, A/ the wave-length of transverse elastic waves, r^, the radii 
of the two circles, d the distance from cube to screen. 


* • # » « 


Fig. 10.22 


Then 


Xd Xd 

Xr A/* 


If Cl, Cl are the velocities of the waves, we have 

c.~K=^. 


But (p. 74) 


and 


Cl 




1 


p*(l + a)(l-2c7)^ 


where n is the rigidity modulus, and Poisson’s ratio o—(q — 2n)l2n 
(from elastic theory). 

That is, the elastic constants q, n, a and also the bulk modulus K 
are all determined by one set of simultaneous observations. 

The method, of course, can be applied to the case of an anisotropic 
solid. Here the resulting diffraction patterns are more complicated, 
but they can be interpreted in terms of the theory of Ludloff (loc. cit.). 
The patterns for quartz (upper series) and calcspar (lower series) are 

• Sitz.^Ber. BerL Akad., p. 248 (1936). 
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shown in fig. 10.23. The direction of transmission of the light is parallel 
to the optic axis and the two electric axes for the quartz, with analogous 
directions for the calcspar. Bergmann (loc. cit.) gives the following 




table of the results for the nine elastic constants for barytes compared 
with the measurements of Voigt. 

Table VII 

Comparison of Elastic Constants detcrmiiUMl from Literf(‘r('nce 
Curves for Barytes with Values measured by Voigt 



Measured from Interference 
Curves 

Measured by Voigt 

Cll 

9 0 X 10« 

9-0 X lO® 

^22 

7-96 

8-0 

^33 

10-58 

10-7 

C 44 

M9 

1-2 

^66 

2-85 

2-9 

^66 

2-60 

2-8 

C 12 

4-86 

4-6 

^13 

2-74 

2-7 

<^23 

2-95 

2-7 


It will be seen that the agreement is good, and when it is remembered 
that the measurements from the difEraction patterns are made from 
three photographs, while Voigt’s results depend on some 15,000 measure- 
ments on various samples, the possibilities of the newer method are 
sufficiently obvious. 





CHAPTER XI 


Intensity of Sound 

1. Kinetic Energy of Plane Progressive Sine Waves. 

Taking the equation to the wave as 

^ = a sin(6u^ — kx) 

we have for the velocity of the layer at a distance x from the origin 
and at time t the expression 

V = = coa cos {a)t — kx). 

The kinetic energy dT of this layer per unit area is Ip^dx.^. 
The kinetic energy of a tube of length A is therefore given by 

f ^dx 

*'0 

= /* oj^d^ cos^{o)t — kx)dx 

‘^0 

„ , 1 + 

But / cos2(cd^ — kx)dx = 0 

•'0 

/. = . . . ( 11 . 1 ) 

Since the volume involved is A, the mass is pyA; and the maximum 
velocity f is cua. Hence 

( 11 . 2 ) 

that is, half the kinetic energy of the whole mass moving with the 
maximum particle- velocity. 
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Since to = 27r/T = ^ircjX — he, we have, from (II. 1), 

. . . 

mean kinetic energy per unit volume 


A 




(II.3) 


(11.4) 


2. Potential Energy of Plane Progressive Sine Waves. 

It has been stated (p. 20) that the energy of progressive waves is 
equally divided between the kinetic and potential forms, but we can 
easily obtain directly an expression for the potential energy which 
verhies this relation. 

Since K — pis, the excess of pressure p — Ks ~ yP^s, where Pq 
is the static pressure. The potential energy of a layer of the medium is 
the work done in bringing it adiabatically to normal pressure. On 
compression unit volume becomes (1 — s). 

Calling the potential energy U per unit volume, we have 

fpds 

•'o 

= fKsds 

•^0 

= i/vV or ^yPo6*2; (11.5) 

but 

Po 

( 11 . 6 ) 

If we consider the layer to have unit cross section perpendicular to 
the direction of propagation and thickness dx, the potential energy 
of a tube of the medium of length A is given by 




But s — 


li: 

dx 


ha cos(a»^ — hx) 


/. Pa == \P(f^ f h^cL^ cos2(a>f — hx)dx 
•'0 


k^Xa^pQC^ 

4 

• See p. $6. 


3’v . (11.7) 



ENERGY OF PLANE WAVES 


/. Energy in length A, 1^+ 

^tt^o^PqC^ 

A 


/. Mean energy-density E = ^pof^ 

3. Total Energy of Plane Progressive Sine Waves. 

This may be calculated directly by considering the work done by 
a piston of unit cross-sectional area in generating the waves. 

Let a sin(co^ — kx), and let the position of the piston be a: = 0. 
The excess of pressure on the piston = £"« = -— o 
= yPoka cos cut. 

The displacement oi the piston during time dt 
— dt = a}a co^ojtdt. 


KdtJ^^o 


Then dE, the work done in an element of displacement 
= Ksd^ — yPokcoa^ cos^ cut dt. 

The work done per period is therefore given by 

E;^ = yPQkcua^ j cos^ cut dt 
‘'0 

= \yPJccua^T. 

Putting yPo “ have 

U,-,. . . . 


( 11 . 10 ) 


hence the intensity 7, or the energy flux per unit area normal to 


... . E^ 27r2aV3 # 

direction of propagation, is ^ 

We also note that 7 = cE. 


( 11 . 11 ) 


That all the work done by the piston in one period should after- 
wards be contained in one wave-length of the medium may seem to 
be obvious, but it is not always true. It is a consequence of the fact 
that in the propagation of sound waves there is no dispersion, all wave- 

• Where T is the period. 
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lengths travelling with the snme speed. In the propagation of waves 
where dispersion is a factor there is a distinction between the wave 
velocity for a particular wave-length and the group velocity, and it 
is this latter velocity that determines the velocity with which the 
energy is propagated. 

It is important to notice that the equipartition of energy between 
the kinetic and potential forms is only true when £ = cs, and this is 
true only for plane waves or for diverging waves considered at some 
distance from the source. 

V P 

Since, for adiabatic changes, — = ® where v is the excess 

dp p 

pressure, we have approximately 

P = c*'(p po)* 


But 


or 



/. j) = cpqV, 


V = 


JL 

^Po 


( 11 . 12 ) 


We may denote cp^ by R and call it the characteristic impedance 
of the medium (pp. 104, 148). We then have a formal analogy with 
Ohm’s law, in which v is analogous to current, p to electromotive 
force, and R to resistance. 

We have already seen that the mean energy-density may be written 
in the form 

where ^ is the amplitude of the particle-velocity v. 

Since the mean power transmitted across unit area is the energy 
transmitted per imit area per second, we have 

Soimd intensity / = Sound energy flux — Ip^f^c 

= IRP (11.13) 

If for f the maximum particle-velocity we substitute V the root 
mean square value, then F=^^/y'2, and I==RV^—P^/R, from 
(11.12), where P is the R.M.S. pressure amplitude. 


4. Transmission of Power by Plane Waves. 

From the expression just obtained we see that the power trans- 
mitted varies directly as the square of the pressure amplitude if the 
medium is the same or has the same characteristic impedance, and 
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that for different media it varies inversely as the characteristic im- 
pedance for the same pressure amplitude. 

For air at 20° C. we have C2o» = 34,300 cm./sec., p 2 o° = 1‘2 X 10”® 
gm./c.c., Ra = 41-2. 

For water, c = 147,000 cm./sec., p=\, R^= 147,000. 

Therefore in order to convey the same power in these two media 
the pressure amplitudes will be in the ratio 


P. 

Pa 




60. 


Since I = P^JR ergs per sec. per cm.^, for air 

p2 10 ® . 

/ = X microwatts /cm. ^ 

p2 

“ 412 


6. Cavitation in Sound Waves. 

In the study of stationary ultrasonic waves it has been noticed that 
if the intensity is large the planes defining the pressure antiuodes are 
marked by the separation of streams of bubbles. These are due to 
the escape of dissolved gases at the instant of low pressure. It is 
obvious that a limit may be set to the energy which can be transmitted 
by longitudinal waves in a fluid when the pressure amplitude is equal 
to the equilibrium static pressure. Any greater pressure amplitude 
than this would involve at the instant of the minimum a negative 
pressure. Attention has been drawn to this point by Boyle.* 

If P is the R.M.S. pressure amplitude, P == y/\RI), If P^ is the 
static pressure, 

Po^PV2 or ^/{2RI), 


That is, if is the maximum value for power transmission, 


P 2 
2P’ 


depends only on the static pressure and on the properties of the 
medium and not at all on the frequency. 


Proc. and Trans, Roy. Soc. Canada^ Vol. i6, p. 157 (19221. 
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For air at standard pressure and temperature 20° C. we have 
R == 41-2, Po 10« dynes/cm.2 
1012 

== ^r;^. = 1-2 X 10^° erg. sec./cm.® = T2 kilowatts/cm. ^ 

Oli'4: 


Now 

and 


V ^ coa “ 27 Tfa 

R 7r 

1 p 

maximum fa~^ - ® = 3*86 X 
'' 2tt 7? 


103. 


From this we see that for audible frequencies the amplitudes 
required to give a cavitation breakdown in transmission are impossibly 
large. 

Frequency Amplitude 

Lowest audible tone 26 148 cm. 

Highest audible tone 26,000 0-15 cm. 


The case of transmission of sound in sea-water is of special interest. 
Here we have R — 1*50 X lO*’' (about), 

Pq = Pa + pgdy 

where is the atmospheric pressure = 10® dynes/cm.^, d the depth 
below surface, and p the density = 1-02 gm./c.c. 

Inserting these figures in our expression w'e find the following results: 


d (metres) 

Fo(ciyne/sq. cm.) 

/ni(watt/sq. cm.) 

0 

10 X 10« 

0-33 

10 

(1-0 -j- 1*00) X io» 

]'33 

100 

(1-0 -f 10-0) X 10® 

40-3 


The corresponding amplitudes are given as before by the expression 


maximum fa = 


Ip 

2nR' 


d (metres) 

fa 

/ 

a (cm.) 

0 

103 

26 

•039 



26,000 

•000039 

10 

2.06 

26 

•079 



26,000 

•000079 

100 

11-3 

26 

•44 

i 


26,000 

•00044 
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These figures suggest that waves in water might in practice be 
limited by this factor. In a later paper * Boyle and Taylor introduce a 
correction for the vapour pressure of the liquid in order to account for 
the fact that cavitation sets in at a lower value of Pq than the formula 
suggests. This gives 



where is the vapour pressure of the liquid. 

6. Energy of Spherical Simple Harmonic Waves. 


Let us assume that the diverging waves come from a pulsating sphere 
of radius Vq and are given by the second term of equation 2.37, 





-r) 

(11.14) 

where / (at - 

- r) has 

the value cos k(et - 

- r), so that 




: y cosh{ct — r) ™ 

A' 

^ cos (cot ■— kr). 

(11.15) 

Then 






1 

il 

A'k . . ^ 7 N 

sin [cot — kr) 

r 

A' 

+ -^2 cos(a>^ — kr). 

(11.16) 


The total flux of fluid through the surface of a sphere of radius r 
is therefore 

4:7Tr^v == —iTTkA'r sin(a>^ — hr) + iirA' cos(ajt — hr), . (11.17) 

Now at the surface of the sphere let the particle- velocity be 
™ Vq cos cot. Then the total flux of the fluid at the surface of the sphere 
is 

4:7rrQ% cosco^ = A cos cot, 

where we write A for irrrQ^VQ. This must also be the value of the 
previous expression for inr^v when we put r = = 0. 

A coscot = 4:7tA' cos cot y 

A = inA', 

Now A is the maximum flux of fluid at the source. This quantity 
is called the strength of the source and we may now insert it in the 
value for ^ and obtain 

^ = A cosM - hr) (11.18) 

47rf 

• Phys. Rev., Vol. 27, p. 518 (1926). 
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This of course applies only to a small source, i.e. one whose dimen- 
sions are small compared with the wave-length. 


Then v = — 


dr 

Also (p. 60) 

We therefore have 


sin(cu^ — Jcr) + cos{(x)t — Icr). (11.19) 


sin(a>< — kr). 


( 11 . 20 ) 


pcjjkA^ • 2/ ^ 7 \ sin 2 (a>^ — At) 

= + ic.,v ™ - fev 2 




hr) — . - sin 2(07^ Z?/*)]. 

kr 


Therefore the rate of w’orking, ^nr^pv 

= pojkA^JSTT [1 — cos2(a>^. — kr) — 1/Z:r sin2((o/. — Zr)], 

so that the work done per period is 


— cos2(a;/. — kr) — — sin2(a)^ — kr)](U 


pcokTA^ 

Stt 


pkA^ 
4 '■ 


( 11 . 21 ) 


But the intensity at the surface of a sphere of radius r large com- 
pared with A is given by the work done per square centimetre per 
second, 

• 7- n]99) 

• 4T.W"8AV ^ 

Now K = c^p, and s — vjc, 

\Ks^ = 

and if S is the maximum value of condensation, 

= E, the energy-density, 

where f, as before, is the amplitude of the particle-velocity. But 
when r is large, only the first term in the expression for v is effective : 

Ah 

■ 477r 


f 


and 


pA^h^_ pA^ 

327rV 8AV’ 
Ec = Z, by (11.22). 


. (11.23) 
. (11.24) 


so that 
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Also P=KS 

. _ (kS)^ _ 

2K 2K’ * ' 

" ~ 2 pc~ 2R R’ 

as before, where R is the characteristic impedance. 

For a sphere of radius r not large compared wuth A we have 

Energy-density (kinetic) = IpV^ = 11-16. 

Energy -density (potential) — 


. . (11.25) 
. , (11.26) 


since 


K 


c^p and s = ^/c®. 

^ Ip'" + - 1^(} + 


But 


A^pc 

8AM’ 


from 11.22, 


pA^k^ 

327tM 



. . (11.27) 


instead of E = Ijc. The abnormally large energy-density at small 
distances was referred to in § 11, p. 69. 


7. Measurement of Intensity. 

The intensity of a sound wave is defined (p. 289) as the average rate 
of flow^ of energy per unit area normal to the direction of propagation. 
It is thus the power transmission per unit area (/), and for plane waves 
is the mean energy-density multiplied by the velocity of sound (cE), 
Its measurement in absolute units presents considerable difiB.culties, 
and it is only recently that these have been overcome. The methods 
adopted depend for the most part on the measurement at a point in 
the medium of some characteristic of the wave (e.g. velocity amplitude 
or pressure amplitude). This at once presents the difficulty that the 
introduction of a measuring instrument alters the very characteristics 
which it is intended to measure. These will only be unaffected if the 
instrument is small compared with the wave-length of the sound in 
question. If it is large the pressure fluctuations will be doubled. This 
difficulty is met in an ingenious way by S. Ballantine,* whose receiver 

• Phys. Rev,f Vol. 3a, p. 988 (1928). 
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is mounted as part of a solid sphere at the point most remote fron) 
the source of sound. Rayleigh’s treatment of the dilfraction due to 
a sphere * enables us to calculate the exact ratio of the intensities in 
front of and behind the sphere. Attempts have also been made tc 
reduce the size of the recording instruments, and condenser micro- 
phones have been designed by Hall f and Sacerdote % to measure 
pressure variations without disturbance of the sound field. That of 
Sacerdote has a diaphragm of aluminium only 0-8 cm. in diameter and 
about cm. in thickness. It responds to supersonic frequencies up 
to about 60,000 cycles/sccond. 

Another difficulty is due to the very small magnitude of the quantity 
to be measured. The power radiated as sound from an orchestra in a 
fortissimo passage may rise to 70 watts, whereas in the softest jiassagcs 
it may fall to the power of human speech or less, i,c. to the order of 
10 microwatts. The threshold value for intensity is about 10"^^ micro- 
watts/sq. cm., while the intensity of the sound due to a full orchestra 
may rise to about 1 micro watt/sq. cm., a difference in level of 100 
decibels (p. 465). 


8 . Rayleigh’s Method of Measuring the Intensity of the Just Audible Sound 

This method is indirect and depends on the measurement of the 
energy used by the source and of the distance at which the sound is 
just audible. The experiment was carried out § on a still day with a 
whistle of frequency 27^10 as source. The whistle was placed at the 
centre of a lawn and was blown with air at a pressure of 9i cm. of 
water, using a volume of 196 c.c. of air per sec. The average distance 
of audibility was 820 metres. The energy expended per second X 
981 X 196 = 1-8 X 10® erg/sec. This energy flows out across a hemi- 
sphere of radius 820 metres. 


Then 


. 1-8 X 10® .o. ^ in 5 2/ 

.. I =- = 4-26 X 10--® erg per cm.^/sec. 


277 ( 82 , 000)2 


y R 


4-26 X 10 ® microwatts/cm.® 
1-44 X 10“® cm./sec., 


^ = 4-2 X 10“®, 

c 

f 


and P = VRI = 4*2 X lO"^ dyne/cm.^, 

where P is the R.M.S. pressure amplitude. 


* Phil. Trans., A, Vol. 203, p. 87 (1904). ^Journ. Amer. Soc. Acoust. Vol. 4, p, 83 (1932). 
t Alta Frequenza, Vol. 2, p. 516 (i933)- § Proc. Roy. Soc., Vol, 26, p. 248 (1877). 
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It is of course obvious that, small as these values are, they are all 
upper limits. The calculation depends on the assumption that all the 
energy put into the whistle is radiated as sound. This is obviously not 
the case, and, as we shall see later, the values for these quantities 
obtained by more accurate methods are even smaller than those given 
by Rayleigh, in spite of the fact that his value for the amplitude is 
com})arable with the diameter of a molecule and his value for the 
R.M.S. pressure anq)litude about one twenty-millionth of an atmo- 
sphere. 


9. Optical Measurement of Density Amplitude. 

This method is a direct one, and the only serious limitation to its 
use is its lack of sensitiveness. The relationship between refractive 
index and dinsity may be expressed by the equation 

— 1 ^ 

P Po 

where /x, /lxq are the refractive indices corresponding to the densities 
p, py. If the air in a path of length I changes its refractive index from 
[Xq to jx, the equivalent change in path is (/x — ixq)L 


But fl — fig = {fig 

Po 

Therefore if e is the fringe shift produced in an interferometer, 

eA (/X — flQ)l = l(fig — 1) 

Po 

Xow pQ= A p^, where A is a constant and Pq is the total pressure; 
dp dp 

• • A ~ y -• 

^0 Po 


/. C 


ip-0 — 1) 


dp 

yPo 


11 P is the pressure amplitude in the wave then we may write 

(flQ 1)1 


If the accuracy of the arrangement is such that a shift of of a fringe 
width may be measured, we may put y-~ 1*4, Pq=^ 10® dynes/cm. 2 , 
A = 6 X l0~^ cm., /Xq — 1 “ 3 X IQ*’*, Z= 10 cm., and cal- 

culation gives P ~ 7 X 10^ dynes/cm,^ 

This corresponds to a very loud sound. The method was first used 
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by Topler and Boltzmann* to determine the pressure amplitude in 
a sounding organ pipe, the arrangement of the apparatus being shown 
in fig. 11.1. One beam passes through the pipe and one through the air 
outside. The movement of the interference fringes was slowed down 
by a stroboscopic method of observation. The same principle was used 
by Raps,t the moving fringes being photographed on a revolving 
cylinder and the interferometer being calibrated by a statical com- 



pression of the air in the pipe. The great advantage of this method is 
that it involves no interference with the motion of the air transmitting 
the waves. 


10. Measurement of the Static Pressure due to Sound Waves. 


This method was first applied to sound waves in air by Altberg.J 
The disc of a torsion pendulum was arranged so as to close a hole in a 
surface exposed to the waves. The torsion head was then rotated so 
as to bring the disc once more into the plane of the surface. 

Let k be the coefficient of torsion of the wire, r the length of arm 
of the disc, Pq the static pressure, S the area of the disc, d the angle 
of twist, y the ratio of specific heats. Then 



Also if E is the energy-density of incident waves and these are 
totally reflected, the energy-density in front of the vane is 2E and 
Pq = E(l + y), from § 7, p. 154. 

Further, 1 cE - (11.28) 

t -r y 

• Ann, d, Physik, Vol. 141, p. 321 (1870). Ann, d. Physik, Vol. 34, p. 131 (iQio)* 
t Ann. d. Physik, Vol. ii, p. 405 (1903)- 
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Altberg worked with a sound giving Pq = 2-4 X 10"^ d 3 rne/cm.^ 
The method has been extensively used for the measurement of the 
intensity of supersonic waves both in gases and in liquids. Abello * 
used a mica vane 1-6 cm. square suspended by a quartz fibre 15 cm. 
long and 0*002 cm. in diameter. The angle of torsion was of the order 
of 50°. Assuming the arm r, the length of which is not given, to 
be 5 cm. and taking 0 to be 1 radian, we can calculate I, We have 


For quartz 

Then 


and 


n — 3 X 10^^ dynes/cm.^, 
k = 3*14 X 10-2. 

j __ ck6 
” Sr{\ + y) 

= 39 ergs per sec. per cm . 2 
= 3*9 microwatts/cm.2, 

P = \/RI == 40*1 dynes/cm . 2 


(11.29) 


This would represent a very loud sound if the same power were 
transmitted at audible frequency. 

A similar arrangement is in use for measuring the intensity of super- 
sonic waves in liquids. In this case we have y = 1, P = 2E, and 


cP_ ckd 
"2 “ 2>Sr' 


(11.30) 


The method has been applied by Boyle, Lehmann and Reid,f 
using two different types of torsion pendulum. 

One of these consists of two 
solid lead discs, 1-2 cm. in dia- 
meter and 1-2 mm. in thickness, 
fixed to the end of the torsion wire 
as in fig. 11.2, the plane of one 
being vertical and that of the other 
horizontal. The ultrasonic beam 
is directed on to the vertical disc, 
and a correction applied for the 
pressure on the edge of the hori- 
zontal disc. In the second type a 
single vane is used, consisting of a 
hollow capsule formed of mica 
discs fixed to opposite sides of a 
thin brass or aluminium ring. The vane is adjusted to have a mean density of 
about unity, and it is attached by its edge to the suspending wire, which is fixed 

• Proc. Nat. Acad. Sci.f Vol. 13, p. 699 (1927). 
t Proc. and Tram. Roy. Soc. Canada, Vol. 19 (3), p. 167 (1925). 
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above and below and subjected to a tension which can be varicid. The arrange- 
ments were used mainly for comparative measurements. Since JS — and 
r — a, i = ck^l2Tca^. 


These workers applied the method to the survey of the distribution 
of energy in a high-frequency diffraction beam. Tlie theoretical formula 
for the distribution of energy between the central and subsidiary 
maxima can be tested and measurements can be made much closer 
to the source, relatively to wave-length, than is possible in the case of 
beams of light. Thus, working at a frequency of 135,000 in water, 
we have 


1*5 X 10^ 
1-35 X 1(> 


1*11 cm. 


If the beam is examined at a distance of 200 cm. from the source, 
the corresponding distance for sodium light would be 


200 X 5-89 X 10-5 
Ml 


0-01 cm. 


It was found that the approximation to the theoretical distribution 
becomes more close as the distance from the source iiuTeases. 

Sorensen * describes a form of torsion balance used for vertical 
beams of supersonic waves and measuring dirc'ctly in gm. wt./cm.^ 


11. Direct Measurement of Displacement Amplitude of Air Vibrations. 

It might seem tbat in view of the excessively small value of the 
displacement amplitude in a sound wave all attempts at direct measure- 
ment would be likely to be fruitless. With very loud sounds, however, 
the amplitude is of the order of iV in a high-power micro- 

scoj)e this is easily measured. 

The method has been applied by Carriere f to the motion of the air in a Kundt’s 
tube sot in vibration by a telephone diaphragm which is operated by an alter- 
nating current at 50 cycles/sec. Dust is blown into the tube by bellows and the 
tube is viewed at right angles to the beam of light. Observations are made at an 
antinode and each dust particle in the image of the filament shows up in the 
field of the microscope by scattered light. When the tube is sounding each particle 
appears as a short line of light parallel to the axis of the tube. Particles of various 
sizes were used and it was found that the length of the observed line of light 
increases as the size of the particle diminishes, until a limiting value is reached. 
This is assumed to be the amplitude of the air. The measurement is made by 
rotating in the eye-piece a glass plate with two parallel lines ruled at a known 
distance apart until the two lines just enclose the path of a particle. This method 
was applied to various problems, including that of the variation of amplitude 
with the distance from the wall of the tube. The results, seen in fig. 11.3, cor- 

• Ann. Phys. Lpz.^ Vol. 26, p. 121 (1936), fy, de Physique, Vol. 10, p. 198 (1929). 
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roborate those of Richardson,* and show that the amplitude is a maximum 
at a short distance from the wall of the tube. 

This method has been used by Andrade and Parker f for purposes 
of absolute measurement. The particles used are smoke particles of 
magnesium oxide and their average radius as determined by their 
Brownian movement is 3 X mm. The vibrations in the tube are 
maintained at resonance by a diaphragm operated by a valve amplifier. 
The motion of the diaphragm is sinusoidal; the frequency and power 
are easily controlled and altered and the frequency and amplitude 
are kept constant over long intervals. The particles are observed 


0‘5 


f\ AmpUindes 
\ in nvn. 



10 

10 



Diameter of the tube in mUlUnUres 


Fie. ll.S 


by scattered light, and when convection is excluded by careful tem- 
perature control they show as bright spots with the sound field off and 
as bright lines with the sound field on (fig. 11.4, p. 302). No dillerence 
between large and small particles is observed, and this supports the 
conclusion independently arrived at that all the particles are small 
enough to take part fully in the motion of the air. 

The pressure amplitude at a point outside the tube at distance r 
along the axis of the tube measured from the open end may be taken % 
as 

(11.31) 

where r is the distance, a is the radius of the tube, and is the ampli- 
tude at the open end. Here it is assumed that the open end is flush 

• Proc. Phys. Soc,^ Vol. 40, p. 206 (1927-8); Vol. 42, p. i (1929)* 
t Proc. Roy. Soc.^ Vol. 159, p. 507 (i937)* 

j Sec Crandall, Vibrating Systems and Sounds § 42; Davis, Modern Acoustics, p. 61. 
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with an infinite baffle. The root mean square pressure amplitude is 
thus 

P - e 

2rVr'” 


(11.32) 


and the average rate of energy flux, from equation 11.26, is given by 

where c is the velocity of sound. 


^ = 



Fig. 11.4. — Motion of smoke particles in a Kundt’s tube 


The tube was placed high up in one building with the end of the 
tube flush with the wall, and an observer was placed in another build- 
ing with his ear on the axis of the tube. The sound was then adjusted 
to the threshold of audibility and the following results were obtained : 

/ P / 

410 cycles/sec. 1-9 X 10“*cm. 1*2 X 10“®dyne/cm.2 3-4 x 10*“® erg/cm. Vsec. 
646 6 X 10-« 0-94 X 10~®‘ 2*1 X 10~« 



XI] 


THE HOT-WIRE MICROPHONE 


303 


12. The Hot-wire Microphone. 

This device was first applied by Tucker to the reception of the 
sound waves from gunfire and was us<^d in the sound-ranging sets to 
which reference has already been made (§ 10, p. 203). In these its 
purpose was the detection and recording of the wave, not measurement, 
but it is obviously possible to base a method of measurement upon it. 
Richards * experimented with a hot-wire grid attached to the prong 
of a vibrating tuning-fork. When the fork is in vibration the grid is 
in effect exposed to an oscillating air current whose velocity amplitude 
depends on the displacement amplitude of the fork. A drop in the 
resistance of the hot wire results, and by comparing this drop with that 
produced by steady air currents of various velocities lie found that 
the drop for the oscillating grid is the same as that for a steady current 
of air of velocity equal to the maximum velocity, relative to the air, 
of the oscillating grid. Thus if a grid is calibrated in air-streams of 
varying velocities then when the air surrounding the grid is in 
oscillation with an amplitude a we can find this amplitude frtun the 
relation v = "lirfa and the calibration curve. 

The velocities involved in ordinary sound waves in the oj^on are 
much too small to be measured by this device, but Richardson f has 
applied it to the vibrations of air in an organ i)ipe. 

The sensitiveness of the device can be enormously increased by 
associating it with a resonator, but this, of course, introdu(*.es the 
difficulty that the sensitiveness varies wdtli the frequency. The in- 
strument is described by Tucker and Paris % and is useful up to fre- 
quencies of 512. It is simply constructed and easily manipulated and 
requires only a Wheatstone bridge arrangement. When used with 
an amplifying valve it can detect and render audible tones which are 
inaudible to the unaided ear. 


The microphone consists essentially of three 
parts; (1) a platinum wire grid mounted in a 
circular mica plate in the neck of a Helmholtz 
resonator; (2) a “ holder ” which includes 
the neck of a resonator, the contact pieces 
and the terminals; (3) the container, which 
acts as resonator. The grid consists of fine 
Wollaston wire. This wire is made with a 
platinum core and silver sheath. It is first 
drawn out to the necessary degree of fineness, 
after which it is placed in position and the 
silver sheath dissolved away. It is mounted 
on a glass rod bridging a circular aperture in 
a mica disc (fig. 11.5). The mica disc is placed between two amiular discs of 
silver foil, one end of the wire being soldered to each disc. The diameter of the 

^ Phil. Mag.f Vol. 45, p. 925 (1923). \ Proc. Roy. Soc., A, Vol. 112, p. 523 (1926). 

J Phil. Tram,, A, Vol. 221, p. 390 (1921). 
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wire is about 0 0006 cm. and it is worked with a current of about 30 milliamps. 
just below red heat. 

The manner in which the holder is made up is shown in fig. 11.6. The cylindrical 
neck A, made of brass, is soldered into the centre of the circular plate made 
of the same material. Ej is provided with the terminal Tj. The mica plate M 
carrying the grid is clamped between Ej and the lower ring E.,, which is also of 
brass and carries the terminal Tg, at the side of the holder. Beneath Eg is a rubber 
ring Rj, and this rests on a bexi of ebonite P, to which also the plate Ej is fixed 
by the screws S. The ebonite bed P is square, and is bolted at the corners to the 
square brass plate B which forms one end of the container. To ensure an air- 
tight joint a square plate of thin rubber Ro is inserted between the holder and the 
container. 

When the plate Ej is screwed down on to the ebonite bed, so that the mica 
plate with its silver foil electrodc^s is lirndy held between E^ and Eg* ^ current 
can be passed through the grid by connecting a battery to the terminals Tj and 

The container is cylindrical in shape and its frequency is given (equation 4.5, 
p. 105) by the formula 



where c is the velocity of soimd, S the area of cross-s(^etion of the aperture, V 
the efi'ective length of the neck, and Fy the volume of the container. 

The change in the resistance of the grid m.ay be analysed into two parts: 
(1) an oscillatory change, (2) a steady change. The first of these requires ampli- 
fication, but the second may be measured by a simple Wheatstone bridge arrange- 
ment, two arms of the bridge having resistances of about 100 ohms, the third 
carrying the grid, and the fourth having a resistance of about 350 ohms, which 
is the resistance of the grid when carrying its working current. The steady change 
of resistance is proportional to the sound intensity. 

The instrument must be used for comparative measurements for soimds of 
the same frequency, and has been applied by Tucker and Paris to the investi- 
gation of (1) the distribution of sound intensity in a room, (2) the directional 
effect due to a trumpet, and (3) the diffraction due to a circular disc. 

The sensitiveness of the instrument may be further increased and the varia- 
tion of sensitiveness with pitch diminished by applying an idea originally sug- 
gested by Boys * in connexion with the Rayleigh disc. This involves using two 
resonators and putting the detector into a small ne,ck connecting the two. The 
application to the hot-wire microphone was suggested by Callendar in 1918, and 
early experiments were carried out independently by Tucker. The theory of the 
arrangement has been developed by Paris. f The doubly-resonating microphone 
may consist, as in fig. 11.7, of a resonator of the stopped pipe variety and a resona- 
tor of the Helmholtz typo. The natural frequencies of the double resonator are 
shown to be the roots of the following equation in /: 



where is the frequency of the pipe, fi the frequency of the Helmholtz reaonator, 
C the conductivity of the neck of the resonator, c the velocity of sound in air and 
a the area of cross-section of the pipe. 

The best arrangement was found to be that in which the resonance curve 


Nature, Vol. 42, p. 604 (1890). f Proc, Roy. Soc., A, Vol. loi, p. 391 (1022). 




Fig. 11.6. — Tucker selective hot-wire 
microphone 


Fig. 11.7. — E, Pipe of glazed earthenware 
T20 cm. long. P, Plunger 2-5 cm. thick, 
14 cm. m diameter. B, Brass disc. M, 
Grid. Q, Helmholtz resonator. W, 
Wooden plunger. R, Rubber washer. 


13. Measurement of Air Velocity by the Rayleigh Disc. 

This device, which is due to Lord Rayleigh, was first described 
by him in a paper communicated to the Cambridge Philosophical 
Society f in 1880 . It is based on the principle that a light disc tends to 
set itself at right angles to an air-stream, no matter whether this air- 
stream is direct or alternating, and that the deflection of the disc may 


• See also Science Progress^ Vol. 20, p. 70 (1925-6). 
t See also Phil, Mag.^ Vol. 14, p. 186 (1882). 
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be used to measure either the steady velocity in the first case or the 
mean square velocity in the second case. 

The original apparatus was as shown in 6g. 11.8. A is a brass tube closed 
at one end by a glass plate B beliind which is a slit C backed by a lamp. The 
disc D carries a mirror and small magnets to give a small restoring couple when 
D is displaced. E is a window and F a lens forming an imago of the slit C on a 
scale at G. H is a light paper screen, adjustable in position, through which the 
sound waves may pass. The arrangement is intended to bo useil for sounds in 
resonance with the air in the tube, i.e. for sounds for which X/2 = CH. 

The formula, obtained by Koiiig,* which connects the couple and 
the velocity, is 

G -- (4/3)pr3F2 si,j2l9, (11.35) 



where p is the density of the gas, V the velocity of gas if steady or the 
root mean square velocity if alternating, r the radius of the disc, 6 
the angle between the normal to the disc and the direction of gas flow. 
For maximum sensitiveness the disc must be set so that 9 ™ 45°. 

The instrument has been studied by Mallett and Dutton,! C. H. 
Skinner,! and Barnes and West.§ The last-named workers used 
discs calibrated by {a) continuous air-stream, (b) low-frequency 
alternating streams, (c) measurements of constants of suspending fibre 
and disc. They concluded that measurement of velocities down to the 
order of 0*1 cm. /sec. could be effected to an accuracy of 2 per cent. 
This velocity, however, corresponds to a fairly intense sound wave.|| 
Sivian^ has shown that in certain cases increased sensitiveness may 
be obtained by using resonance between the sound to be measured 
and the free vibration of the suspended disc. 

• Wied. Ann., Vol. 43, p. 43 (1891)* t X F. E., Vol. 63, p. 502 (1925)- 
t Phys. Rev., Vol. 27, p. 346 (1926). §y, I. E. E., Vol. 65, p. 871 (1927). 

(ISee also Devik and DM, yourn. Amer. Soc. Acoust., Vol. 10, p. 50 (1938). 

Q Bell Telephone Laboratories, B. 302 (April, 1928). 
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More recently tlie behaviour of the disc has been treated theoreti- 
cally by King,* and its adaptation to the measurement of particle 
velocity in water has been studied by A. B. Wood.l Corrections which 
are negligible in air assume greater importance in the case of water, 
owing to the greater fluid inertia. In particular, the tendency of the 
disc to follow the motion of the fluid must be taken into account. If u 
is the velocity amplitude of the disc and j8= ujV, then the quantity 
in the expression for G is replaced by F^(l — If M is the mass 
of the disc, m that of the water displaced and the water load, then 

. _ u m + m,, 

^ F ' 31 + mj 


or 


1-p 


M — 7n 
M -f rnj 


For a disc broadside on to the flow :j; the fluid load is fr^p, and if 
the disc is at 45"" this becomes 
We therefore have 

^ ^ M ~m 

^31 + |r3p* 


The intensity is given by I — cpV^, and for 9 = 45° this becomes 


3 cG 


(11.36) 


In this expression all the quantities are measurable and the formula 
agrees well with experimental observations. A. B. Wood shows that 
for a mica disc 1 cm. in diameter, 0*002 cm. in thickness and weighing 
5 X 10“3 gm. the factor 1/(1 — is 1*08 in air and 2500 in water. 

It will readily be seen that the Rayleigh disc can also be adapted 
for use with a double resonator (see the previous section) ; the method 
has all the advantages and disadvantages of the double-resonator 
method when used with the hot wire. 


14. Measurement by Calibrated Microphone. 

The Rayleigh disc is the instrument mainly used at the National 
Physical Laboratory for the absolute measurement of sound intensity. 
Its indications, which measure velocity, are then compared with those 
of a microphone responding to pressure, and the values of the air 
velocity converted to pressures by using the known relation of the 
two quantities in the wave. Microphones, usually of the condenser 
type (see section 9, p. 513), are then maintained as laboratory 

• Proc, Roy. Soc., Vol. 153, p. 17 (i935)- t Proc. Phys. Soc., Vol. 47, p. 779 (1935). 

X Lamb, Hydrodynamics, 3rd cd., pp. 131, 138 (Cambr. Univ. Press, 1906). 
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standards, against which other microphones can be calibrated by com* 
parisoii under appropriate conditions. The discs are of glass, about 
1 cm. in diameter and silvered on one side. They are suspended by 
fine quartz fibres, the elastic constants of which are carefully deter- 
mined previously. 

For the determination of tlie field sensitiveness, i.e. the ratio of the 
response of the microphone to the sound pressure in a progressive 
wave, the experiments arc condiuTod in a heavily lagged room with 
a loud-speaker as source. Observations are made at various points, 
first with the Kayleigh disc and then with the microphone, the de- 
flection of the disc being measured by the reflection of a beam of light. 
This method is satisfactory from frequencies of about 10,000 down to 
about 300. Below 300, reflections from the walls become a disturbing 
influence, no matter how well lagged the walls may be. 

The pressure sensitiveness, i.e. the ratio of the response of the 
microphone to the sound pressure actuating the diaphriigm, is deter- 
mined from measurements with stationary waves. The microphone 
diaphragm closes one end of the pipe, at the other end of which the 
loud-speaker is placed. The Rayleigh disc is inside the pipe and the 
position of the microphone is altered until the disc is at a velocity anti- 
node. The velocity is calculated and from its value the pressure at 
the microphone is deduced. This method covers the range from 3500 
cycles/sec. or more downi to 62-5. 

A difficulty already mentioned on p. 295 occurs in the calibration 
of microphones for free field conditions, namely, the uncertainty due 
to reflection from the microphone itself. This distorts the field and 
increases the local magnitude of the oscillatory pressure. The difficulty 
has been overcome by the Post Office Engineering Department * by 
the use of a probe-tube of small diameter leading from a condenser 
microphone. The open end is almost non-reactive and is presented for 
pressure calibration to the closed end of a much wider resonance tube 
7 feet long wdth a Rayleigh disc at the middle. Various resonance 
frequencies are used bctw’cen 80 and 6400 cycles/sec. The probe-tube 
may then be used to explore without distortion any acoustic field, 
such as that due to a loud-speaker before or after a microphone is 
inserted. Maguire and King,t using a similar method, point out that 
if the microphone is first calibrated in the resonance tube and then in 
free field conditions, this gives a second determination of the correction 
for reflection for various frequencies. 

The calibration of a microphone can also be carried out by means 
of a thermophone, an instrument which has been perfected in the Bell 
Telephone Laboratories. The fact that sounds can be produced by 
passing through a bolometer alternating currents superimposed on a 

♦ P.O. Elec. Eng. y.^ Vol. 26, p. 260 (1934); West, Nature^ Vol. 142, p. 29 (1938). 

t Nature^ Vol. 141, p. 1016 (1938). 
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steady direct current was pointed out by F. Braun * in 1898. These 
experiments of Braun were extended by Weinberg and the principle 
was applied to the thermophone by de Lange. J The theory of the 
thermophone as a precision source of sound has been developed by 
Arnold and Crandall § and Wcnte ||. 

When an alternating current is passed through a thin conductor, 
the latter is subject to a periodic variation in temperature which 
follows the variations of the current. This periodic variation of tem- 
perature is the source of temperature waves in the surrounding 
medium, the amplitude of which falls off so rapidly that the heating 
effect is practically confined to the immediate neighbourhood of the 
conductor. The resulting expansion and contraction of the medium 



Plaliium. strip 
'00007 un.Oikk 


Fig. 11 . 9 . — Simple thermophonc 


gives rise to pr(\ssure variations which are transmitted as sound waves. 
It is necessary that the conductor should be thin, so that its heat 
capacity may be small and its temperature may rapidly follow the 
temperature changes produced by the current variation. A simple 
form of the instrument is shown in fig. 11.9. The instrument may be 
operated cither with a pure alternating current or with an alternating 
current superimposed on a direct current. 

In the first case the heating effect is proportional to 
where p = 2?^ and / is the frequency of the alternating current. 
Since 

RP 

RP sin^ pt == (1 — cos2p^), 

the acoustic frequency is double the frequency of the current. 


♦ Ann. d. Physik, Vol. 65, p. 358 (1898). t Elektrot. Zeit., Vol. 28, p. 944 (1907)- 
X Proc. Roy. Soc., A, Vol. 91, p. 239 (iQis)- § Phys. Rev., Vol. 10, p. 22 (1917)- 
II Phys. Rev., Vol. 19, p. 333 (1922). 
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If, on the other hand, we superimpose an alternating current 
I sin ft on a steady current /q, the heating effect is proportional to 

J?(7q -f 1 siiip/)^ -- Rl^ + 2RIJ siiift + RP 

/ RP 

— J + 2RIqI sinp cos2pt. 

It is clear from this that the double frequency term can be made 
negligible by a suitable clioi(‘e of and 7, but the arrangement is 
less elfuaent when used in this way. 

The thermophone may be used as a source of sound either free or 
in a cavity. In the latter case it may conveniently be used for standard- 
izing the condenser microphone, and this is one of its most important 
uses. If the cavity is small the pressure changes produced at the strip 
are quickly communicated to the whole enclosed volume. 

Platinum seems on the whole to be the best metal for the strip, but gold 
foil may be obtained thinner and is very efficient. Its heat capacity, however, 

varies considerably for different samples, and 
it should be tested against platinum. Where 
the instrument is used in a cavity it is an 
advantage to fill the cavity with hydrogen, 
as Wente has shown that the dimensions 
of the cavity must be small compared with 
the wave-length of the sound, and the wave- 
length is longer in hydrogen than in any 
other gas. Another advantage is that the 
diffusivity of hydrogen is low. The formulae 
developed by Wente (loc. cit.) were checked 
by standardizing against a condenser micro- 
phone four thermophones of different types 
and dimensions. 

To use the thermophone for calibration 
a block of lead about 1*5 in. thick is placed 
against the face of the microphone so as to 
form a cylindrical enclosure in front of the 
Fig. 11.10 diaphragm as in fig. 11.10. All crevices are 

sealed so that the only openings to the cavity 
are two capillary tubes several inches long and of bore about 0*01 cm., through 
which hydrogen can be slowly passed. Two strips of gold foil are mounted 
symmetrically inside this enclosure, the ends being clamped between small brass 
blocks. The supports are arranged in such a way that a current can be passed 
through the two strips in aeries. The thermophone formula enables the pressure 
amplitude to be calculated and the voltage amplitude is measured. 

For frequencies below 62*5 a pistonphone (fig. 11.11) is used. A small 
piston driven by a motor or by the moving coil of a loud-speaker unit 
works into a small cavity of which one side is closed by the diaphragm 
of the microphone. The amplitude of the piston is recorded optically, 
and from this the pressure amplitude in the cavity is calculated and 
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the corresponding voltnge amplitude observed. This method covers 
the frequency range from 400 to 10 cycles per second. 

In the paper quoted the pistonphone was used for frequencies from 
10 to 200 cycles/sec. and the thermophone from 60 to 12,000. The 



polarizing voltage on the microphone was 200 and the mean value of 
the, sensitiveness about 0*35 millivolt per dyne per square centimetre. 

15. Measurement of Intensity by Various Methods. 

A very sensitive instrument which can be used in a null method 
wfAS devised by Gerlach * and Schottky f (see p. 518). It consists of 
a light metallic ribbon suspended in a strong magnetic field. The 
ribbon is sufficiently light for it to follow freely the movements of 
the air up to a frequency of about 4000, and hj its motion in the 
magnetic field it induces an alternating current which can be amplified 
and measured. When it is used as a null instrument the forces exerted 
by the oscillatory pressure in the air are balanced by sending through 
the ribbon an alternating current of such amplitude, frequency and 
phase that it is brought to rest. This involves very sensitive arrange- 
ments for the detection of the motion of the ribbon, but as the electro- 
dynamic forces acting on the ribbon can be calculated, the instrument 
can be used for absolute measurement. 

A similar null method has been applied by Meyer J to the condenser 
microphone. 

A somewhat similar principle has been applied to the moving-coil 
receiver by F. D. Smith §. If a coil, movable in a strong magnetic 
field, is rigidly attached to a surface on which soimd waves impinge, 
the motion of the surface and attached coil gives rise to an alternating 
cuiTcnt in the coil, which can be measured by a sensitive vibration 
galvanometer connected to the coil through a tuned-circuit multi-stage 
amplifier. An alternating E.M.F. of the same frequency is then applied 

• Phys. Zeits.y Vol. 25, p. 675 (1924). f Phys. Zeits.^ Vol. 25, p. 672 (1924). 

t Zeit.f. tech. Physik^ Vol. 7, p. 609 (1926). 

§ Proc. Phys. Soc., Vol. 41, p. 487 (1928- 9). 

(f791) 11 * 
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to the coil and its magnitude adjusted until the same indication is 
obtained on the vibration galvanometer. It can then be shown that 
the mechanical force amplitude F is related to the E.M.F. amplitude 
E by the simple relationship 

HV 

where H is the intensity of the magnetic field in which the coil moves, 

I is the total length of wire in the coil, and Z is the mechanical 
impedance of the coil system at the frequency used. 

A very simple device was used by Kundt,* which consisted of a 
delicate manometer terminating in a very light valve which opened 
during the positive half and closed during the negative half of the 
pressure cycle of the sound wave. Attemj)ts to improve the accuracy 
of this instrument and adapt it for accurate use have been made by 
Eisenhour and Xyz^er,! Ribbentrop,J Marty, § and Lehmann. || 

Attempts have also been made to determine intensity by measuring 
the differences in temperature produced in the compressions and rare- 
factions of a system of progressive or stationary waves. Neuscheler used 
a strip-resistance thermometer ^ and recorded temperature changes 
of 0*13^ C. Friese and Waetzmann** have made measurements on 
stationary waves with a frequency of 800 and obtained satisfactory 
agreement. It seems improbable, however, that the method can be 
made sufficiently sensitive to compete with the other methods now 
in common use. 

The phonodeik (p. 342) and the reverberation chamber (p. 551) 
can also be adapted for measurements of intensity. 

16. Power of Sources of Sound. 

The measurement of the intensity of a sound at any point leads to 
a calculation of the power of the source, and the results are of special 
interest in their bearing on speech and music. A great deal of work 
on the power generated in speech has emanated from the Bell Tele- 
phone Laboratories.fj’ Measurements have been made of average 
power and of peak power, and the distribution of power over the range 
of frequencies used in speech has also been measured. For speech the 
average power is about ten microwatts. If the energy is measured 
over intervals as small as | second, some 2 per cent of these intervals 
will show a peak power of the order of 1000 microwatts. For ordinary 

* Ann. d. Phystk, Vol. 134, p. 568 (1868). ty. Frankl. Inst., Vol. 208, p. 397 (1929). 
t Zeit.f. tech. Physik, Vol. 13, p. 396 (1932). § Ann. de Physique, Vol. i, p. 622 (1934)* 

II Zeit. f. tech. Physik, Vol. 18, p. 309 (1937). Ann. d. Physik, Vol. 34, p. 131 (1911)* 

•• Zeits.f. Phys., Vol. 29, p. no (1924); Vol. 31, p. 50 (1925); Vol. 34, p. 13 1 (1925). 
ft A very full account of this work will be found in Fletcher, Speech and Hearing 

(D. Van Nostrand Co., 1929). 
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speech most of the power is found to lie in components whose frequency 
is between 250 and 1000 cycles per second for male voices and between 
500 and 1500 cycles per second for female voices. Very little energy 
is associated with frequencies below 125 cycles/sec., even in the male 
voice. Consonants carry very little pow'er and are associated with very 
high frequencies, particularly the sounds ih&i, thin, vat, for, sit and 
zip. Although carrying little power these components are very im- 
portant for intelligibility. 

The peak power of various musical instruments has been deter- 
mined by Sivian, Dunn and White * and is shown in the following table. 


Peak Power 


Jvstrument ( 

Full orchestra . . 70 

Large bass drum . . 25 

Pipe organ .. . . ]3 

Snare drum . . . . 12 

Cymbals . . . . 10 

Trombone . . . . 6 

Piano . . . . 0-4 

Trumpet . . . . 0*3 


A violin played at the lowest 


Peak Power 


Instrument ( Watts) 

Bass saxophone . . 0-3 

Bass tuba . . . . 0-2 

Double bass . . 0*16 

Piccolo . . . . 0*08 

Flute .. .. 0-06 

Clarinet . . . . 0*05 

French horn » , 0-05 

Triangle . . . . 0*05 


used with an audience shows 


a peak power of only 3*8 X 10'® watt, so that the power of the full 
orchestra is about twenty million times greater. For the singing voice 
the peak power on the higher notes of the range is about 1 watt both 
for men and for women. They radiate nearly equal power on notes 
an octave apart— about 100 microwatts at about 130 and 260 cycles 
per second respectively; and about 100,000 microwatts at about 390 
and 780 cycles per second respectively. 


* Jour. Amer. Soc. Acoust.^ Vol. 2, p. 330 (i93i)« 



CHAPTER XII 


Pitch and Frequency 

1. Pitch. 

Pitch is defined as that subjective quality of a sound which deter- 
mines its position in the musical scale. It may be ex])ressed as the 
frequency of that pure tone which is judged by the average normal 
ear to occupy the same position in a musical scale as the sound. It 
is determined mainly by frequency, but even in the case of pure tones 
the correlation is not exact and the pitch is modified to some extent 
by the intensity (sec section 4, p. 471). The ear is sensitive over a 
considerable frequency range. The lowest frequencies used in music 
are those of the double bass and the bass tuba, which lie between 60 
and 80 cycles/sec., while the highest tones occur as partials (section 2, 
p. 334) and lie in the neighbourhood of 10,000 to 15,000 cycles/scc. 
Tones of male speech embrace a range of from 120 to 8000 cycles/sec., 
those of female speech from 200 to 10,000 cycles/sec. 

When a note is sounded certain other notes can be picked out by 
the car as simply related to it in pitch. The most obvious of those is 
the octave, and frequency determinations show that two notes form- 
ing together the musical interval of the octave invariably have fre- 
quencies in the ratio 2 : 1. Again, two notes forming the interval of 
the fifth always have frequencies in the ratio 3:2. 

These facts were discovered quite early in the history of acoustics. 
Pythagoras (572-497 B.c.) knew that if two strings of the same material 
and stretched with the same tension are made to sound a simple musical 
interval, the lengths of the strings are in a simple numerical ratio. In 
Waller’s life of Hooke (1635-1703) we find that in July 1681 Dr. Hooke 
showed (at the Royal Society) a way of making musical sounds by 
the striking of the teeth of several brass wheels proportionally cut 
as to their numbers, and turned very fast round, in which it was 
observable that the equal or proportional strokes of the teeth, that is, 
2 : 1, 4 : 3, &c., made the musical notes ”. The same device was later 
used by Savart and is generally known as Savart’s Wheel. Helmholtz * 
employed a double siren, each revolving disc having four rings of 
holes, the numbers being respectively 8, 10, 12, 18 and 9, 12, 15, 16. 
An arrangement of keys enables the rings to be used singly or in com- 

• Sensations of Tone, English trans., 3rd ed., p. 162 (Longmans, 1895). 

814 
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bination, and taken in pairs they are found to give all the familiar 
musical intervals. 

We thus conclude that musical intervals are those between notx3S 
which for some reason the ear recognizes as simply related, and in 
every case the notes forming these intervals have a fixed and simple 
frequency ratio. If proceeding up the scale by octaves we are proceed- 
ing by equal increments of pitch, and if in so doing we are picking out 
a scries of notes whose frequencies form a geometrical progression 
with 2 as the common ratio, then it seems reasonable to measure 
pitch on a logarithmic scale, taking the octave as the fundamental 
unit and subdividing this into any required number of small parts. 

This procedure is implicit in the usual addition of musical intervals 
of pitch, in which we multiply the frequency ratios instead of adding. 
Thus the fourth (4/3) the fifth (3/2) ~ the octave (4/3 X 3/2 = 2/1). 
The same idea is embodied in the notation used for the musical scale. 

Thus the note near the middle of the bass clef has a 

frequency of about 128 cyclcs/sec. and is denoted by c in the notation 
of Helmholtz, which is still widely used in musical acoustics. The 
other notes at octave intervals are --- 32, C — - G4, c = 128, c' — 256 
(middle C of the piano), c" = 512, &c. These frequencies are the 
physicist’s selection and are chosen for convenience. In actual prac- 
tice the musical standard has varied enormously but in 1939 was fixed 
by international agreement. Under this agreement the note a' (the 
second space up in the treble clef) is to have a frequency of 440. This 
makes c 132 instead of 128 as above. 

The logarithmic measurement of pitch is made even more reasonable 
when we consider the results of experiments on the least appreciable 
increment of pitch (section 4, p. 469). Experiments on this point 
have been made by Knudsen and others. Two pure tones are sounded 
alternately and the frequency of one of them is gradually raised 
from unison to a point where a difference in pitch is just perceptible. 
It is found that if / is the frequency and A/ the smallest perceptible 
change in frequency, then whereas for large or small values of / the 
fraction A/// varies from *003 to 0*1, for values of/ from 500 to 4000 
A/// is a constant and has the value -003. The constancy of this ratio 
over the range of frequencies in most common use again suggests a 
logarithmic scale of measurement for pitch. 

The scale may be constructed thus. Let I be an interval measured 
in logarithmic units. Let /i, be the frequencies of the two notes 
forming the interval. Then 

l = lc (12.1) 

J'l 

where Jfc is a constant to be chosen. 
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If 7i is the interval of the octave then 

li = k logio2, 

and h must be chosen so as to give a reasonable number of units. 

Three values for k have been suggested. 

If we put 1000, — 1000 X 0*3010=^ 301. The unit thus 

defined is the savart, so called after the French physicist of that 
name (Savart, 1791-1841). This unit has the advantage of rendering 
the calculations very simple. 

Again, we may put k = 1200/logio2. This gives — 1200 and the 
unit so defined was adopted by Ellis, the English translator of Helm- 
holtz’s Sensations of Tone, The advantage of this unit, which is called 
the centy is that the octave in the modern tempered diatonic scale is 
divided into twelve equal semitones and eac^h of these conseqinmtly 
comprises 100 cents. 

Recently it has been suggested that we should adopt for k the value 
100/logio2. This makes — 100, and the resulting unit is the centi- 
octave. This unit corresponds to a frequency ratio given by 


I(.g2 ’ 


- -0030, 


l±M 

f 

. A/ 

•' 7 


1-007, 
= -007. 


This unit is therefore rather more than double the smallest per- 
ceptible increment of frequency under the best experimental con- 
ditions, but is of the same order as the smallest perceptible increment 
in ordinary circumstances. 

These scales of pitch are physical scales like the phon scale for loud- 
ness (p. 464). For a scale of pitch based directly on pitch sensations 
see § 4, p. 471. 


2. Determination of Frequency by the Siren. 

The earliest determination of frequency was made by Mersenne 
(1588-1648).* He set up a long cord held horizontal by a stretching 
weight and timed the vibrations by eye, using his pulse. He found 
that if the length was halved, the tension being kept the same, the 


Harmonie Universelley 1636. 
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‘‘ frequenzia ” was doubled. By shortening the cord till the sound was 
audible and using the musical intervals he had a basis for frequency 
measurement, and he determined the frequency of an organ-pipe by 
comparison with a stretched brass wire. 

Approximate determinations of frequency are easily carried out in 
the laboratory by means of the siren. The use of a series of puffs of 
air to give rise to a tone seems to have been due to John Robison, who 
describes the arrangement in an article on Temperament of the Musical 
Scale in the Encyclopcedia Britannica, 3rd edition, Vol. 2 of Supplement, 
1801. He says that when the puffs came at a certain rate ‘‘ the sound 
g in alt was most smoothly uttered, equal in sweetness to a clear 
female voice When they came more slowly “ the sound was more 
mellow than any man’s voice at the same pitch The arrangement 
was improved by Baron Charles Cagniard de la Tour (1777-1859) in 
1819. It owes its name to his discovery that it could sing under water. 
In its present form it was developed by Seebeck (1805-1849).* The 
siren of Cagniard de la Tour consisted merely of a rotating disc with a 
circle of perforations rotated steadily in front of a jet delivering air. 
The perforations rendered the jet intermittent and gave a note whose 
frequency was known if the number of perforations in the circle and the 
rate of rotation of the disc w^ere known. This simple arrangement was 
modified by Seebeck, who replaced the jet by a series of perforations on 
the top of the wind chest exactly corresponding to the perforations of 
the disc. This greatly strengthens the sound produced, as puff’s of air 
emerge simultaneously from all the perforations of the disc when the 
two rows of holes correspond. In addition to this the perforations are 
slanted in opposite directions, so that the disc is driven forward 
by the air blast and its speed of rotation can be slightly modified by 
varying the pressure of the wind in the driving bellows. An automatic 
revolution counter is attached recording in tens and hundreds. 

Ideally the process is very simple. The wind pressure is increased 
until the siren gives a note practically in imison with that of the sound 
whose frequency is to be measured. As the ear is not a very accurate 
judge of unison in some cases, it is well to listen for the beats. The 
counter is then read and, after 10 seconds or so, read again. If t is 
the time elapsed in seconds, p the number of perforations in the revolv- 
ing disc, q the number of revolutions noted by reading the counter, 
and a the total number of beats counted, then the frequency is given 
by 

( 12 . 2 ) 

t 


• Pogg. Ann., Vol. 35, p. 417 (1841). 
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3. Stroboscopic Determination of Frequency. 

This method is applicable in certain cases only, but may be illus- 
trated in the case of a tuning-fork. The tuning-fork prongs carry two 
diaphragms, which overlap and are both slotted, so that when the 
prongs are at rest the slots are in line and light may pass through 
both. The light which passes through is allowed to fall on a rotating 
disc which carries a series of concentric rings, the annular spaces 
between the rings being filled with equidistant black triangles as in- 
dicated in fig. 12.1. The number of triangles is different for each ring. 
If, when the fork is set in vibration and the disc is rotated, any ring of 
triangles appears stationary, then probably for that ring each triangle 
succeeds its neighbour between two flashes of the light. If / is the 

frequency of the illumination, r the 
number of revolutions of the disc per 
second, m the number of triangles in 
the statioiiary ring, then / — mr. 

The pattern for this ring may also be 
stationary for /— mr/2, / = ?/ir/3, . . . . 
In these cases the wheel will have 
rotated the width of two, three, . . . 
triangles in the intervals between suc- 
cessive flashes of light. The pattern will 
be steady but doubled (as in fig. 12.1, b) 
il f ^ 2mr\ and steady but trebled for 
f ™ Zmr, Any ambiguities involved can 
be eliminated by gradually increasing 
the speed of rotation of the disc. 

If the adjustment is inexact the pattern in the ring will appear 
to revolve slowly. Thus if/ is approximately equal to mr the pattern 
will revolve with the wheel ion f<mr and against the wheel for /> mr. 
If the pattern moves round through the distance between two triangles 
a times per second, f — mr + a. 

This method can be applied to determine the frequency of an 
electrically-maintained tuning-fork. 



4. Determination of Frequency by the Tonometer. 

The first tonometer was made by Scheibler (1777-1837) in 1834 and 
consisted of a series of tuning-forks spread over an exact octave and 
ascendiiig by equal increments of frequency from the lowest to the 
highest. Each fork produced the same number of beats per second 
with its neighbours on each side. If there are p I forks to the 
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octave and if the number of beats when neighbouring forks are sounded 
is q per second, 

/+M= 2/, 

J=n- 

Scheibler chose g = 4, = 64, so that/ = 256, 2/— 512. 

Any source of sound within the range of the tonometer can have 
its frequency determined without ambiguity by counting its rate of 
beating with the two forks nearest to it in pitch. The tonometer is 
extremely troublesome to adjust but when once made it is very 
accurate and very constant. 

Konig (1832-1901) produced a more elaborate series using 154 forks 
covering the frequency range from 16 to 21,845-3 cycles/sec. The 
forks were provided with adjustable resonators and with sliding 
weights, by the use of which the frequencies could be varied within 
certain limits. Appunn * produced a less costly and troublesome, but 
less accurate instrument consisting of a series of tuned reeds mounted 
on a windchest. Two such reeds, however, act like a coupled system, 
and the frequency of a reed varies according as it is sounded with its 
neighbour just above or just below. These tonometers are described 
by Ellis.t 

5. Comparison of a Tuning«fork with a Seconds Pendulum. 

The first attempt at an accurate comparison of a tuning-fork 
with a seconds pendulum was carried out by Rayleigh J on a 
fork of frequency about 128 cycles/sec. An electrically-maintained 
fork of frequency about 32 is employed to drive (a) a phonic 
wheel with four armatures, (6) an auxiliary fork of frequency 
about 128. 

The interrupted current from the driving fork is led to an electro- 
magnet between the prongs of the auxiliary fork, which has a fre- 
quency about four times as great. Its forced vibration has therefore 
a frequency exactly four times that of the driving fork, i.e. about 128. 
Since there are four armatures on the phonic wheel the frequency of 
the wheel will be exactly one-quarter that of the driving fork, and if 
an illuminated bead on a seconds pendulum is viewed through a slit 
in the phonic wheel eight positions of the bead will be seen. If the 
phonic wheel has a frequency of exactly 8 cycles/sec. these positions 
will be stationary, but if the ratio is not exact the positions will appear 
to move slowly either forwards or backwards. If one position succeeds 


• Ann. d. Physik, Vol. 64, p. 409 (1898). 
t Helmholtz, Sensations of Tone, 3rd English edition, p. 443. 
X Phil. Trans., Vol. 174, p. 316 (1883). 
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another a times per second, then the wheel gains or loses one complete 
vibration on the pendulum a times per second. Hence 

Frequency of wheel — 8 + a. 

/. Frequency of driving fork ~ 4(8 -Jr a). 

Frequency of driven fork — 1G(8 + a). 

If now the driven fork is made to beat with the fork of frequency 
about 128, which is to have its frequency accurately determined, 
and if the beats on being counted have a frequency b per second, 
then the required frequency is 16(8 + a) + 


6. Standards of Frequency. 

The accurate determination of frequency is a very important 
measurement in many different connexions. Fundamentally it in- 
volves the comparison of the frequency of occurrence of some physical 
phenomenon like the vibration of a tuning-fork with the frequency 
of occurrence of the revolution of the earth in space. The mean solar 
day, in terms of which all measurements of time are expressed, is in 
effect a practical unit the determination of which is made in terms 
of the sidereal day. Measurements of time are subject to special diffi- 
culties, owing to the difficulty of giving the imit a concrete embodiment 
in a standard. Standards of mass and length will preserve their 
identity over long periods, but this is not true of most standards of 
time if great accuracy is required. A controlled seconds clock is our 
most practical working standard of time or frequency. 

7. Electrically-mamtained Tuning-forks. 

These are now indispensable as standards of frequency and for 
many other purposes. The principle is the conversion of electrical 
energy into the mechanical energy necessary to overcome the frictional 
resistances and into the energy radiated as sound. 

The earliest method will be clear by reference to fig. 12.2. When the 
spring makes contact with the screw the electric circuit is completed 
and the prongs are attracted inwards. This breaks contact, the electro- 
magnet ceases to act, and the prongs spring outwards again. It is 
important to notice that it is only the action of self-induction that 
enables the vibrations to be maintained. If the strength of the current 
were a function of the displacement of the prongs only and not of 
their direction of motion, then the work done by the electromagnetic 
forces on the fork during the inward motion of the prongs would be 
exactly equal to the work done by the fork against these forces on 
the outward motion, and no balance of energy would be available to 
overcome frictional losses. 
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Owing to self-induction, however, the rise of the current in the 
electromagnet is delayed at make (i.e, in the outward journey of the 
prongs) and prolonged at break (i.e. on the inward journey of the 
prongs) so that more work is done on the fork than by the fork, and 
the balance represents energy available for maintenance of the vibra- 
tions. This balance of energy is increased where the fork is fixed 
horizontally and the sj)ring contact is replaced by a wire dip})ing into 
a mercury cup. In this case, owing to surface tension, contact with 
the mercury is delayed on the outward journey of the prong till the 
wire penetrates the surface film of the 
mercury, and the break is delayed 
on the inward journey owing to the 
adh(;rence of mercury to the wire. 

It is obvious that an electrically- 
maintained fork offers possibilities for 
use as a frequency standard, but if it 
is to meet modern requirements in this 
respect it must be designed with the 
utmost care. Dadourian * has brought 
out some of the important points in 
design. He emphasises the importance 
of massive mounting, and shows that 
a change in the constants of the 
electrical circuit affects the period. 

Increases in the length of the gaps 
between the contact springs and con- 
tact points increase the period, and the 
period may vary considerably wdth the 
amplitude. The effect of temperature 
change may be expressed as a tempera- 
ture coefficient of frequency, and this 
varies from 1*04 X 10“^ at --25° C. to 
1*43 X 10““^ at 56° C. for a steel fork. 

Dadourian was of the opinion that a well-designed fork can give a 
frequency constant to one part in 50,000. A fork of this type for low 
frequencies of about 25 to 60 cycles/sec. has been designed by A. B. 
Wood and Ford f and is used to control the phonic wheel in their 
phonic chronometer. 

In a recent paper Moon J describes an experimental method of 
comparing the frequency of a fork of frequency about 100 with a 
pendulum, the two making simultaneous optical records on a revolving 
drum. The amplitude of the fork is also recorded. The pendulum is 
of invar with chromium-plated steel knife-edge supported on a sapphire 

^ Phys. Rev,, Vol. 13, p. 337 (1919). ^Journ. Sci. Inst., Vol. i, p, 161 (1924). 

t Bur. of Standards Journ. of Res., Vol. 4, p. 213 (1930). 
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plane. The accuracy claimed for the comparison is about four parts 
in 1,000,000 and is limited by the precision of the individual vibrations 
of the fork and the pendulum. 

For high frequencies, even down to 100 cycles/sec., a clifEerent type 
of maintenance is preferable. The arrangement in fig. 12.3 was 
designed by Eccles.* 

V is a triode valve whoso filament F is heated by the battery FB. The amxie 
A is conneoted through the anode battery AB and the coil AC to one terminal 
of the filament. The grid G is connected to the filament through the coil GC. 
The tuning-fork T is permanently magnetized by an auxiliary magnet on whose 
pole-pieces the coils AC and GC are wound, the poles of the fork being indicated 
by N and S. Consider the moment in the vibration when the two prongs are 
moving away from the respective coils. The motion of the {)ole S will raise the 



potential of the grid and increase the anode currcait. This current completes 
its circuit through the coil AC, producing a magnetization wdiich repels the pole 
N and assists the vibration. It is essential that the relative diri'ctions of winding 
of the two coils should be as shown. 

A very accurate valve-coutrolled standard fork has been con- 
structed by Dye.f Its frequency is determined by a specially designed 
phonic wheel. By the use of the new nickel steel known as “ elinvar ’’ 
the temperature coefficient of frequency is greatly reduced and the 
constancy of the standard correspondingly increased. The fork may 
be used to operate a “ multivibrator This is an instrument designed 
by Abraham and Bloch J to give an alternating current very rich in 
harmonics. With a standard fork of frequency about 1000 it is possible 
to use the harmonics as a scries of standard frequencies, all known with 
the same accuracy as that of the standard fork. These harmonics 

♦ Proc. Phys. Soc,, Vol. 31, p. 269 (1919). t Proc. Roy. Soc., A, Vol. 103, p. 240 (1923). 

X Compies Rendus, Vol. 168, p. 1105 (1919). 
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carry us well above the range of audible sound and by combination 
with a second multivibrator standard frequencies up to 1* * * § 5 X 10® 
cycles/sec. may be obtained. 

Further improvements in the balancing of the prongs and the 
clamping of the fork are described in a paper by Dye and Essen.*** 
Precautions are given for maintaining the constancy of the valve 
voltage, and if the air gap and the enclosure are kept at constant 
temperature and pressure the accuracy claimed is one part in a million. 


8. Magnetostriction Oscillator. 

In the paper already referred to on p. 224, Pierce suggested the 
use of a rod maintained in longitudinal vibration by magnetostriction 
as a standard of frequency. With a rod of nichrome the frequency was 
shown to be independent of the valve voltages and characteristics and 


1 0 /* 

to have a temperature coefficient of only 


1-07 X 10“^. 


In order to obtain high frequencies a '' beaded ” rod was used, 
giving a frequency of 295,480 cycles per second. An improved oscillator 
has been described in a subsequent paper by Pierce and Atherton 
Noyes.f 


9. Quartz Oscillators. 

Reference has already been made to the quartz oscillator as a 
source of high-frequency sound waves (p. 220). It is now also the 
most valuable precision standard for the determination of high fre- 
quencies, and the basis of the stabilization of frequency for radio 
broadcasting stations. The method is based on the work of Cady J 
and was further developed by Pierce ;§ a detailed discussion is given 
by Dye II and by K. S. van Dyke.^ Marrison** * has used the oscillator 
as the basis of his electrical clock, which is probably the most accurate 
in existence. 

Its usefulness as a standard is due to the fact that if the resonator 
with its electrodes is connected in parallel with the condenser of an 
oscillatory circuit tuned approximately to the resonance frequency 
of the quartz, the eifective capacity and resistance of the resonator 
change sharply at resonance frequency. 

The experimental arrangement is shown in fig. 12.4, which is taken from Dye’s 
paper. A current-measuring instrument is inserted in series with the inductance 

• Proc. Roy. Soc., A, Vol. 143, p. 285 (1934)- 

■f jfourn. Amer. Soc. Acoust.^ Vol. 9, p. 185 (1938). 

X Proc. I. R. E.y Vol. 10, p. 83 (1933)* 

§ Proc. Amer. Acad. Arts and Set., Vol. 59, p. 81 (1923). 

il Proc. Phys. Soc., Vol. 38, p. 399 (kjA)). ^ Proc. I. R. E., Vol. 16, p. 742 (1928). 

Proc. Nat. Acad. Sci., Vol. 16, p. 496 (1930). 
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of the oscillating circuit and is found to show a very sharp minimum at the 
resonance frequency. The natural frequency of the quartz oscillator, which is 
ordinarily very high, may be reduced by loading it with steel. 

The oscillator may be used to maintain oscillations of its own frequency by 
an arrangement used by Pierce and shown in fig. 9.9. The inductance may 

be used to couple the oscillator to another 
circuit. Pierce, however, found that in 
practice the beats with another circuit 
were usually so loud and clear that no 
coupling other than static effects was 
required. 

The natural frequency of the quartz is 
determined by comparison with a valve- 
maintained tuning-fork and the frequency 
of this fork is in turn determined by 
comparison wdth a standard clock, using 
a phonodeik (p. 342). The frequency of 
the fork is checked by comparison of the 
valve-maintained fork with the oscillations 
induced by the rotation of an iron-toothed wheel near the poles of a telephone 
receiver, the rate of rotation of the wheel being independently determined. 

By means of the single frequency of the quartz and its various harmonics a 
calibration of a series of wave-meters was made with an accuracy estimated at 
0*1 per cent over the whole range. 

10. Doppler’s Principle. 

For all kinds of waves the apparent frequency depends on the 
motion of the source and of the observer and may depend on the 
motion of the medium. The phenomenon is familiar in the case of a 
passing train or motor-car. If a train passes through a station with 
the locomotive whistling, an observer standing on the platform notices 
that just as the train passes the pitch of the whistle appears to drop 
more or less suddenly. In the case of a car in motion there is generally 
a hum of recognizable pitch. Here again an observer on the road 
notices a sudden drop in pitch as the car passes. Similarly, if a source 
of sound is fixed in position and an observer approaches and passes 
it, the apparent pitch drops at the instant of passage. The pheno- 
menon is due to the fact that during approach of source and observer 
the apparent pitch of a source of sound is higher than its true pitch 
and during separation lower than its true pitch. 

Doppler (1803-1853) * applied the principle to explain the colour of 
stars, the colour being attributed to relative velocity of the star and 
the earth in the line of sight. If the two were approaching the apparent 
frequency would be increased and the apparent wave-length diminished 
so that the star would appear blue, while if the two were separating 
the star would appear red. This application was unsound in principle 
and would involve a relative velocity very much greater than that 
actually found ; but the spectroscope shows a displacement of spectral 

• Abh. d. Bdhm. Ges, d. Wtss.^ Vol. 2, p. 467 (1842). 
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lines which is attributed to this cause, and a measurement of this 
shift enables us to calculate the relative velocity in the line of sight 
in terms of the velocity of light. 

The discovery of the principle seems to have been made inde- 
pendently by J. Scott Russell (1808-1882),* by Fizeau (1819-1896) f 
and possibly by Babinet. 

The simplest case is that in which the velocities are in the line 
joining the soui'ce and observer. 

Let c be the velocity of sound, the velocity of the source, 
the velocity of the observer, / the true frequency of the source, W 
the velocity of the medium. 

Let S (fig. 12.5) be the initial position of the source and S' its 

... c+W — — - ^ ci-W 

-* — Uq — ► 

i 5' 0 V 'b 

Fig. 12.5, — Doppler’s principle 


position one second later. Then if SA ™ c + TF and SS' = the 
waves emitted by the source in one second occupy the distance 
S'A = c + If — 

Similarly, let 0 be the position of the observer at a given instant 
and O' his position a second later. Let OB = c + If and 00' == 
Then the waves received by the observer in one second are contained 
in the distance O'B = c -f If — 

But / waves are contained in the distance c + If — 'w,, 

c I TV u 

/. Apparent frequency/' =/ X — ~ ^ , (12.3) 

C ff Ug 


(1) Motion of Medium, 

If Uq — Ug, the apparent frequency is always the same as the true 
frequency and the velocity of the medium is without effect. For all 
other cases the velocity of the medium is added to the numerator 
and denominator and the apparent frequency is modified. 

(2) Motion of Source, 

Here we may measure the velocity relative to the medium, in 
which case we have 

/'=/xF-7; 

C/ llg 

• Brit, Ass, Report^ Trans, of Sectiojis, p. 37 (1846). 
f Ann. de Chim. et de Phys.^ Vol. 19, p. 21 1 (1870). 
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As Us increases from zero /' becomes greater until == c. In this 
case all the waves travel with the source and reach the observer to- 
gether, so that — 00 . li Us'> c then /' becomes progressively less 
IS Us increases but is now negative in sign. This means that the waves 
emitted are being received in the reverse order, the source having out- 
stripped the waves it has emitted. If Ug is negative, i.e. the source is 
receding, then f' diminishes gradually to zero as Ug tends to infinity. 

(3) M otion of Observer , 

As increases to c, /' diminishes to zero. For > c, /' increases 
again but is negative. The velocity of the observer being now greater 
than that of the waves, he overtakes them in the reverse order. If 
Uq is negative, i.e. if the observer is approaching the source, then /' 
increases as increases and without limit. 

Us 



Fig. 12.6. — Doppler’s principle; relative velocity not in line joining so^arce and observer 


It is worth w^hile noting that for the same relative velocity we 
get different results according as the source or observer is in motion 
relative to the medium. Thus for a relative velocity of approach u 
we have for an observer in motion and a source at rest 


/i'=/x 



(12.5) 


while for a source in motion and an observer at rest we have 


That is, 


/2'=/X 
A' c 


C-[- U 




. . ( 12 . 6 ) 


If the relative velocity is not in the line joining source and observer 
the result is not so simple. The change in pitch is more gradual. The 
difference will be understood if we assume the source of sound to be 
travelling in a straight line SA (fig. 12.6) which does not pass through 
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the position P of the observer. Let the source pass from M to M' 
in time 8^ and let the interval between the arrival at P of the sounds 
emitted by the source while at M and at M' respectively be Sr. Then 


= 8 ^ 


MP ~ M'P 


8 ^ — 


MM' cos 6 


8 ^ 


Ug cos 98t 
c 

u. cos 9\ 




if is small compared with c. 




Fig. 12.7 

Similarly, as the source recedes we have 

cos d\ 
c / 

or in general /' ^f(l ± (12.7) 

If 0 = 0, cos 0=1 and 

which may happen either when the source is moving in a line passing 
through P, which is the case of a? = 0, or when the source is very dis- 
tant, either approaching or receding. 

If a; 4= 0 then the apparent frequency changes from fc/(c — u^) to 
/(c — Ug)/c as shown in fig. 12.7, the change being more or less abrupt 
according as x is small or large. When the source is at A we have 
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0 = n 12 and cos 0—0. Then /' = /, and the apparent frequency is 
the true frequency. 

11. Air Waves generated by Projectiles. 

A rapidly moving projectile acts as a source of sound, the frequency 
of which depends on its velocity. Dufour relates that in 1868 old 
soldiers told him how different the sound of an approaching cannon 
ball was from the sound of a receding one. As it approached it whistled, 
as it receded it gave a sound of much lower pitch. When they heard 
this sound they could say “ It is not for us — it is for others The 
speed of the projectiles of those days was always less than the speed 
of sound. 

In the case of a shell there are in general three sounds, (1) the report 
due to firing, (2) a whistling during the course of the motion, (3) the 
burst. 



Let 0 (fig. 12.8) be the point of firing, OQE the trajectory and E 
the point at which the shell bursts. If the velocity of the shell is less 
than the velocity of sound and if all the air waves generated travel 
with the normal velocity of sound (which is true except within a few 
metres of the gun) the phenomenon is fairly simple. 

As before we have 



Since < c, 8 t is always positive, so the observer at P hears the 
whistling preceded by the report and followed by the burst. 

For modern guns, at least in the early part of the trajectory of 
the shell, however, the matter is not so simple. For this case Ug> c 
and St is not necessarily positive. For c=^ cos 0, we have an arc 
of the trajectory for which St — 0 , and the waves generated at suc- 
cessive points arrive simultaneously at P. This is the phenomenon 
which the French call onde du choc. It is an intense and sharp sound, 
which might be confused by the iminitiated with the report or the burst. 
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This sound is the first to be heard if we suppose that Sr is negative 
along the arc OM and positive along the arc ME, as is ordinarily the 
case. 

If we take as zero of time the instant when the shell wave reaches 
P and denote the path OM by cr and the radius vector of a point 
Q l>y p, fkcn th(.‘ time of arrival at- P of a wave from Q is given by 



where s is the arc 0(y 


But 





uls cosO 
c 



For all points on the trajectory beyond M wc have ds positive, 
and since cos 9 is decreasing the bracket is also positive, so that r is 
positive. 

For all points on the trajectory earlier than M, ds is negative, and 
since cosd is increasing t he bracket is also negative, so that r is positive. 
Hence the shell wave is the first sound to arrive at P. 

The time of the arrival of the re])ort at P is given by 



and the time of arrival of the burst by 



where s is now the arc OE. That is, the n^port may arrive at P before 
or after the shell-burst. If the whistling is heard from the earlier part 
of the trajectory it is heard from the various points in the inverse 
order of their traversal by the projectile. 

In the case of a projectile travelling in a straight line with constant 
velocity the ])henomenon is greatly simplified. 

Let a (fig. 12.9) be the position of the projectile at any instant. Mark 
positions 6, d, e, on the trajectory at distances behind it of 2Us, 
3ug ft. With these points as centres describe a sericis of spheres of radii 
c, 2c, 3c. The envelope of these spheres is a cone of semi-angle a = 
sin~^c/^^g. Each element of the cone moves normal to its own plane, 
so that an observer at P hears the shell wave from a point M such 
that cos 9 = sin a = c/u^. That is, 

c — Ug cos 9 = 0. 
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Thus we see that for the case c the first sound to be heard 
is the shell wave, and it is followed by the whistling. The former is 
liable to confusion with the report due to the firing of the gun, but 
differs from it in consisting of rapid alternations of small intensity 
extremely disagreeable to the ear but producing very little effect on 
any mechanism of large inertia. The report affects the ear much less. 
Theoretically the whistling is double, proceeding from the parts of 
the trajectory before and after the origin of the shell wave. The whistling 
from the early part of the trajectory finishes with the sound of the 
report, and that from the later part with the sound of the burst, but 
the order of arrival of these two sounds depends on the position of the 
observer. 



It has been suggested by Bouasse that thunder may be due to 
the arrival of a series of shock ’’ waves. The lightnhig may play the 
part of a projectile of infinite speed, in which case the foot of each 
normal dropped from the observer to the path of the lightning would 
give the source of one shock ” w^ave. 

12. Experimental Investigation of Doppler's Principle, 

To most observant people to-day Doppler's principle is a fact of 
common experience, but high-speed sources of sound are now much 
more frequently met with than was the case a century ago. When 
first stated the principle was strongly contested and experimental 
demonstration was called for. 

The first experiments were carried out by Buijs Ballot * on a 
single-track railway between Utrecht and Maarsen. A trumpet was 
carried on the locomotive and three others were used by groups posted 
at the side of the track. The trumpets were sounded alternately on 
the locomotive and at the side of the track, and the apparent change 
of pitch was observed both for a moving source and for a moving ob- 
server by musicians whose estimate of small intervals of pitch was 


Pogg- Ann.y Vol. 66, p. 321 (1845). 
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considered to be reliable. Fourteen observers took part, and the esti- 
mated changes of pitch were in accord with the predictions of theory. 
Similar experiments were carried out with greater numerical precision 
by Vogel in 1876. 

Mach * devised a laboratory experiment to illustrate the principle. 
A wooden rod about 2 metres long is made to turn about a horizontal 
axis through its centre. At one end is attached a whistle blown by 
air admitted through the axle and carried down a tube in the interior 
of the wooden rod. To an observer in the plane of rotation the velocity 
of the whistle varies between +27rrm, where r is the half-length of the 
rod and m is the number of revolutions per second. If m = 1 then 2™ 
is approximately 6 mctres/sec. Nothing is gained by making m too 
large, as the time interval between successive notes is then too small 
for easy recognition of pitch. It follows that r must be large. For 
m ~ 3 we have the ratio of the two apparent frequencies given by 

340+ 18 ^ 

/, -'340- 18 • 

which is approximately the interval of a tone. 

Konig operated with two tuning-forks of frequency approximately 
512, but giving about four beats per second. He verified the fact 
that when one of the forks was moved or when the observer moved 
relatively to the forks the number of beats per second varied by the 
amount required by the principle. Humby,| using two telephone 
diaphragms maintained in vibration by the same oscillating circuit, 
showed the effect of beats by the action of a sensitive flame when one 
of the diaphragms was moved. Here again the number of beats per 
second is in accord with the theory of Doppler’s principle. 


• Pogg. Ann., Vol. 112, p. 66 (1881). ^ Proc. Phys. Soc., Vol. 39, p. 435 (1927). 
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Analysis of Sounds 

I. Quality. 

It used to be possible to classify all sounds roughly as either ‘‘ notes ” 
or noises The recently accepted definition of a noise as “ a sound 
which is not desired by the recipient ” puts this classification out of 
date, but as it is convenient for some purposes to retain the old meaning 
of the word noise as an antithesis to note, we shall do so in this chapter. 

Sounds, then, may be roughly classified as being cither “ notes ’’ 
or “ noises The division between the two classes is by no means 
sharp, and its exact location is to some extent a matter of personal 
taste. Leaving this borderland territory out of account, however, we 
shall find that many sounds have a smootli, regular, and pleasing char- 
acter with an assignable pitch which marks them as musical notes, 
while others have a rough, irregular, unpleasant character and no 
assignable pitch and are unhesitatingly classed as noises. 

There is, however, a further complication. Very many musical 
notes have noises associated with them, and many noises have the 
more or less definite pitch whicdi we are accustomed to associate with 
a note. An ordinary piece of firewood when di’opped on the hearth gives 
a sound which might hastily be dismissed as a noise. Yet the sound 
has a quite definite pitch, wdiich may be recognized if a number of 
pieces are dropped in succession. Especially is this true if the pieces 
have previously been adjusted in length, breadth, or thickness to give 
a recognizable succession in pitch. The xylophone is an instniment in 
which the notes are sounds of this type, produced by the transverse 
vibrations of bars. 

Conversely, musical notes carry associated noises. We all recognize 
the scraping noise associated with the notes produced by the unskilled 
violinist. Probably few of us are aware of the amount of noise associated 
with the expert production of music. If, while listening to a really 
skilled performance we concentrate our attention on the noise of the 
piano action and of the fingers of the pianist on the keys, or the scrape 
of the violinist, or even the breathing of the singer, we shall be sur- 
prised at the amount of noise which ordinarily escapes our notice 
simply because we are deliberately attending to the notes and not to 
the noises. 
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The classification of sounds can be carried a step further by sub- 
dividing the class “ notes Notes have three characteristics. Two 
of these, pitch and loudness, we have already discussed. There remains 
the third characteristic — quality or tone, known in French as timbre 
and in German as Klangfarbe. This is the characteristic which enables 
us to distinguish between two notes of the same pitch and loudness 
produced on two different types of musical instrument, e.g. the violin 
and the piano. It even enables us to distinguish between two notes 
of the same pitch and loudness produced on two instruments of the 
same type, e.g. two voices. This characteristic is associated with the 
fact that in general musical notes are complex. When the ear has its 
attention directed to the musical note which it receives, it does not 
merely hear that one musical tone which dominates the sensation 
when received uncritically and determines the pitch of the note; it 
becomes aware also of a whole series of musical tones of higher pitch. 

It may bo that Aristotle liad this analysis in mind when propounding some 
of his problems. In Book XIX, Problem 8, we find: “ Why does the low note 
contain the sound of the high note? It is like an obtuse angle, whereas the high 
note is like an acute angle.” Again, in Problem 13, we read: “ Why is it that 
in the octave the concord of the ujjper note exists in the lower but not vice versa ?” 
Merseiine refers to the work of Aristotle in his book Harmonie Universelle (1636). 
In a HC‘ction h(‘aded “ To determine why a vibrating string gives several sounds 
simultaneously” (p. 208), he says: “But it must be remarked that Aristotle 
did not know that the struck string gives at least live different sounds simul- 
taneousl^y, of w'hich the first is the natural sound of the string, serving as fun- 
damental to the others and to which alone attention is paid in singing; all the 
more because the others are so weak that only the best ears can hear them easily. 
It is necessary to choose a deep silence in order to hear them, although this will 
no longer be necessary when the ear has become accustomed. As for myseK, 
I have no difficulty : I have no doubt that anyone can hear them who gives the 
necessary attention. Now these sounds follow the ratio of the numbers 1, 2, 3, 4, 6, 
because four sounds are heard different from the fundamental, of which the 
first is the octave above, the second is the twelfth, the third is the fifteenth, and 
the fourth the major seventeenth.” 

It seems worth while to reproduce this passage, which appears to bo the 
earliest clear exposition of the phenomenon subsequently elaborated at such 
length by Helmholtz. The association of these harmonics with quality is clearly 
implied in Mersenne’s query in the same section whether “ the sound of each 
string is the more harmonious and agreeable as it causes to be heard a greater 
number of diflerent sounds simultaneously ”, 

Sauveur (1653-1716) in 1701 applied the term harmonics to these 
higher tones which accompany the lower tone oi fundamental. He also 
gave the first satisfactory explanation of the origin of these tones in 
the case of the vibrating string by showing that the string actually 
vibrates as a whole and in segments at one and the same time. Each of 
the harmonics corresponds to the vibration of the string in segments 
or parts: hence the use of the term partial as equivalent to the term 
harmonic in this case. 
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In a bell these constituent tones or overtones are very obvious, 
bub a little care and attention will reveal their presence in the notes 
of the piano, violin, and almost all other musical instruments. We 
may perhaps clarify this further distinction by continuing to use the 
term “ note ” for all musical sounds which are complex and the term 
‘‘ tone ” for musical sounds which are simple and unanalysable and 
for the constituent simple musical sounds into which the “ note ” 
can be analysed. The number and relative intensity of the constituent 
tones determine the quality of the note. Simple tones differ only in 
pitch and loudness and are identical in quality. 

It was at one time thought that pitch was simply related to fre- 
quency, loudness to intensity and quality to overtone structure. 
Fletcher * has shown that these relationships are not in fact so simple. 
The pitch of a musical note depends not only on the frequency of the 
fundamental tone but also on the overtone structure of the note. 
The loudness depends not only on the intensity but also on the fre- 
quency and the overtone structure. The quality depends not only 
on the overtone structure but also on the frequency and the intensity. 

2. Partial Tones and Harmonics. 

The vibration of an elastic system in parts can be illustrated by 
means of a rubber cord. If a long rubber cord which is fixed at one end 
is held at the other end and the hand moved gently up and down, with 
a little manipulation it is easy to hit the right frequency and make the 
cord vibrate as a whole, the centre having the greatest amplitude. If 
the frequency of the motion of the hand is doubled the cord splits up 
into two vibrating segments, each occupying half its length and sepa- 
rated by a relatively stationary point or node at the centre. If the 
frequency of the motion is made three times the original frequency, 
then the cord splits into three vibrating segments separated by two 
nodes. With patience and skill this process can be pushed much further 
and we find that the vibrating cord has a whole series of possible modes 
of vibration, each with its appropriate frequency, and that these fre- 
quencies are approximately in the ratio 1:2:3:4:.... 

We may parallel this experiment in the region of audible sound 
by replacing the rubber cord with a thin wire stretched between two 
bridges and tuned to a frequency of 128. If now red paper riders are 
placed one-quarter and three-quarters of the length from either end 
and a white rider is placed at the midpoint, and we take a sounding 
tuning-fork of frequency 266 and place its shaft on the wire where it 
crosses the bridge of the monochord, the two red riders will be thrown 
and the white one will remain in position. The fork has imposed on 
the wire a frequency double that of its vibration as a whole and it 
has split up into two segments separated by a node at the centre. 

^ Journ, Amer. Soc, Acoust.^ Vol. 6, p. 59 (1935). 



Xlllj 


PARTIAL TONES AND HARMONICS 


335 


Three segments are given by a fork of frequency 384, and four by a 
fork of frequency 512. The tones given out by the string, or any 
sounding body, when vibrating in parts are called partial tones. 
They may be in the simple frequency ratio 1 : 2 : 3 : . . as is approxi- 
mately true in the case of the wire, and they are then said to be har- 
monic, or they may be in no such simple relation, as in the case of 
the bell or the tuning-fork, and are then said to be inharmonic. Strictly 
harmonic partials are hardly ever found, but approximately harmonic 
partials are common. In the case of the siren there are no partial tones 
in the strict sense, since there are no parts to vibrate, but there is a 
scries of harmonics. 

This fact makes clear a distinction between a partial tone and a 
harmonic which French writers on acoustics have frequently insisted 
upon. A harmonic is always a simple tone; a partial is not simple 
and may carry its own series of harmonics. The case in which the 
partials and harmonics are identical is a limiting case to which in 
practice we approximate more or less closely. In the Glossary of Acous- 
tical Terms and Definitions published by the British Standards In- 
stitution (March, 1936) this distinction is obliterated. According to it, 
a partial is simply a pure tone component of a sound. An overtone 
is a partial having a frequency higher than that of the fundaincntal. 
A harmonic is a partial having a frequency which is an integral mul- 
tiple of that of the fundamental. It is noted that in physics and elec- 
trical engineering the nth harmonic implies a frequency equal to n 
times the fundamental frequency, whereas in music it implies a fre- 
quency equal to (n -f 1) times the fundamental frequency. 

3. Analysis by Ear. 

Reference has already been made to the possibility of analysing 
by ear the composite tones of musical instruments. Some observers 
seem to find analysis easier than others, but almost all observers 
improve with practice. When a mass of sound from an orchestra falls 
on the ear it is comparatively easy to shut the eyes and listen at will 
to the first violins or the ’cellos or the drums, or any single group of 
instruments. In listening to a vocal quartet we can follow any indivi- 
dual voice. Now the vibration of the air in the ear passage is compo- 
site ; somehow the ear must be separating out the several constituents. 
This is a very remarkable power. If various systems of waves were 
passing across the surface of the sea, one system due to the wind, 
another to a passing steamer, and a third perhaps to a yacht, it would 
be quite impossible for the eye by observing one point on the surface 
through a tube to determine what systems were present. Yet, as 
Helmholtz points out, this is analogous to the task which the ear 
habitually performs with success. But the analysis with which we 
are at present concerned goes a step further. The examples just con- 

(f701) 12 
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sidered deal with sounds from different sources, and until comparatively 
recently there are few records of observers who appreciated separately 
the series of partial tones constituting a musical note and coming from 
the same source. Every observer appreciates these synthetically as 
quality, but they are not perceived analytically as separate constituents. 

The capacity to hear partial tones is not necessarily associated 
with a musically-trained ear; it depends more on a faculty of atten- 
tion than upon musical training. If, in the case of a stretched wire, 
tuned as before to a frequency of 128, we pluck it near one end, we 
are conscious at first of hearing only one tone — the fundamental 
tone of the wire with a frequency of 128. If while the wire is still 
sounding we follow the procedure suggested by Sauveiir and touchy 
the mid-point lightly with a feather or the corner of a handkerchief, 
the vibrations corresponding to the fundamental (which require a 
place of maximum motion at the mid-point) are damped out and the 
octave sings out with great distinctness. The effect of the damping 
is not to produce a new tone but to remove the tone on which attention 
was concentrated and leave the mind free to attend to the next tone 
of the series. In the same way, if the wire is damped at a point one- 
third of its length from one end, the tw'clfth with a frequency of 384 
sings out unmistakably. This is the lowest tone which has a node 
at the point touched. Tlie double octave and higher tones can be easily 
demonstrated in the same way. This damping process, however, is 
not the most conclusive demonstration. After eliciting the octave as a 
partial by damping, we may use it as a guide to what to listen for, 
and if we now pluck the string in the ordinary way the octave will be 
easily heard in the complex sound without damping the fundamental 
at all. The same is true of the twelfth, which is even more easily heard. 
Indeed, when the experiment has been repeated once or twice the 
existence of the partial tones will be so obvious that it seems amazing 
that they could ever have been missed. Helnilioltz * after long prac- 
tice was able in the case of a thin string to hear the series of partials 
up to the sixteenth. 

A similar experiment may be carried out with the piano, which 
gives a good series of partials. Sound any note on the piano as a guide 
to the ear, and when the sound has ceased strike the note an octave 
below strongly, and the tone an octave above it will be distinctly 
heard. Again, sound g' as a guide to the ear, and then sound c strongly; 
g' will be heard as one of its partials. After a little practice, especially 
in the case of the trained ear which knows what to listen for, the guide 
will be unnecessary and the experimenter will be launched on the 
career of unaided analysis by ear. 

Upper partials on most wind instruments and in the human voice 
are at first more difficult to hear than those on stringed instruments. 

• Sensations of Tone, 3rd English ed., p. 50. 
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The case of the human voice is probably the most difficult. Yet here 
Rameau (1685-1764) * succeeded without any adventitious aids. Helm- 
holtz t suggests the following experiment. “ Get a powerful bass voice to 
sing et^ to the vowel o in sore (more like aw in saw than o in so), gently 
touch bt^ a twelfth above, which is the third partial of the and 
let its sound die away while you are listening to it attentively. The 
note bi?^ will appear really not to die away but to keep on sounding 
even when the string is damped by removing the finger from the key, 
because the ear unconsciously passes from the tone of the piano to 
the partial tone of the same pitch produced by the singer and takes 
the latter for a continuation of the former.” 

In order that the physical significance of this analytical capacity 
of the ear may be appreciated it is necessary first of all to consider the 
theorem known as Fourier’s theorem. 

4. Fourier’s Theorem J. 

In 1822 J. B. Fourier (1768-1830) published his Analytical Theory of 
Heat, and in the course of it stated an important mathematical theorem 
now known by his name. It may, for our j)resent purpose, be expressed 
as follows: Any continuous single-valued periodic function what- 
ever can be expressed as a summation of simple harmonic terms, 
having frequencies which are multiples of that of the given function. 
This means that any periodic curve, however complicated, may be 
built up from a series of sine curves of appropriate am})litudes and 
relative phases having the periods T/1, 2^/2, T/3, .... This is a very 
remarkable theorem. It seems incredible that a vibration represented 
for instance by the straight-line graph in the upper half of fig. 13.1 can 
be built up out of or analysed into a series of smooth sine curves: 
yet such is the case, and the result of the analysis is perfectly definite. 
Given the graph corresponding to any periodic vibration, however 
complicated, the constituent simple harmonic vibrations may be found, 
together with the amplitude and relative phase of each. 

Analytically Fourier’s theorem may be put in the form: 

x = coscot -f- ag cos2a>^ -j- , , . -j- ar cosreut -j- . . . 

sinco^ bo sin2cot -f- . . . f- 6,. sinrea^ -f* ... 

If we integrate both sides of this e(|uation with respect to t from 
f ^ 0 to ^ = jT, the integrals of all the sine and cosine terms are equal 
to zero and we are left with 

/ xdt = a^T, 

*^0 

1 

/ ^dt=^ mean value of x. 

1 -'0 

• Nouveau Systeme de Musique Theorique (Paris, 1726). t Loc. cit., p. 51. 

t For a full treatment see Carslaw, Fourier* s Series and Integrals (Macmillan, 1906). 
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Again, if we multiply both sides by cos rcot dt, and integrate 
between 0 and T, the integrals of all the terms on the right-hand side 

are equal to zero, except j cos^ rcotdt, and we have 


i: 


X QosrcDtdt 


=^ar - 
‘'0 


4 - co82r<jot 


dt 


^rT 

9 * 


2 
TJo 


J ' xcosrwtdt. 
0 



Fig. 13,1. — Analysis of a straight-line graph into the appropriate 
series of sine curves 


Similarly, if we multiply by sin rcot dt and integrate from 0 to 
T we have 


hr 



T 

X ^mru)tdt. 


If we apply the theorem to the straight-line graph in fig. 13.1 we 
see that 

X = -+-a from t = 0 to ^ = r/2, 

X = —a from t = r/2 to ^ == T. 
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1 r’’ 

Hence — - j xdt 

I •'0 


1 1 r’' 

= 7p adt — ^ I adt 
fJo Urn 


a T _a T 
f 2 T 2 


0 . 


2 

rn / ^ 

1 ^0 


2 27Trt, , 2 r7 , 

"" T X + r j \ ~f ' ^ 


“ - (2 siiiTrr — sin2Trr) 

TTT 

= 0 for all values of r. 

2 . 277r« 




. 277r< 


2 /•"“ . 277r< , 2 f ‘( . 2Trrl\ , 


— — (1 + cos27rr — 2 cos nr). 


nr 


For all integral values of r this gives 


For T even, 
For r odd, 


4:(X • » 

x= — (sinoj^ + i sin3a>^ + 5 sinSoj^ +•••)• 
n 




2—2 costtt). 


nr 

6,= 

0: 


6,= 

4a 


nr 



The larger the number of terms taken, the more nearly does the 
graph approach the straight-line form, but only by taking the infinite 
series is the correspondence made exact. This will be seen from 
fig. 13.1. 

In most actual cases the periodic curve is too complicated for the 
amplitudes of the respective components to be calculated without 
immense labour, and machines have therefore been devised which 
perform mechanically the integrations required. The graph to be 
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analysed is drawn to the required scale and then placed on the base of 
the instrument. The pointer is run along the graph and the relative 
amplitudes of the first few terms of the series can be read off directly. 

5. Ohm’s Law. 

The importance of the harmonic analysis of a complex vibration 
was first made clear by G. S. Ohm (1787-1854). Obviously there are a 
great many possible methods of analysing a complex vibration. The 
analysis by Fourier’s series is only one of these possible methods. It 
derives its importance from the fact that it corresponds to the analysis 
of the complex note actually made by the human ear. Ohm * asserted 
that vibrations which are strictly simple harmonic are unanalysable and 
are perceived by the ear as simple tones, but that all other forms of 
periodic vibration can be analysed by the ear and each harmonic con- 
stituent separately perceived, if of sufiicient intensity. The results 
of this analysis are not as a rule consciously registered; that is, in 
listening to a musical note we do not ordinarily notice its com 2 :)lex 
nature, but a proper direction of our attention enables us to do so. 
Thus the ear is a practical Fourier analyser, and harmonic analysis 
in the case of musi(;al notes derives its importance from this fact. 

A simple tone, then, always corresponds to a simple harmonic 
vibration and can be represented by the graph 

a: == a 8in(277/i5 — e). 

It can be varied in only two ways: (1) a may be altered and with it 
the loudness of the tone; (2) /may be varied and with it the pitch of 
the tone. 

The form of the curve can be altered by compounding it with 
other curves whose periods are 1^/2, Tj3, T/A, .... 

If we select the first of these periods we can assume that we are 
dealing with two vibrations given respectively by 

. 27Tt . 4:TTt 

, x^. sm - ^ . 

These represent two simple tones, the second of which is the octave 
of the first. If we plot for each the value of x lying between ^ = 0 
and t = 1\ the result is as shown by the dotted curves in fig. 13.2. 
If for each value of the abscissa we add the corresponding ordinates 
and join the resulting points we get the continuous curve shown in 
the figure. This is a curve representing a note no longer simple. It 
has the same pitch as the tone given by 

ajsin ^ , 

* Pogg. Ann,, Vol. 59, p. 513 (1843); Vol. 62, p. i (1844). 
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but it has a different loudness and a different quality. If instead 
we had compounded 

. 27Tt . 

x=- sm-y , x -- a 3 sin-y-, 

we should again have had a note of the same pitch but of different 
loudness and quality. 



Fig. 13.2. — Composition of displacement curves 

I'he dotted curve represents displacements due to a note and its octave. The continuous 
curve represents the resultant displacements when the two are compounded 


So far we have neglected the terms represented by e, i.e, the relative 
phases. Variation of these terms would alter the appearance of the 
composite curve, but we shall see that there is reason to doubt whether 
such an alteration always modifies the quality of the note which the 
curve represents. The matter is considered further in section 14, 
p. 364. 

6. Graphical Analysis. 

This method consists essentially in obtaining a graph representing 
the displacement-time relation for the air vibration, and in submitting 
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this to analysis either by mathematical or by mechanical methods. 
It is, of course, difficult to obtain the required graph unless we are 
satisfied that the movement of a membrane or diaphragm upon which 
the sound waves impinges faithfully follows the movement of the air. 

One of the earliest attempts to record the movement of the air 
in this way was made by Scott * using his phonautograph To a 
flexible diaphragm closing the receiving horn was attached a pointer 
which traced on a smoked surface. In this way a curve was obtained 
which more or less reproduced the to-and-fro motion of the air in 
contact with the dia})hragm. Later the phonograph was used for the 
same purpose. The early phonograph produced on a rotating cylinder 
of wax a furrow of varying depth, the tracing point moving in to or 



out from the wax with the motion of the diaphragm on which the 
sound impinged. One end of a long light lever was then made to retrace 
the furrow on the cylinder or disc, while the other end traced a curve 
on a smoked drum. By placing the pivot of the lever close to the 
point moving over the record, considerable magnification was obtained, 
and a curve wffiich roughly corresponded to the motion of the origi- 
nal tracing point— and therefore of the diaphragm of the recording 
mechanism — was produced. This method is obviously open to very 
serious disadvantages. The indentation of the tracing point on the wax 
will follow the movement of the air very imperfectly, as the resistance 
of the wax will vary with the depth of the indentation, and the finer 
details of the air movements are likely to be blurred and obscured. 

A great advance in this method of analysis was marked by the 
design of the phonodeik by D. C. Miller.f Its meclianism will be under- 
stood by reference to fig. 13.3. 


• Cosmos, Vol. 14, p. 314 (1859); Comptes Rendus, Vol. 53, p. jo8 (1861). 
t The Science of Musical Sounds (Macmillan, 1916). 
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The hom A collects the sound and concentrates it on the very fine glass dia- 
phragm d of thickness about *0076 cm. To the centre of this diaphragm is fixed 
a very fine wire, which passes once round the vertical steel stall and is hold taut 
by a light sjmng. To the staff is fixed a very small mirror m about 1 mm. square. 
The varying pressure in the sound wave causes vibration of the diaphragm, and 
this vibration in turn pulls and releases the attached wire, so causing rotation 
of the steel staff and mirror. A beam of light from a fixed source I is reflected 
from the mirror on to a vertical film /, where it is focused. The rotation of the 
staff will thus produce a horizontal oscillation of the image of the source, and 
if the film is made to move vertically the spot of light will trace on it a curve 
which reproduces the motion of the diaphragm, and therefore, presumably, of 
the air in the horn. The speed of the film is about 40 ft. per second, and the 
magnification is about 40,000, so that an amplitude of nana. in the diaphragm 
would produce an amplitude of 4 m. in the resulting curve. 

By means of this instrument Miller has obtained curves correspond- 
ing to the human voice and various musical instruments, and some of 
these are shown in fig. 13.4 (p. 344). 

The difficulty about this instrument, as about all instmments 
devised for analysing sounds, is to be sure that the response of the 
instrument is uniform over the whole frequency range, so that the 
various components preserve their relative intensity. The diaphragm, 
for instance, will have a series of natural frequencies corresponding 
to different partial tones. Clearly, any component tone having a 
frequency coinciding with that of one of these partials will produce 
a disproportionate response in the instrument, and will appear in 
the ultimate analysis with its intensity greatly exaggerated. The 
horn is open to the same objection, as is also the air cavity at the end 
of the horn in which the diaphragm is housed. 

The only effective method of checking the response of the phono- 
deik is to produce a series of pure tones of the same intensity, dis- 
tributed over the whole frequency range, and measure the response 
in each case. At the time when the phonodeik was first used there 
was no simple method available for producing pure tones of known 
intensity, and Miller had a series of organ pipes specially designed by 
an expert to give equal loudness of tone. With this series he calibrated 
the phonodeik, and used this calibration curve to correct the results 
of the analysis. 

A modification of the phonodeik has been designed and constructed 
by S. H. Anderson.* 

The film record obtained by Miller was enlarged to the required 
size by projecting it optically on to a sheet of drawing paper and 
tracing it in pencil. The drawing was then put through the analyser 
and the analysis recorded. 

Instead of recording the movement of a diaphragm on which the 
sound waves are impinging, we may use this movement to generate 


(F 791) 


Jourrt. Amer. Soc. Acoust.^ Vol. ii, p. 31 (1925). 


12 * 
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a variable electric current whose variations follow the pressure variations 
in the sound wave. Any form of microphone may be used in this trans- 
formation, the most faithful reproductions probably being given by 
the condenser microphone. The resulting current may be amplified 






Fig. 13,4. — Curv’^es obtained by Miller’s Phonodeik 
(i) Flute ( 2 ) Clarinet ( 3 ) Oboe ( 4 ) Saxophone 


without distortion, and analysis of this current may be carried out 
in a variety of ways. 

The current may be led to an oscillograph consisting of a sus- 
pended magnet carrying a mirror and so arranged that the variations 
of the current are recorded by the deflection of the magnet. The spot 
of light is received on a moving film and traces what is in effect the 
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displacement diagram for the air vibrations. This curve is then sub- 
mitted to analysis by calculation or by a mechanical analyser.* 

7. Analysis by Resonators. 

It is possible by means of the principle of resonance to demon- 
strate the existence of partial tones quite independently of the ear. 
[f two sounding bodies are tuned to resonance, then when one is 
sounded the other responds. Not only so, but if one is tuned to a 
partial of the other, when this other is sounded so that the partial 
is present the first will respond. Depress the key corresponding to 
c' on the piano and when the note has ceased to sound keep the key 
depressed and sound (strongly) c an octave below. Release the key 
corresponding to c and its octave will sing out until the corresponding 
key is released. The string has been set in vibration by resonance with 
the partial. The existence of the first four or five partials is easily 
demonstrated in this way. 

Helmlioltz f carried out his experiments on the analysis of musical 
notes largely by means of air cavity resonators. These are made of 
glass or metal. They have two apertures; the wider one is presented 
to the source of sound and the narrower one is coated with soft wax 
and pressed into the ear. The wax moulds itself to the shape of the 
ear and subsequently fits air-tight. If one ear is plugged and a resona- 
t;or inserted into the other most tones will be heavily damped, but if 
the proper tone of the resonator is present as a partial in any mass of 
tone it sounds in the ear most strongly. With these resonators Helm- 
holtz was able to determine which partials were present in a given note, 
although no estimate of relative intensity was possible. 

The hot-wire microphone described in section 12, p. 303 can be 
used for experiments of this kind, and has been so used by Tucker. 
It can be made extremely sensitive and will respond to notes of such 
feeble intensity as to be inaudible to the normal ear. It also enables 
us to obtain some idea as to relative intensities. 

Instead of air resonators we may use reeds. Hickman J has worked 
with an arrangement of this kind. A series of tuned reeds is mounted 
so that the reeds can be driven electromagnetically. Each reed carries 
a small concave mirror with which light from an illuminated slit can 
be focused on a screen. These slit images form a series of lines in the 
order of the reed frequencies. When a current having a complex 
wave form, such as the speech current from a microphone, is passed 
through the electromagnet, the reeds and in consequence the slit 
images on the screen will oscillate. The driving system and the ree-ds 
are so designed that the amplitude of oscillation of each image is pro- 
portional to the strength of the corresponding harmonic component 

• Steinberg, Journ. Amer. Soc. Acoust.^ Vol. 6, p. i6 (1934). 
f Loc. dt., p. 43. Amer. Soc. Acoust.^ Vol. 6, p. 108 (1934). 
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in the driving current. Hence, by observing or photographing the slit 
image amplitude, the frequencies and the relative energy of the com- 
ponents of the complex current may be determined. 

8. Heterodyne Analysis. 

The principle underlying this type of analyser is the formation and 
measurement of combination tones (p. 478) produced by combining the 
note to be analysed with a pure tone of variable frequency. Fig. 13.5 
shows a functional diagram of the apparatus. The current from the 
microphone is led to a balanced modulator. To this modulator is 
applied another wave, in series with the first, produced by an oscillator 
whose frequency may be varied over a wide range. The output of the 
modulator then contains a series of combination frequencies formed 
by the interaction of the incoming frequencies and the output of the 
oscillator. By a suitable arrangement of the modulator it can be 
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Fig. 13.5. — Functional diagram of the heterodyne analyser 


ensured that the only frequencies present will be (1) a band of fre- 
quencies formed by the sum of each incoming frequency and the 
oscillator frequency and (2) a band formed by the difference of each 
incoming frequency and the oscillator frequency.* This mixture of 
frequencies is next applied to a narrow band-pass filter and the output 
of this is measured. Thus if it is desired to analyse a band of frequencies 
distributed between 0 and 5000 it may be done by using a narrow band- 
pass filter of frequency 11,000 and an oscillator giving a carrier wave 
the frequency of which varies from 11,000 to 16,000. In this case 
every frequency from 0 to 5000 present in the wave to be analysed 
will form with some frequency of the carrier wave a difference tone 
whose frequency is 11,000, and this difference tone will therefore be 
passed by the filter. 

A very convenient form of filter is the magnetostriction type.f It consists 
of a rod of monel metal or some other metal showing the magnetostriction effect, 
supported at its mid-ptnnt and fitted with two coils, one on each end. The coils 

• Carson, Proc. I. R. jS*,, Vol. 7, p. 187 (1919); Heising, Proc. I. R. Vol. 13, p. 291 
(1925). 

t Hall, Proc. /. R. E., Vol. 21, p. 1328 (1933). 
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are shielded from one anotlier and supplied with a polarizing current. The rod 
is set in longitudinal vibration by a current of its own natural frequency passing 
through one coil and its vibration induces a voltage in the other coil (§ 6, p. 224) 
The resonance is very sharp and the arrangement acts as a very selective band- 
pass filter. The arrangement can be fitted with a recording device.* 

In the arrangement described by Schuck f and called the “ sound prism 
the observer (or performer) can hear a tone and observe its spectrum at the same 
time. Instead of the carrier frequency being slowly changed, it is rapidly swept 
through its range a number of times per second. The indications of the measuring 
device are arranged to produce vertical motion of a spot of light on a screen 
while tlie spot is moving horizontally in proportion to the carrier frequency (or 
to the logarithm of the frequency), so that the spot traces the frequency spectrum 
on the screen. The tracing of the sjjectrum is continuously repeated at a rapid 
rate so that the phenomenon of persistence of vision may enable the eye to see 
a steady spectrum. Inharmonic as well as harmonic constituent tones may be 
identified and measured, and the operation of the analysis may be made so rapid 
that changes in quality may bo observed while the note is actually being played. 

Freystedt { used a cathode-ray tube as a recording apparatus, which has 
the advantage of possessing no inertia. The zero position of the spot of light 
suffers a horizontal deflection proportional to the logarithm of the frequency 
component whose vertical deflection is being measured. The record is taken on 
photographic film. 

The use of difference tones in analysis seems to have been anticipated by 
the insects, for it has been showm § that by this means locusts converse. With 
insects having a tympanic organ there is no peripheral mechanism which can 
effect the analytical action performed by the cochlea of vertebrates. Yet insects 
seem to discriminate some qualit}^ other than loudness. 'Die tympanic membrane 
is small, is generally tuned to a very high range of frequencies, and is quite in- 
sensitive to a pure tone of low frequency. Yet the auditory nerve, limited by the 
refractory period of the nerve-fibres, responds mainly to low frequencies and gives 
only a random response to high. Experiment with the locust shows, however, 
that a “ carrier wave ” of 80(K) cycles/sec. modulated up to 300 cycles/sec. gives 
a nervous discharge consisting of bursts of activity at the frequency of modula- 
tion. So it seems that discrimination is effected by means of difference tones of 
low frequency present, not as Fourier components, but as frequencies of modula- 
tion or rapid beats hardly noticeable to us except as a “ triUing ” effect. When 
such a wave acts on a non-linear system, a component having as frequency the 
beat-frequency is introduced and can be filtered out, just as in the “ rectification ” 
of wireless signals. In the same way a cricket can recognize the stridulation of 
its mate even when the shrill “ carrier 'vvave ” has been so reduced by artificial 
distortion that the note is unrecognized by the human ear. 

9. Analysis by Diffraction Grating. 

The formation of a sound spectrum by the use of a suitable diffrac- 
tion grating has been achieved by Meyer. || The general arrangement 
of the apparatus is shown in fig. 13.6. 

•Hall, Joum. Amer. Soc. Acoust.^ Vol. 7, p. 102 (1935); Macdonald and Schuck, 
y. Frajikl, Inst.y Vol. 218, p. 613 (1934); Freystedt, Zeit.f. tech. Physik, Vol. 16, p. 533 

(1935)* 

\ Proc. I. R. E., Vol. 22, p. 1295 (1934). t Zeit.f. tech. Physik, Vol. 16, p. 533 (1935). 

§ Pumphrey and Rawdon-Smith, Nature^ Vol. 143, p. 806 (1939). 

WJourn. Amer. Soc. Acoust.y Vol. 7. p. 88 (1935). 
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The sound to be analysed is received by a microphone, amplified, and passed 
to a balanced modulator, where it is ^»ombined with a carrier frequency of 45,000. 
The lower sidebands (difference tones) are filtered out and the higher sidebands 
(summation tones) are transmitted, amplified and finally radiated from a ribbon 
loud-speaker giving approximately cylindrical waves. The concave grating has a 
length of three metres, and the grating elements are steel needles, 3*4 mm. in 
diameter, with their axes about 1 cm. apart. The diffracted spectrum is received 
on a movable condenser microphone. The theory of the arrangement is V(U'y fully 
discussed and examples of its records arc given. It is said to afford possibilities 
of very rapid analysis. 



Fig. 13.6. — General arrangement for grating sptctroscofiy of sound 


10. Analysis of Musical Notes. 

The results of analyses of the notes given by tJie commoner musical 
instruments are given at some length by D. C. Miller.* Fig. 13.4, p. 344, 
gives typical examples of the kind of trace made by the spot of light on 
the film and afterwards analysed. The results of some of the analyses 
are set out graphically in figs. 13.7 and 13.8. Fig. 13.7 gives a comparison 
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Fig. 13.7. — Analysis of the tones of the oboe and the clarinet 


ot the analyses for the clarinet and for the oboe, the distance of the 
dot from the base line in each case being a measure of the physical 
intensity of the corresponding harmonic. The figure brings out one 
very surprising result. Until these analyses were published it was always 
believed that the fundamental tone is by far the most intense and 


• The Science of Musical Sounds \ Sound Waves, Their Shape and Speed, 
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that the hif];her harmonics form a series of rapidly diminishing intensity. 
These analyses make it quite clear that this is by no means the case. 
The oboe has a relatively insignificant fundamental tone, but has 
twelve or more partials, the fourth and fifth predominating and carrying 
between them 66 per cent of the total energy. The clarinet, on the 
other hand, although the energy carried by its fundamental is rather 
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Fig. 13.8. — Analysis of flute tones 


greater in proportion, distributes its energy over a longer series of 
partials, and the eighth, ninth, and tenth carry 18 per cent, 16 
per cent, and 18 per cent respectively of the total energy or, together, 
about 50 per cent. The analysis of flute tones for strong and soft 
blowing is given in fig. 13.8, and here we see, as we should perhaps 
expect from the quality of tone, that we are dealing with notes giving 
much stronger fundamentals and relatively weak partials. 

There is, however, not yet sufficient agreement in detail between 
the residts of different observers. This is especially noticeable in the 
analysis of violin tones. Fig. 13.9 gives a comparison of the sound spectra 
for the G string as obtained by various observers. The first is the 
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analysis obtained by Miller. The second was obtained by Griitzmacher,* 
using his electrical analyser, and shows strong harmonics of the orders 
6 and 8 respectively. The third and fourth analyses were obtained by 
Backhaus,t with two specially good old violins. The last two spectra 
are from Griitzmacher and apply to the cornet and the horn respectively. 
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Fig. 13.9 


It is quite obvious that the analyses for the violins differ more among 
themselves than they do from those for the cornet and horn. These 
discrepancies may be due in part to defects in the experimental methods 
and in part to the existence of differences which are significant for 
quality alongside of differences which are relatively imimportant. 
In any case, against these discrepancies we may place results in which 
very good agreement is shown. Thus Fletcher, J using the electrical 
analyser of Wegel and Moore, agrees with Miller in attributing to the 
clarinet three very strong harmonics of the orders 8, 9 and 10 respec- 
tively. The results of vowel analysis, to which a great deal of atten- 
tion has lately been directed, also show a very gratifying measure of 
agreement. 

♦ EL, Nackr. Techn., Vol. 4, p. 533 (1927). f Zeits.f. tech. Phys., Vol 8, p. 509 (1927). 

X Phys. Rev., Vol. 23, p. 427 (1924). 
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11. Analysis of Speech Sounds. 

The recording of speech sounds is of special interest, and the records 
at once reveal the difficulties of analysis. Figs. 13.10 and 13.11 were 
obtained at the Bell Telephone Laboratories, using the oscillograph 
method. The speech waves are picked up by a telephone transmitter 
and converted into electrical waves, great care being taken to design 
a transmitter in which the electrical waves will reproduce the original 
sound waves faithfully. These electrical waves are then magnified 
by a specially designed amplifier and delivered to an oscillograph, 
where they cause a very small ribbon to vibrate in a way which exactly 
reproduces the form of the original air waves. 

This record is photographed, and an example of it is given in 
fig. 13.10 for the word “ farmers It will be seen that the first letter 
/ is characterized by very high frequencies. After these high frequencies 
the a sound is produced by only 5 complete waves having a funda- 
mental frequency corresponding to approximately 120 cycles per 
second. The r sound is followed by about 20 complete waves having 
this same fundamental frequency, followed by about 9 complete waves 
of the m sound, also with the same frequency. As the er sound is 
reached, the pitch of the voice is slightly raised to a pitch correspond- 
ing to a fundamental frequency of about 130 cycles per second. This 
is followed by the s sound, again characterized by very high fre- 
quencies. The wave form of the word “ poor ’’ is shown in fig. 13.11. 

The most interesting of the speech sounds are probably the vowels, 
and these, being capable of sustained production, lend themselves 
more easily to analysis. According to Tyndall, the question of how 
we distinguish one vowel sound from another when both are sung 
to a note of the same pitch and of equal intensity was made a prize 
question by the Academy of St. Petersburg in 1769, and the prize 
was awarded to Kratzenstein for the successful manner in which he 
imitated the vowel sounds by mechanical arrangement. 

The first important contribution to the whole subject was made 
by Robert Willis * in a very remarkable paper read to the Cambridge 
Philosophical Society in 1829. According to Willis each vowel sound 
is marked by a characteristic frequency. These frequencies are the 
natural frequencies of the air vibrations in the cavities of the mouth 
and nose, as set for the pronunciation of the vowels. These vibrations 
are excited as free vibrations by the more or less periodic pufEs of air 
from the vocal cords. The frequencies need have no simple relation 
to one another or to the fundamental tone being produced by the 
voice, and the method of harmonic analysis is not really applicable. 
This view has since been developed by Hermann and later by 


• Trans. Camhr, Phil. Soc.^ Vol. 3, p. 231 (1829). 
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Fig. 13.10. — Wave form of the word “ farmers 


Scripture.* It is generally agreed, however, that in at least some cases, 
and probably in all, a vowel sound is characterized by two frequencies 
produced as partials of the air in the mouth and nose or by dividing 
the cavity so as to have two parts each giving its own proper tone. 

Helmholtz took a point of view which in theory is very difEerent 
from that of Willis and yet in practice works out very much the same. 
He agreed about the existence of characteristic frequencies, and agreed 
further that these were what give to each vowel its characteristic 
quality. The frequencies, as in the theory of Willis, are varied by 


• Researches in Experimental Phonetics (Carnegie Institute, Washington, 1906). 
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adjusting the mouth and tongue, but whereas on the theory of Willis 
the characteristic frequencies are due to the free vibrations of the 
air in the cavities, on the theory of Helmholtz they are due to the 
forced vibration of the air. The frequencies are thus harmonics of 
the note on which the vowel sound is produced and the methoa of 
harmonic analysis is applicable. Helmholtz * collected a great deal of 
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Fig. 13.11. — Wave form of the word ” poor 


the earlier material, and by analysing vowel sounds by his resonators 
and attempting to synthesize them by his harmonic series of tuning- 
forks he made a valuable contribution to the subject. 

Following this view Miller applied his phonodeik to the analysis 
of the vowel sounds. The vowel sound a in the word “ father ” was 
sung by various voices to notes of different pitch, and the analysis 
carried out in each case. It was found that when the vowel was intoned 
at a frequency of 155, the sixth partial carried 69 per cent of the 
total energy. When it was intoned at frequency 182, the fifth partial 
carried 48 per cent of the energy. When it was intoned at frequency 
227, the fourth partial contained 65 per cent of the energy. It will be 
noticed that the actual pitch of the strong partial is nearly the same 
in the three cases: 6 X 155 = 930, 5 X 182 — 910, 4 X 227 = 908. 
Miller’s observations showed that in all cases this general rule holds 

• Loc. cit., pp. 103-K?. 
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and that whatever the frequency of the note on which the vowel 
sound is produced, the strong partial is the one which comes nearest 
in pitch to the frequency 910. Extending this investigation to other 
vowels, Miller arranged them in two series, in one of which they seem 
to be characterized by loud partials in one particular region of pitch, 
while in the other they are characterized by two such regions. The 
results of the analyses are shown in figs. 13.12 and 13.13. If we 


VOWELS CLASS I 



Fig. 13.12. — Characteristic curves for the distribution of the energy in vowels having a 
single region of resonance 


attempt to pronounce one of these series of vowel sounds, we shall 
find that each series is produced by a progressive movement of the 
mouth and tongue. 

These results were confirmed in three different ways. If, for in- 
stance, we take the vowel sound ow as in “ mow ”, we see that it 
belongs to the series which has one principal region of resonance in 
the neighbourhood of 461. If we sing this vowel sound on any given 
note and record it on a gramophone record, then when the record is 
run at the proper speed the vowel sound will be accurately reproduced. 
If, however, the record is run too slowly the sound will tend to become 
ooy whereas if the record is run too quickly it will tend to become aw. 
It is claimed that this variation of the characteristic region of resonance 
when a gramophone record is run at the wrong speed accounts for the 
extraordinary distortion of speech sounds which results. The experi- 
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ments not only verified the change in vowel quality but gave a good 
numerical check for the frequencies characterizing the four vowels of 
this series. This claim has since been challenged. 

Another method of check was to obtain phonodeik records of whis- 
pered vowel sounds. In this case the voice tones are absent, and the 
record consists mainly of small vibrations characteristic of the vowel. 
These were counted and confirmed the original observations. 


VOWELS CLASS 2 



Fig. 13.13. — Characteristic curves for the distribution of energy in vowels having two 
regions of resonance 


Lastly, the vowel sounds were synthesized using a series of specially- 
designed stopped organ pipes such that the loudness of tone could be 
adjusted. Synthetic vowel sounds when judged by ear are difficult to 
appraise, but in this case they were not merely judged by ear but were 
used for the production of a phonodeik record, which was compared 
with that of the original sound and found to show a very fair agree- 
ment. 

Electrical analyses have been carried out by Crandall and Sacia * 
using a method described as ‘‘ photo-mechanical ”, and by Wegel and 
Moore using a form of electrical analyser. 

The general results obtained confirm the work of Miller with the 
phonodeik, except that all the vowels seem to be characterized by two 
resonance regions, the region of higher pitch being much less impor- 
tant in the case of the series to which Miller assigned only one resonance. 

• Phys. Rev,, Vol. 23, p. 309 (1924). 
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The acoustic spectra of the vowel sound e as in “ eat ” are shown in 
fig. 13.14 for four different fundamental pitches, and it is obvious that 
in each case the partials are strongly reinforced in the neighbourhood 
of 2000 to 2500. 

Very important work has been done in Germany by Stumpf * and 
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Fig. 13.14. — Electrical analysis of vowel sound e as in '* eat ”, showing marked concentration 
of energy in the frequency region 2000 to 2500 


by Trendelenburg.f Stumpf worked with electric filters and found the 
regions of frequency in which the various vowel sounds were most 
sensitive to the suppression of components. He also carried out 
analyses using harmonic components only, and obtained results which, 
considering the difference in language, show good agreement with 
those of American experimenters. 

• Die Sprachlaute (Berlin, 1926). 

t Wiss. Veroff. a. d, Siemens-Kons., Vol. 3/2, p. 43 (1924). 
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Vowel curves for the vowel sound i and the corresponding harmonic 
analysis by Trendelenburg are shown in figs. 13.15-17. It will be seen 
that dissimilar as the curves seem to be they all reveal on analysis a 
strong component frequency in the region of 3000 cycles/sec. This is 



to be compared with the vowel sound in ‘‘ meet for which Miller 
gives a strong component at 3100. 

A very complete discussion of the whole question is contained in 
Fletcher, Speech and Hearing * and Sir Richard Paget, Human Speech\'\ 
the latter includes valuable experiments on the artificial synthesis 


Fig. 13.16, — Vowel i in the lower register 
of a w'oman’s voice, together with spectrum 
(fundamental frequency about 250). 




of vowel sounds. On Paget’s view English and most European and 
Indian languages are based on whispered speech, and what he calls 
phonation ”, i.e. the use of the vocal cords to produce a note, is 
only an auxiliary device to give inflection, melody and emotional 
quality to speech and song and to increase the audible range. Follow- 
ing out a suggestion of R. S. Lloyd J that every cardinal vowel has 
two chief characteristic frequencies, one derived from the anterior or 
oral cavity and one from the posterior or pharjmgeal cavity, he demon- 
strates these regions of pitch by shaping his mouth for the vowel and 

• D. Van Nostrand Co., 1929. f Kegan Paul, 1930. 

^ Journ. Anat. and Physiol,, Vol. 3 *- P- 24 ® (*897); Proc. Roy, Soc, Edin,, Vol. 22, 
pp. 97, 219 (1897-9)- 
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air across the front of it from a pair of bellows. He sum- 
these for a whispered sentence in stafE notation in fig. 13.18. 



Fig. 13.17. — \’owel i in the upper register of a woman’s voice, together 
with spectrum (fundamental frequency about 350) 
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The modifications of the cavities by the lips and tongue are shown in 
fig. 13.19. By using plasticine or cardboard Paget has' produced double 
resonators (fig. 13.20) in which the proper tone of each is adjusted so as 
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to give the characteristics for the various vowel sounds. The part of 
the vocal cords is played by a reed, and air is blown from this reed 
into the double resonator. 


Tongue Positions 


Tongue Positions 



Fig. 13.19. — Tongue and lip positions for enunciation of vowels 



Fig. 13.20. — Sir Richard Paget’s models for the production of vowel sounds 


The consonantal sounds are more difficult to analyse, but Paget 
finds that k contains a component of frequency about 3000, th has 
frequencies between 2500 and 3400, sh has frequencies greater than 
3000, / has frequencies between 5000 and 6000, whereas in the case of 
8 there are frequencies in excess of 6000. On the other hand, the 
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strong frequencies in the nasal consonants m, n, &c., may be below 

200 . 

The following table was constructed by Fletcher after a thorough 
study of the work of Stuinpf, Miller, Paget and Crandall. 

Table VIII 


Characteristic Frequency of the Vowf^l Sounds 


Speech Sound 

Low 

Frequency 

Hifih 

Frequency 

u (pool) 

400 

800 

u (put) 

475 

1000 

0 (tone) 

500 

850 

a (talk) 

600 

950 

0 (ton) 

700 

1150 

a (father) 

825 

1200 

a (tap) 

750 

1800 

e (ten) 

550 

1900 

er (port) 

500 

1500 

a (tape) 

550 

2100 

i (tip) 

450 

2200 

e (team) 

375 

2400 


Further work along these lines has been carried out by Steinberg,* 
using an oscillograph record; by Obata and Tesima f for Japanese 
vowel sounds; and by Curry J for English vowels. 

In a communication to Nature^ Scripture challenges the whole 
explanation of vowel quality in terms of characteristic frequencies 
and maintains that the vowel quality attaches to the “ profile ” of the 
curve representing the vowel. According to his view this profile is 
not the sum of a few discrete free vibrations, but an integration of 
an infinite number of such vibrations differing infinitely little from 
one another and each subject to specific damping. These vibrations 
are the partials of one cavity of complicated shape which he maintains 
cannot be treated as two or more separate cavities. He claims that 
with a gramophone record of speech, electrical filters and a loud- 
speaker he has filtered out various regions of frequency as follows: 
(1) all frequencies above 1350 cycles/sec., (2) all frequencies below 750, 
(3) all frequencies above 1350 and below 750, (4) all frequencies between 
750 and 1350. His contention is that the musical character of the 
speech changed with every alteration but the specific characters of 
the vowels remained unchanged. In contradiction of all previous work, 
he concludes that the character of a sound as vowel does not depend 

* Journ. Amer. Soc. Acoust., Vol. 6, p. i6 (1939). 

t Proc, Imp. Acad. Jap.^ Vol. lo, p. 322 (1934). 

X Proc. Univ. Durham Phil. Soc.y Vol. 9, p. 153 (1934). 

§ Vol. 129, pp. 275, 965 (1932)* 
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on the presence of any special tones or regions of tone, and that any 
region of frequency assigned to any particular vowel can be filtered 
out with no change in the vowel apart from its musical character. 

On this view the vowel character depends on the general shape of 
the ‘‘ vibration profile ”, and any frequencies of any kind may be 
present provided they give the same general form of profile. Hence, 
according to Scripture, the imitation of the human voice by the 
magpie or parrot. 

This view receives some support from Barany.* He quotes experi- 
ments with the gramophone f in which considerable variation in 
record speed produced little change in the character of certain vowel 
sounds. Adapting for this purpose an experiment used as a lecture 
demonstration by Tyndall in 1867 when he inhaled hydrogen and 
then continued his lecture, Bdrdny filled his lungs with, pure hydrogen 
and tested the articulation for a random collection of consonant/ 
vowel/con sonant combinations representing important Swedish speech 
sounds. If the hydrogen completely fills the resonating cavities the 
corresponding frequency is four times the normal. The articulation 
was found to be reduced only to 75 per cent of that with air in the 
same circumstances. 

As a warning against any undue simplification of the problems 
Scripture’s work is extremely useful, but the “ formant ” theory of 
vowel character (i.e. the reinforcement of a specific region of pitch) 
is too well established and too well supported by the most recent 
work to be seriously shaken. 

12. Frequency Range of Speech. 

Speech contains almost the whole range of frequencies to which 
the ear is sensitive, but some regions are more important than others 
and some carry more of the energy than others. Crandall and Mac- 
Ken zie X have compared the energy radiated in various frequency 
bands in speech by analysing the speech waves as impressed on a con- 
denser microphone. They use a tuned circuit transmitting narrow 
frequency bands, and the separate syllables of connected speech are 
pronounced sufficiently slowly for a reading to be made for each 
syllable. One instrument records the total energy and one records 
that corresponding to the frequency band being tested. The frequency 
carrying maximum energy is centred on 160 cycles/sec., and 50 per 
cent of the energy is radiated in frequencies of 350 cycles/sec. or less. 
This does not necessarily mean, however, that from the point of view 
of intelligibility low frequencies are the most important. We have 

^ jfourn. Amer. Soc. Acoust., Vol. 8, p. 217 (1937). 

t Fletcher, Speech and Hearing, p. 292; EnRelhardt and Gehrcke, Zeits.f. Psych. ^ Vol. 
1 15, p. I (1930); Kucharski, Comptes Rendus, Vol. 195, p. 979 (1932). 

X Phys. Rev., Vol. 19, p. 222 (1922). 
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already quoted Paget’s view that intelligibility depends on high fre- 
quencies and the low frequencies — the proper tones of the vocal cords 
— act as a kind of carrier wave upon which the higher frequencies are 
impressed. This view is borne out by direct experiment. Interpre- 
tability or articulation is measured by the dictation of a series of 
meaningless syllables and by noting the percentage of these correctly 
interpreted. The speech is received by a microphone, passed through 
an electrical filter and emitted by a loud-speaker. Fig. 13.21 shows the 
results in graphical form. The ordinates of the solid curves represent 
percentage of articulation syllables correctly recorded. The abscissae 
represents the “ cut-off ” frequency of the filter. ‘‘ Articulation L ” 
gives the results for the low-pass filter, passing all frequencies below 



Fig. 13.21. — Effect upon the articulation and energy of speech of eliminating 
certain frequency regions 


the value indicated, while “ Articulation H ” gives the results for the 
high-pass filter, passing all frequencies above the value indicated. The 
dotted curves indicate the percentage of energy passed under corre- 
sponding conditions. 

It will be seen that although the fundamental cord tones with 
their first few harmonics carry a large portion of the speech energy, 
they carry relatively little of the speech articulation. A filter which 
eliminates all frequencies below 500 cycles/sec. eliminates 60 per cent 
of the energy in speech but reduces the articulation by only 2 per 
cent. A system which eliminates frequencies above 1500 cycles /sec. 
eliminates only 10 per cent of the speech energy but reduces the 
articulation by 35 per cent. 

The two solid curves intersect on the 1550 frequency abscissa and 
at 65 per cent articulation, showing that the elimination either of all 
frequencies above 1550 or all frequencies below 1550 reduces the 
articulation by the same amount, namely to 65 per cent. It is found 
that mistakes as to the consonantal sounds th^ f and v are responsible 
for nearly 50 per cent of the mistakes of interpretation. The charac- 
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teristics of these sounds are carried principally by the very high 
frequencies. 

13. Pitch and Quality of Filtered Notes. 

It is the fundamental tone of a musical note whose frequency 
determines the pitch of the note, and this tone is the only constituent 
of the note which is perceived by the untrained ear. That its physical 
intensity should be so small compared with that of the other consti- 
tuent tones which are not heard at all unless by an effort is sufficiently 
surprising. Still more surprising is the fact discovered by Fletcher * 
that this tone can be completely suppressed without the apparent 
pitch of the note being altered. The experiments were carried out by 
means of a high-quality telephone system designed to secure that the 
sound coming out of the receiver was in every way a faithful copy 
of that going into the transmitter. Electrical filters f were introduced 
into this system so that any components present could be reduced in 
intensity to values between -001 and *0001 of those without the 
filter. Judgments of pitch and quality were made by three persons 
familiar with music. The notes were produced at intensities of 10"^ 
or 10® times the minimum audible intensity (some 70 to 80 decibels (p. 
465) above threshold audibility). In the case of the vowel ah sung at a 
frequency of 145 cycles/sec. it was found that the elimination of the 
fundamental and ffist two harmonics only slightly affected pitch or 
quality, and even with the elimination of the fundamental and the 
next six harmonics the pitch still corresponded very definitely with 
that of a pure tone of frequency 145 cycles/sec. The harmonic analysis 
of this filtered tone revealed no frequencies below 1000 cycles/sec. 
Neither the pitch nor the quality of the notes of a rich baritone or 
contralto voice were found to be appreciably affected by eliminating 
the fundamental and the first two or three harmonics, but the elimina- 
tion of high harmonics, even above the fifteenth, produced notable 
differences of quality. The effect of elimination of high harmonics 
was less marked for a soprano voice. Elimination of the fundamental 
and low-order harmonics affected the quality of the principal musical 
instruments more than it did the quality of sung vowels, but in no 
case did it produce any change of pitch. The pitch remained constant 
so long as the filtered sound could be recognized as a musical note. 
We shall return to this phenomenon in section 8, p. 482. 

14. Quality and Phase Differences. 

Quality is clearly associated with the existence of partials and with 
their relative intensity. If the note of a stretched string is produced 
by plucking it with a soft instrument, such as the finger, and again by 

• speech and Hearing, p. 248. f Phys, Rev., Vol. 15, p. 513 (1920). 
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plucking it with a sharp instrument, such as a plectrum, the resulting 
quality is notably difierent. In the first case we may describe the 
quality as tending to be soft and dull. In the second case it tends to 
be harsh and brilliant. The sharper discontinuity imposed on the 
string in the second case means on analysis a longer series of harmonic 
components of relatively greater intensity. The quality given by a 
tuning-fork mounted on a resonance box or by a wide-stopped organ 
pipe is relatively dull and is nearly pure. Good musical quality always 
involves important harmonics. 

The question naturally arises whether quality depends only on 
the relative intensities of the harmonics, or whether it depends also 
on their relative phase. Ditferences in relative phase produce dif- 
ferences in wave form, i.e. difierences in the form of the displacement 
diagram, and it is at least possible that these difierences influence the 
quality. 

Helmholtz * satisfied himself that relative phase is without efEect 
on the quality of a note. His method of experiment was to take a series 
of electrically driven timing-forks forming together the first few mem- 
bers of the harmonic series. Opposite to the ends of the prongs of 
each fork is the opening of a tuned resonator, the distance of which 
from the fork can be varied. The opening of each resonator can be 
partly closed by an adjustable disc. Kelative intensity of the various 
harmonics can be modified by altering the distance of the resonator 
from the fork. Partial shading of the opening of the resonator modifies 
the intensity, but it also slightly mistunes the resonator and alters its 
phase relative to the fork and therefore to the exciting current. For 
very slight shading the effect on intensity is small and that on phase 
considerable. In the hands of a less competent experimenter with a 
less highly trained ear, the results arrived at would have had much 
less value. 

As it was, R. Konig f disputed Helmholtz’s conclusion. His 
experiments were made with a wave siren. In this instiTiment a curved 
profile was cut on the edge of a wheel. The wheel revolved under a 
narrow slit placed exactly in the position of a radius of the wheel 
and the wind was driven through this slit as the wheel rotated and 
the curve alternately cut off and let pass the stream of air. The theory 
of the instrument was that if the profile was a sine curve the resulting 
modification of the air blast would give a simple tone, while if the 
profile was the curve produced by combining a series of harmonics 
these would be present in the resulting note in intensities and phases 
corresponding to the components of the curve. By keeping the inten- 
sities constant and varying the phase relations Konig produced a 
series of curved profiles which gave variations of quality. The results 
of these experiments are, however, vitiated by the discovery that the 

• Loc. cit., p. 126. t Wied. Arm,, Vol. 12, p. 335 (1881). 
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noises produced do not correspond to the simple theory of the instru- 
ment on which Konig worked. 

The question was attacked later by Lloyd and Agnew * using a 
telephone operated by a series of harmonically varying electric currents 
whose frequencies were in the ratio of the whole numbers. They 
altered the relative phases of the constituent variations and corro- 
borated the view of Helmholtz that variations of phase of the com- 
ponents are without influence on the quality of a complex note. 

This conclusion has been challenged by Chapin and Firestone f 
on grounds both of theory and of experiment. They base their theo- 
retical case on the accepted fact that pure tones supplied to the ear 
generate in the ear their own series of harmonics — harmonics which 
become audible when the pure tone is sufficiently intense (section 6, 
p. 472). If now one of these harmonics is supplied to the ear as a 
second pure tone it will combine with the harmonic of the first produced 
in the ear itself, and the intensity of the resultant tone will depend on 
the relative phase of the two components and will inevitably affect 
the quality of the combination. This effect on quality was experi- 
mentally verified by all observers tested, as was the fact that the 
loudness depended on the relative phase of the two tones supplied to 
the ear and might even be less for the two tones combined than for 
the single fundamental. In considering this result in relation to the 
evidence already quoted it ought to be noted (1) that this result 
involves no assumption that the ear is sensitive to phase difference 
per se, and depends upon the fact that pure tones are not heard as 
pure tones if the loudness exceeds a certain level, and (2) that the 
loudness level used in these experiments was high, the fundamental 
(frequency 108) being supplied at an intensity level of 104 decibels 
and a loudness level of 96 phons (p. 464). 


• Bull. Bur. Stands. y Vol. 6, p. 255 (1909). 
ji Jfoum. Atner. Soc. Acoust.^ Vol. 5, p. 173 (1934)* 



CHAPTER XIV 


Vibrations of Strings 

1. Velocity of Transverse Waves on Stretched Wires or Strings. 

For the purposes of this discussion we assume a wire or string to 
be a body whose length is great compared with its diameter and 
which is perfectly flexible. From this it follows that the ends of any 
element are subject to forces of tension directed along the tangent. 
Of course perfect flexibility is never found in actual cases, but the 
approximation is sufficiently close to be useful. 

Let us assume first that a wave of any given type can be propa- 
gated along the wire without change and with velocity c. In this 
case the wave can be brought to rest in space by moving the wire in 
the opposite direction with velocity c. If we consider the motion 
of the element ds (fig. 14.1), the resultant of the two equal tensions 
applied at its ends is directed towards the centre of curvature of 
the element and is equal to P, where 

P 

ds P’ 


R being the radius of curvature and X the tension. That is, 

But this is the force which gives to the element its required accelera- 
tion towards the centre of curvature. Hence 

= mas 

jH a 


where m is the mass of the string per unit length. 


Therefore 


X . 


m 


i.e. c : 




,14.1) 


which gives the velocity of the wave in terms of the tension of the 
string and of its mass per unit length. 
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The same result can be derived more rigorously as follows: 

Let the tension in the string be X, as in fig. 14.1, and let its mass 
be m per unit length as before. Let the amplitude of the wave be 
small, so that a is small. Then the transverse component of the tension 
at A is — Xsina. Since a is small we can put sin a — tana ™ dyjdx. 
The transverse component of the tension at the other end is approxi- 
mately X^i^yjdx) + (d^yjdx^) Sa^}. 


X 



Fig. 14.1 


Hence 

or 

Hence 

i.e. 


Resultant transverse force ~ X 


d^y 

dx^ 


Sx. 


Mass of element = mSs mhx, so that 

X 8x ~ mSx 

d^y X d^y 

dt^ m dx^ 



(14.2) 


2. Frequency of Transverse Vibrations of Strings. 

The transverse vibrations of stretched strings are one of the most 
ancient recognized methods of producing musical notes. They were 
familiar to the Greeks, and the Greek tetrachord played an important 
part in the development of the musical scale. Pythagoras found that 
the simple musical intervals are formed by notes for which the vibrat- 
ing lengths on a given stretched string form simple numerical ratios. 
According to him the intervals in music are “ rather to be judged 
intellectually through numbers than sensibly through the ear ” and 
‘‘ the simpler the ratio of the two parts into which the vibrating 
string is divided the more perfect is the consonance of the two soimds 
He was the first to use the monochord, a sounding board and box 
with scale on which a single string was stretched. 

(P791) 


13 
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No further progress in the study of vibrating strings was made 
until the time of Galileo (1564-1642), whose results were published in 
his Dialoghi delle Nuove Scienze. He deduced quantitatively the 
relations between the frequency and the length, diameter, density 
and tension of the string. 

These relationships were independently deduced by the Minorite 
Friar Marin Merseiine of Paris and were actually published by him 
in his Harmoiiie Vnivcrselle in 1636, two years earlier than Galileo’s 
Dialogues, It is quite well known, however, that the publication of 
Galileo’s book was delayed for many years, and it seems fairly certain 
that his work was carried out earlier. He found that the frequency 
of vibration of a stretched string is (1) inversely proportional to its 
length, (2) directly proportional to the square root of the stretching 
force, (3) inversely proportional to the diameter for wires of the same 
material- If wires are not of the same material this law becomes 
(3a) inversely proportional to the square root of the mass per unit 
length. 

These laws are all qualitatively familiar in their application to 
musical instruments. The scale is produced on the violin, for instance, 
by altering the vibrating length by stopping with the fingers, and the 
shorter the length the higher the ])itch. The string is tuned by altering 
the tension by screwing the j)eg to which the string is attached. To 
secure a low note without using an unduly long string or an unduly 
low tension we choose a thick string, or if that is not sufficiently 
flexible we may load a comparatively thin string by wrapping fine 
metal wire round it (as in the case of the violin G string). All four 
violin strings are now made in the wrapped variety, and it is possible 
to use a steel core. When this is done the wrapping is of lighter metal, 
in order to increase the diameter. 

We can deduce the exact formida for the frequency from the re- 
lations c =/A and c = '\/{Xjm). For the simplest mode of vibration 
the two ends are nodes, so that X~ 21; 

" 21 21^ m 


If p is the density of the material and r the radius of the string, 


m ~ TTr^p, c ■ 


1 

'2rl 



We may represent the motion of the string by the general equation 
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Assuming further that wc are dealing with simple harmonic vibra- 
tions only, we may put ^ ~ a cosa>^. Substituting this value in the 
general equation we get 


0x2 ^ 


0 , 


(14.3) 


The solution of this is 

I ~ cos -f B cosoj^. . . . (14.4) 


If the string is fixed at a; — 0 and x ^ I, wc have 

(^)x^o — 0 ~ ^ ft>r all values of t. 

(^)a:-0 “ ^ costal — 0 

and A = 0. 

Also (^)a:-.i ^ B sin ™ cosa>^ ^ 0, 

c 


col 


— 7)177, where rn is any integer, 


and 


. * miTX 7)l7TCt 

= B^ sin - cos -j-. 


(14.5) 


For the fundamental mode 7)i= I, 


. -r, . 7TX TTCt 

= B^ sin cos - . 


Since repeats its values when Trctjl increases by 27r, if T is the 
corresponding value of t we have 


ttcT 

~T 


== 27r, 




21 


J 21 21^ m 


. . (14.6) 


The easiest way to evoke singly the partial modes of vibration of 
a stretched string is by resonance. A wire mounted on a monochord 
is stretched with suitable tension and tuned to give a frequency of 
128. If small paper riders are placed on the string all will be thrown 
off if a fork of frequency 128 is sounded and the shaft rested on the 
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bridge over which the wire passes. If now riders are placed at 
IZ from one end and a fork of frequency 256 is used, the first and 
third riders are unseated and the middle one remains in position. The 
relative intensity of the partial tones actually present when the string 
is sounded, and hence the quality of the note, depends on the place 
and mode of excitation. 

We have already seen that the possible modes of vibration are 
given by 


. mTTX rriTTCt 
Sill ~ - COS - ^ , 


. . (14.7) 


where m has the successive integral values. These modes can exist 
together. The most general type of vibration will then be given by 




. miTX 

sm — j- cos ^ 


niTTCt 

T 


+ ^7 


.)■ 


. (14.8) 


This can be put in the form, first given by Daniel Bernoulli 
(1700-1782) in 1755, 

^ = 2 sm |a^ cos -p + sm j , . (14.9) 

where cose„ = a„, —B„ sine„ = b^. 


The constants and depend on the initial conditions of the 
vibration and can be calculated by the method already given under 
Fourier’s Theorem (p. 337), 

In the initial position of the string the coefficients of are all 
zero and the coefficients of a^n are all unity. Hence 




S sin 


niTTX 

___ 


represents the initial distribution of the displacement along the string. 


Also I == S sin 


niTTX 

~r 


(- 


a^mnc . mirct , byjniTrc rmrch 

~r + ^ 


The initial distribution of velocities along the string is therefore 
given by 

/A r • niTTX 

== y ^ sm — 


Using the method indicated under Fourier’s theorem we can 
evaluate the constants from these two equations by multiplying both 
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sides of the corresponding equations for single components by 
sin mTTxjl and integrating from 0 to Z. We have 

. . mrrx 



r* . liiTTX , 

. « niTTX j 

/ sin^ — , - dx 

6 




2 -r, 

) dx 







”2 ‘ 


Therefore 

2 

««, == iJj 

. . mrrx ^ 

■ sin (lx. . . . 

. (14.10) 

Similarly 

h - 2. 

^ TTcni ^ 

1 . m'TTX ^ 

/ t sin dx. . . 

'0 i 

. (14.11) 


3. Progressive Waves on Strings. 

Imagine an infinite string in tension to start from rest with an 
isolated small disturbance of form/(a:), which is conveniently taken 
to be zero except near the origin (fig. 14.2). 



Then, as for a string of finite length, Fourier analysis * will give the 
form of the constituent normal vibrations. In this instance the result 
is an integral instead of an infinite series, and for ^ = 0 we have 


f[x) ~ f (Ik f f(x') cosA:(x' — x)dx, . (14.12) 

77 •'o _oo 

The amplitude of the modes comprised in the range k to k + dk 
is thus 


f f{x') GOsk{x' ■— x)dx\ 


• See p. 337. 


. . (14.13) 
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Now the natiiriil period must be such that the time factor is coscoi, 
where co = ck, and therefore after a time t has elapsed the amplitude 
is 

dk r ' 

— / / (x'} cos ket cosJdx' — x)dx’ 

7T J 

dJe r ^ 

^ 77 i_oo ™ or -f- Ct) 4- cos 74a/ — x — ct)]dx'. 





if ^■^ct)+if (x~ct) 



Fig. 14.3 


This is evidently the amplitude in the same range it to (it + dk) 
in the analysis of the function 

if — ct) + if (x 4- ct)- 

Thus the analysis appropriate to a set of normal stationary vibra- 
tions does yield the result of progressive waves which is also obtained 
directly from the wave equation (p. 52), 
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A similar result obviously applies to a semi-infinite string when 
the initial displacement is given near one end. 

If the string is finite, the range within which the appropriate 
Fourier series must be valid is also limited. If we consider the value 
of the scries outside these limits, it is evident that the sum is periodic 
and is capable of representing, for all values of cr, a function made 
by repeating the initial shape of the string indefinitely. The connexion 
with the infinite string is now apparent. The imposition of constraints 
to fix the ends of a string is (equivalent to making the initial distur- 
bance periodic in tlie length 21, for the series ^m{m7Txll) is unaltered 
if X is changed to {x + 21). The train of disturbance may then be 
divided into two progressive waves, and their recombination will give, 
in the interval 0 to /, the actual vibrations of the string. The example 
considered in section 6, p. 377 is shown in fig. 14.3 as it appears 
by this method. 


4. Reflection of Waves on Stretched Strings. 

The most important practical case is that of reflection from a fixed 
end. We may regard the vibration of the string as due to the passage 
of two waves, a din'ct wave given by — F^{ci — x), and a reflected 
wave given by + x), where i\ and are arbitrary func- 

tions. Then 

f + ^2 “ "I” F.^(ct +x). 

If the string is fixed at the point x = 0, 

0, 

F^(ct) + F^(ct)^ 0 

• • 

^ - F^{ct - x) - F, [ct -t- x), (14.14) 

Hence for the direct wave at a: ™ 0, we have 
Displacement == F^{ct). 

== (tL.“ 

Particle-velocity — (is”) ““ cF^{ct), 

\ ct /jt-o 

For the reflected wave at the same point, since 

-f x), we have 


Displacement 
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Slope 

\dx / 


Particle-velocity 

... = 
\dt 

-cF^'ict). 


If 

0 

II 

0 

!t 


_ 

(du 


\ dt ' x~o 

\ dt f x^Q 


At reflection, therefore, the slope of the wave remains the same 
but the particle-velocity is reversed. 

The reflection of waves from the point of attachment of two wires 
of different linear densities slretc'hed with the same tension provides 



Fig. 14.4 


US with an interesting analogy to the partial reflection of light waves 
at the surface of a transparent medium. 

Suppose that a simple liarraonic wave proceeding from left to 
right past the junction of the two wires in fig. 14.4 is given by 

cos(kx — ojt), where k == 27r/A, o) = 27r/T. 

For the reflected wave we have 

cos (fa + cot), 

and for the wave transmitted in the second wire 
I2 = ^'2 (^os(k'x — (Ot), 

where k' == 27r/A'. The waves in the second wire must have the same 
period but the wave-velocity and therefore the wave-length will be 
different. 

Since the displacement of both wires at the junction must be the 
same, we have 

(^o)jc=»=0 (l'2)x=-0> 

ag cos (—cot) -f tti cos (cot) == cos(—wt). . . (14.16) 



XIV] 


REFLECTION OF WAVES 


375 


Further, the transverse forces on the two wires must be the same 
at cc ~ 0. Hence 


' (/ 3 / ux/^—Q \dXfx^o 
~dx ™ “^0 sin(A:a; — cu^, 


-Jcaj^ sin (kx + ojt), 


dx ^ ^in{k'x — a)t), 

JcOq sh\(—cot) + ka^ sm(cu^) — k'a^ siu(-" ojt), (14.16) 


Hence by (14.15) 
and by (14.16) 

so that 


CIq ■[ --- Cf'Oy 

k{aQ — a ^) — k'a.2, 

Q/q d-j^ /c 


k-¥ 

or ‘^^^“o-F+r 

But f, 

k A q 

where c,, c. are the velocitios of the waves on the two wires. 


, , Q>^ — (2, 


1 — L TU 


kjk' — 1 _ cjci — 1 
‘ kjif+i ^ ^Jc7+"i 


a 

°c. + c. 


Since the tensions are equal. 


Therefore 


— ^0 


+ V Wo 


The coefficient of reflection is 


% _ aA^ — V 7^2 
tto \/w?^ + V Wj’ 


(14.17) 


(14.18) 


<» 791 ) 



376 VIBRATIOl^^S OF STRINGS [Chap. 

If > m 2 , then and have the same sign and the displace- 
ment is reflected without change of displacement phase. 

If m^ < Wg, then and aQ have opposite signs and the displace- 
ment is reflected with change of phase tt. 

For the amplitude of the transmitted wave we have 

0^2 == Oo + «1 = «o(l + ^) = «0 • (14.19) 

Vmi + V ^2 

5. Experimental Illustration of Mersenne’s Laws. 

Mersenne’s laws may be illustrated by the use of a sonometer— 
a rigid frame with one fixed bridge and one movable bridge across 
which wires can be stretched. The wires are fixed beyond the fixed 
bridge, and beyond the movable bridge they are attached to scale 
pans which can be loaded. In order that the tension of the wire be- 
tween the bridges may be the actual load, there must be as little 
friction as possible, and this is best secured by using a vertical sono- 
meter. 

(1) A suitable tension is applied and the movable bridge is adjusted 
sc as to tune the pitch of the vibrating portion of the wire successively 
to a series of tuning-forks of known frequencies. If / is now plotted 
against 1 /Z the result will be a straight line, showing that / oc l/l. 

(2) Three forks fairly close together in pitch are chosen, the adjust- 
able bridge is set to give a convenient length and the load in the scale- 
pan adjusted so that the vibrating length is tuned to each of the three 
forks in turn. The weight of the scale-pan must of course be added 
to the load in each case. It will be found that JjVX is constant, where 
X is the total stretching force. 

(3) Two wires of different section and different material are stretched 
with the same tension and tuned successively to the same tuning-fork 
by adjusting the movable bridge. It will be found that 

ZjV — ZgV mg, 

where m^, are the masses per unit length of the two wires. 

An interesting illustration of the frequency formula, although a 
very inaccurate one, is afforded by Melde’s experiment. A long hori- 
zontal thread is attached to the prong of a tuning-fork at one end, 
while the other end passes over a frictionless pulley and carries a scale- 
pan which can be weighted. The fork, which is electrically maintained, 
is adjusted so that it gives a horizontal transverse vibration to the 
end of the thread. The thread thus has a fixed frequency imposed on 
it and a definite tension. It has a fixed mass per unit length. The 
only variable is the vibrating length, and the thread accordingly 
divides by a series of nodes into vibrating length .s of the proy)er raagni- 
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tude. As the load is increased by adding weights the vibrating lengths 
become longer and the number of segments into which the string 
divides itself becomes smaller. If for each load X giving an exact 
number of segments the corresponding number of segments p is noted, 
it will be found that p'^X = const. This result is derived from the 
formula 



If in this formula V denotes the length of a segment, then V = l/p. 
Hence 


S‘ 


^ m 


p'^X ~ -- const. 


6. Plucked Strings. 

Strings are set in vibration principally in three ways: 

(1) Plucking — as in the harp, mandoline, &c. The string is pulled 
aside at one point and then released. 

(2) Striking — as in the piano. The string is struck by a hammer 
which rebounds and leaves the string free to vibrate. 

(3) Bowing — as in the violin, &c. The string is attacked by a bow 
which is drawn across it. 

Of these methods of initiating the vibrations of a string the first 
is the simplest to deal with theoretically. Let us consider the various 


E 



stages of the vibration, first of all by considering them as the result 
of the propagation of waves along the string reflected at the fixed ends 
with change of sign for d^jdt (particle-velocity) and no change of 
sign for d^jdx (slope). We also have the relation d^ldt= 'jzc{d^/dx), 
according as the wave is travelling in the negative or positive direc- 
tion. Let us take the case (fig. 14.5) when a point 2i!/3 from the end 
vs displaced by an amount 2d. 
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We may regard the displacement along AE as due to the super- 
position of two waves (fig. 14.6), each giving half the total slope, and 
with particle-velocities equal and opposite, so that they will represent 
waves travelling in opposite directions. The slope and particle-velocity 
are given by (1) rf/2a, —cdj^a, (2) d/2a, -\-cdl2a. 

Similarly, for ED, where the slope is negative, we have two waves 


A 

fl 

c 

D 


— 


i 

^cd/ 

/a 



-d/ 

Ay 

-cd/ 


Fig. 14.6 


for which slope and particle-velocity are given by (3) — (i/a, -j-cci/a, 
(4) —dja, —cdla. Since for (1) and (3) i and have opposite signs 
these will be moving in the positive direction. 

Consider the position of the waves after they have travelled along 
the wire through a distance a/2, remembering that the sign of the 
particle-velocity is changed on reflection from a fixed end. 



Fig. 14.7 



A 

B 

c 


D 

c 







-fc. 

-cd/ 

/a 



Fig. 14.8 


By superposing the slopes for the two waves effective at each point 
as in fig. 14.7 we see that the resultant slope is 

A to mid-point, ^ -j- » ~ , 

^ 2a 2a a 
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Ti/r * 1 • ^ X d (1 

Mid- point to 

^ 2 2a a 


d 

2a 


End portion, 


d d _ 2d 
a a a * 


By superposing the particle-velocities of the three segments into 
which the wire is divided by the differences of slope we see that the 
first and third are at rest and the middle one moving downwards. 

Following the waves for another twelfth of the period of vibration 
we have fig. 14.8. The successive positions may be worked out in the 
same way and are shown in figs. 14.9-12. 



Fig. 14.9 



Fig. 14.10 



Fig. 14.11 



Fig. 14.12 


Fig. 14.13 shows that if a parallelogram is constructed with the two 
portions of the string in its original position as adjacent sides, then all 
the subsequent positions of the string are given by moving the line 
PQ backwards and forwards parallel to itself from S to R and back 
again. 

More generally, if any point in the string is displaced so that 
^i> slopes for the two portions, then in every subsequent 

position the string combines in different ways the slopes /S^, — /Sg 
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and |(/Sj — Sg). The last is the slope of the line which in the particular 
case considered is represented by PQ. 


S 



Fig. 14.13 


Considering the matter analytically, we have the following general 
expression for the displacement of any point on the wiie at any time 
(14.9), 


^ U sin 


niTixf 


I r 


a. 


mmi . , 
,cos y + K 


sin- 
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The initial distribution of displacement along the string is given by 


(^)i=0 = p- 

But if a point on the string distant d from the end is displaced 
through a distance A, we have 


X d 

i h 


loT 0 < X < dy 

loT d <i X < L 


Ji X 1/ d 

Also ^ = 0 at ^ = 0 for all values of x. Hence all the constants 
are zero (14.11) and 


u „ . rmrx nmet 
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Therefore (1) 0 if ~ .... 

m m m 

Hence any partial tone of order m is absent for which the point 
of plucking divides the string so that the short segment is exactly 
Z/m. This is true for all methods of attack, as was pointed out by 
Young. No partial can be present if the string is attacked at a point 
where the partial in question requires a node. Helmholtz attributed 
the fact that the piano is so designed that the hammers strike the 
strings at about of the string from one end to an empirical attempt 
to eliminate the inharmonic 7th and 9th partials. 

(2) The amplitudes of the successive partial tones are in the ratio 
1/P, 1/2^, 1 / 32 , . . . , and so form a rapidly diminishing series. 

It will be obvious from the foregoing that the quality of the tone 
given by a plucked string will depend both on the point of plucking 
and on the instrument used for plucking. If the middle of the string 
is plucked all the even partials are excluded and the tone is of poor 
quality, while if the string is plucked near the end the full series of 
partials is present and the tone is more brilliant. A soft plucking 
instnament like the finger gives a rounded form to the wire at the point 
of attack and generates fewer high partials than the hard plectrum of 
the mandoline. 

7. Struck Strings. 

The problem of the vibrations excited in strings or wires by striking 
with a hammer is one of great interest in itself, and also of practical 
importance owing to its use in the pianoforte. The pianoforte is unique 
among the commoner musical instruments in that the whole energy 
to be radiated as sound has to be communicated in the small inter- 
val, about 1 /500 of a second, during which the hammer is in contact 
with the string, whereas in bowed instruments and wind instruments 
the note is sustained and energy is continuously communicated. In 
order to secure sufficient loudness the evolution of the piano has been 
in the direction of more strings (two or three to a single note), more 
massive strings, and higher tensions. A typical pianoforte action is 
shown simplified in fig. 14.14, and in this, as in all forms of the action, 
the hammer is projected against the string and at the instant of impact 
is free from the system of levers which set it in motion. 

From this it would appear that the only variables in the case of a 
given wire are the point of impact and the velocity of the hammer 
head. This would mean that for a particular pianoforte the performer 
can vary the loudness by his “ touch ”, but not the quality. Most 
musical critics, however, are agreed that there is much more in 
“ touch ” than this analysis would suggest, and it seems possible that 
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vibrations of tbe hammer itself may depend on the way in which the 
lever motion is initiated by the performer and that these may in turn 
react on the quality of the sound produced. 



Fig. 14.14 — Simplified pianoforte action with key dcpre.ssed and hammer 
about to strike the wire 


The earliest theoretical treatment is that of Helmholtz,* who 
assumed the force exerted by the hammer on the string to vary 
sinusoidally during the period of contact and the duration of the 
contact to be short compared with the period of the fundamental of 
the string. 

8. Bowed Strings. 

In the case of the bowed string the analytical treatment of the 
motion is based on experimental data. The bowed string differs both 
from the plucked string and from the struck string in the fact that 
the production of the sound is sustained and the note of the string is 
continuously under the control of the performer. The string adheres 
to the bow and moves with it until the tension overcomes the static 
friction, when it slips past the bow until it once more comes to rest 
relative to the bow and is drawn aside once more. That it moves 
exactly with the bow during displacement has been demonstrated 
by C. V. Raman, t by K. C. KarJ and by M. N. Mitra.§ The 
energy radiated as sound and used in overcoming frictional losses 
thus depends on the fact that more work is done on the string 
by the bow during displacement than is done by the string on the 
bow during the subsequent slip, and this depends again on the dif- 
ference between static and dynamic friction. The speed of any point 


• Sensations of Tone, srd English ed.. p. 380. 
t Ind. Ass. Cult. Sci. Bull., Vol. 11, p. 43 (1914). 

j Phys. Rev., Vol. 20, p. 148 (1922). § Ind. Journ. Phys., Vol. i, p. 31 1 (1926). 
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on the string is nearly uniform in both halves of its vibration, so that 
the displacement diagram consists of two straight lines which for the 
mid-point on the string have the same slope (see also the next section), 

9. Experimental Study of Vibrating Strings. 

A method of recording the motion of a point on a vibrating string 
was devised by Krigar-Menzel and Eaps * and, with modifications, 
has been widely used by subsequent observers. 

An image of a brightly illuminated slit is formed in the plane of vibration 
of the string, the length of the slit being at right angles to the undisturbed posi- 
tion of the string. I'he string and the image of the slit are then projected on a 
photographic plate or film moving parallel to the length of the string. If the 
film and string are at rest the appearance on the negative will be a dark line 
(the final image of the slit) broken by a bright point. When the film is moved 
and the string is vibrating this bright point tracas what is really the displace- 
ment-time graph for the point of the string under observation. The mode of 
vibration can thus be compared with theory. 

The method was applied by Krigar-Menzel and Raps to an ex- 
amination of the motion of bowed and plucked strings. It was also 
applied by Kaufmann f to check his own theoretical treatment of the 
action of the pianoforte. He assumed the hammer to be hard and 
unyielding and the time of contact to be comparable with the period 
of vibration of the string. He varied the point of impact and found 
that the tone is fullest and strongest when the point of impact is 
between ^ and i of the length of the string from one end. The 
method was used by Klinkert % to study the vibrations of an electri- 
cally maintained string. 

The motion of a vibrating string was first studied point by point 
by Helmholtz, using his vibration microscope.§ 

In this method a grain of starch was placed on the string at the point to bo 
observed and upon it was focused a microscope with a fixed eyepiece but wdth 
the objective attached to the prong of a tuning-fork. The fork was arranged so 
that its direction of vibration was at right angles to that of the point on the 
string. The motion observed w^as thus the motion of the point on the string 
compounded with the simple harmonic motion of the prong of the fork executed 
in a direction at right angles to it. If the fork had the same frequency of vibration 
as the string the form of the vibration of the point observed could be elucidated. 

The method was applied by Helmholtz || to a study of the bowed 
string. He describes the motion in terms of fig. 14.16 as follows. The foot 
d of the ordinate of the highest point moves backwards and forwards 


• Ann. d. Physik, Vol. 50, p. 44 (1893). t Wied. Ann., Vol. 54, p. 675 (1895). 
t Ann. d. Physik, Vol. 65, p. 849 (1898;. § Phil. Mag., Vol. 21, p. 393 (1861). 
11 Loc. cit., p. 384. 
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with a constant velocity on the horizontal line ab while the highest 
point of the string describes in succession the two parabolic arcs 
ac^b and bc.^a^ and the string is always stretched in the two lines ai\ 
and bc^ or acg and bc^. All points on the string pass through their 
undisplaced positions simultaneously. 



Much experimental and tlieoreikjal work lias been done on striKjk strings, 
notably by W. If. George.* The hammtT used in these ex])eriments is a rigid 
pendulum whose mass and velocity of impact can be varied. The duration of 
contact and the variation of pressure during contact are studied by including 
an oscillograph in circuit with the wire and hammer. 'Jdie viiiration of a point 
on the string is recorded optically by a modification of the method of Krigar- 
Menzel and Raps, and the ri^sulting curves are analv sed by a Mader harmonic 
analyser. As the partiaLs decay fairly rapidly and vdth unequal decr(^ments, 
only the first few vibrations after impact are used. It appears that the pressure 
between the hammer and the string varies considerably during impact, an instan- 
taneous complete separation between hammer and string taking place before 
the final separation in some cases. The ratio of the mass of the hammer to 
the whole mass of the string is an important factor. For very light hammers 
{m/M == 0*4 or less, where m is the mass of hammer and M the mass of the string) 
the energy lost by the hammer increases rapidly with the distance of the point 
of impact from the end, but soon reaches a maximum which remains constant 
over the rest of the string. For m/M — 0*5 the position for maximum energy 
communication is at the centre of the string, but heavier hammers give the 
maximum point near the ends and strengthen the fundamental at the expense 
of the partials. 


10. Longitudinal Vibrations of Strings or Rods. 

We have already seen (p. 76) that the velocity of a longitudinal wave 
along a string or rod is given by c = Vqjp, where q is Young’s modulus 
and p the density of the material. When we come to consider the 
longitudinal vibrations of a rod or string of finite length we see that 
for a string the problem is similar to that for transverse vibrations. 
The string must be fixed at both ends, and starting from the general 
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differential equation of the wave motion and expressing the fact that 
^ — 0 for all values of ^ at a; — 0 and x= I, we get (14.5, p. 3G9) 

. mnx miTCt 

, sin cos -y- . 

L L 




Hence if m — 1 


== sin 
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. . (14.22) 


and this represents the fundamental mode of vibration. 
If T is the period of the vibration, 



or 

so that 


c* 

^ a /? 

21 21^ P 


. . (14.23) 


It may be noted that in this case the frequency is independent of 
the tension per se and depends only on the length and the constants 
for the material. 

That the frequency of the longitudinal vibration is in general much 
greater than that of the transverse can be seen at once by a com- 
parison. Let the wire in question be subject to a tension X and let 
the extension produced by this tension be V. Then if ft is the frequency 
of trans\’erse vibration and/j the frequency of longitudinal vibration, 
we have 
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1 

'21 




fx 

’Sp’ 


where S is the area of cross-section. But 


X 

s 


= stress = q X strain = q 


V 

V 



( 14 . 24 ) 


and ft only becomes equal to fi when the wire or rod is stretched to 
double its length, that is, never. 

In the case of a rod one or both ends may be free. If both ends 
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are free the fundamental frequency is the same as if both ends are 
fixed. If, however, one end is fixed and one is free. 


^ cos^ + ^ 


as before, but this time ^ is zero for all values of t at cc ~ 0 and 
d^jdx is zero for all values of ^ at x — Z (the free end). 

The first condition gives ^ — 0. 

T -. 1 ojB cox 

hor the second, ^ “ — cos — cosooZ, 
ox c c 


and 
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c c 


Therefore = (2«i — 1 ) ^ 
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Obviously for the fundamental 

rp ^ C 

and for the next possible mode of vibration 

rp rir /■ - 


- - 3/], 


and so on. That is, the partial tones form the odd members of the 
harmonic series. 



CHAPTER XV 


Organ Pipes 


1. iEolian Tones. 

The sound produced by wind as it whistles through long grass or 
roars through the trees in the forest is one of the most familiar natural 
sounds. The utilization of the phenomenon for the production of 
musical sounds in an “ seolian harp ” is the subject of occasional vague 
references in early literature, but according to Richardson * the first 
systematic account of an instrument of this kind occurs in an early 
seventeenth-century book by Athanasius Kircher. The early instru- 
ments consisted of a number of equal strings tuned to unison on an 
appropriate soimd-box. Later instruments were made with wires of 
different thicknesses still tuned in unison — an improvement which is 
justified by the theory subsequently developed. 

The tones can be well heard with a simple piece of apparatus due 
to Lord Rayleigh and shown in fig. 15.1. A is a glass tube drawn out 



to a bore of 1 mm. or 2 mm. and placed so as to face the air-stream 
just behind the wire. B is a loop of iron or brass wire about 1 mm. in 
diameter, attached to the tube by insertion into a cork C. The glass 
tube can be connected to the ear by a rubber tube, and when held 
in the crack of a slightly opened door or window the arrangement 
yields a fairly pure and steady tone. 

Some early experiments on these tones were carried out by Young, 
who showed that the frequency is independent of the part of the wire 


• Proc, Phys. Soc,, Vol. 36 , p. 153 
387 
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on which the air-stream impinges and that at the appropriate wind 
velocity the string vibrates as a whole, giving its fundamental tone. 

The first quantitative experiments were carried out by Strouhal.* 
In these experiments a vertical wire was mounted at a measured 
distance from the centre of a whirling table with vertical axis. In this 
w’ay a known velocity could be imparted to the wire and the frequency 
of the resultant tone could be estimated. Stroiihal found that the fre- 
quency is independent of the length and of the tension of the wire 
and can be approximately represented by an expression of the form 

( 15 . 1 ) 

where /is the frequency of the tone, V the velocity of the air, D the 
diameter of the w ire, and K a constant which is about 0*185. 

The explanation of the phenomenon and the theoretical justifica- 
tion of this empirical relationship came later. 

Rayleigh t refers to the following entry in his notebook. “ Bath, Jan., 1884. 
I find in the baths here that if the spread lingers be drawn pretty quickly through 
the water (palm foremost w'as best) they are thrown into transverse vibration 
and strike one another. This seems like the acolian string. . . . The blade of a llosh 
brush about inches broad seemed to vibrato transversely in its own plane 
when moved through water broadways forward. It is pretty certain that with 
proper apparatus these vibrations might be developed and observed.” 

The streaming of water past an obstacle was studied by MallockjJ 
who noticed that in the rear of the obstacle vortices are formed and 
carried off by the stream. These vortices were independently studied 
by Benard.§ He found two parallel rows of alternate and equally 
spaced vortices, one row forming on each side of the obstacle. Obviously 
the periodic shedding of these vortices would produce a periodic 
transverse vibration of the obstacle if it were free to move, and if 
the obstacle were a wire stretched wdth the required tension it would 
be set in resonant vibration. Kdrman || showed that only two arrange- 
ments of vortices are possible. They may be shed simultaneously in 
pairs from opposite sides of the obstacle (fig. 15.2) or they may be shed 
alternately and symmetrically from opposite sides of the obstacle. 
He showed that the first of these arrangements is unstable and that 
only the second can persist. Later work by Kdrmdn and Rubach % 
showed that h/l is constant and independent of D and of F, where 
h is the distance between the two parallel rows of vortices and I the 
distance between successive vortices in the same row. It appeared 

* Ann, d. Physik, Vol. 5, p. 216 (1878). f Phil. Mag., Vol. 29, p. 433 (1915). 

t Proc. Roy. Soc., Vol. 9, p. 62 (1907); Proc. Roy. Soc., A, Vol. 84, p. 490 (1910). 

§ Comptes Rendus, Vol. 147, p. 839 (1908) and many subsequent papers. 

11 Gottingen Nachr., 547 (1912). ^ Phys. Zeitschr., Vol, 13, p. 49 (1912). 
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also from their work that I = 62), where 6 is constant and >1, and 
[7 = aF, where a is constant and <1. [7 is the velocity of the vortices 
relative to the stationary fluid. 

Kruger and Lauth used the results to derive Strouhal’s formula 



whence 


F VI ^ I V _ 6 

fD " b(V ~-U) aFj ” 1 - a 


(15.2) 


Using Kdrmdn and Rubach’s data for a and 6 they obtained for 
this constant the value 5, which compares well with Strouhal’s results. 
Subsequent experimental w^ork with air and with water has been 
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Fig. 15.2 


done by Rayleigh,* Relf 'j* and Richard son. J These all show that 
the constant has a value of about 5, the notable departures from this 
value occurring for very small values of F or of D, 

The frequency is found not to be much affected by the viscosity 
of the fluid. The dimensions of the coefiicient of kinematic viscosity v 
are If this quantity is to occur in the expression for the fre- 

quency of the aeolian tone along with F and D, a consideration of 
dimensions shows that it must do so in the form of the dimensionless 
Reynolds number N = FZ>/f, so that 

(15.3) 

SO long as the compressibility is not effective, that is, if F is small 
compared with c. 

Rayleigh gives the following formula as agreeing well with 


• PhiL Mag., Vol. 29, p. 433 (1915)* t Mag., Vol. 42, p. 73 (1921). 
t Proc. Phys. Soc., Vol. 36, p. 153 (1923-4). 



390 


ORGAN PIPES [Chap. 


observations both for water {v = 0*0115 c.g.s.) and air {y = 0*15 c.g.s.): 



. . (15.4) 


Since in the cases occurring in practice N is usually greater than 
500, the second term in the expression is very small, and we have 
approximately 


/- 0*2 




(15.5) 


Tlioiigh the effect of the value of N on the frequency is small, its 
effect on the initiation of the vortices is determinative. When the fluid 
streams past an obstacle a region of stationary fluid (fig. 15.3) tends 
to be established in the rear of the obstacle. Shearing forces are de- 
veloped by the viscosity acting across the layer which separates this 


B 


(O') ih) 

Fig. If). 3. — Formation of eddies behind a cylinder 

dead fluid from the moving stream, and it is here that the vortices 
tend to develop. If N falls below about 100 (i.e. for thin wires and 
low velocities) vortices cease to be formed and the phenomenon dis- 
appears.* For air v = 0*15 and the critical velocities for wires of 
various diameters may therefore be found by putting 

= ^ (15.6) 

An interesting experiment for demonstrating the phenomenon was devised 
by Rayleigh.f A loaded rigid pendulum was arranged with its lower end 
dipping into water in a large basin. The point of insertion was well away from 
the centre and the pendulum was arranged so that it could oscillate along a radius. 
The basin was then made to revolve about a vertical axis carrying the water 
with it; when the speed of rotation was such that the frequency of vortex shed- 
ding coincided with the natural frequency of the pendulum the resonant vibrations 
of the pendulum became very marked. 




• Relf, Phil. Mag., Vol, 42, p. 173 (1921). f Loc. dt. 
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2. Edge Tones* 

If a jet of moving air is projected into stationary air the conditions 
for the formation of vortices are again present. If the jet issues from 
a slit the vortices tend to be shed to the two sides alternately, and 
the jet itself pursues a sinuous course between them (fig. 15.4). The 
result is a very feeble indecisive tone called the jet tone, the frequency 
of which has been determined as 

/== 0-055 F/A (15.7) 

where V is the velocity of efilux and D the width of the slit. This 
tone is two octaves below the aeolian tone for a cylindrical obstacle 
of diameter Z). A similar phenomenon exists for a 
circular jet, but the vortices are vortex rings shed 
alternately on the inside and outside of the jet. 

The tones obtained in this way are weak, 
fluctuating and unstable. In 1853, however, both 
Masson * and Sondhauss f called attention to the 
fact that if an edge — a wedge of small angle — is 
presented to the jet from the slit, the edge being 
parallel to the length of the slit, then certain fre- 
quencies tend to be stabilized and the tone produced 
is stable and stronger. 

The formation of these tones was discussed by a 
number of investigators and a good deal of experi- 
mental work was done. Among the more important 
contributions are those of Wachsmuth,J Schmidtke,§ 

Konig,|| Kjiiger,^ Benton,** Richardson ft ^-nd 
Carri^re.II 

By far the most complete experimental investigation of these tones 
hitherto available is that of Brown §§ and this is followed by a theoretical 
discussion by the same author. ^ ^ Earlier explanations invoked the 
K&rmdn system of vortices. Brown criticizes the experimental evidence 
for this, even in the case of slit tones when no edge is present. He 
suggests alternatively that the fluid stream divides at the edge, half 
passing up each side. Since the whole phenomenon is found to occur 
within the sound-sensitive range of the jet, a slight vibration of the 
apparatus or a sound of the order of the minimum audibility of the 
human ear will be sufficient to produce a vortex which will pass up 
one side or other of the wedge. The passage of the vortex along the 

• Comptes RenduSy Vol. 36, p. 257 (1853). f Comptes Rendus, Vol. 36, p. 1004 (1853). 
t Ann. Phys. Lpz.y Vol. 14, p. 469 (1904). § Ann. Phys. Lpz.y Vol. 60, p. 715 (1910). 

11 Phys, Zeitschr.y Vol, 13, p. 1053 (1912). Q Ann. Phys. Lpar., Vol. 62, p. 673 (1920); 

•• Proc, Phys. Soc.y Vol. 38, p. 109 (1926). Phys. Zeitschr.y Vol. 37, p. 842 (1936). 

-j-f Proc. Phys. Soc.^Yol. 43, p. 394(1931). XX Acoustique, Vol. 5, p. 138 (1936). 

§§ Proc. Phys. Soc., Vol. 49, p. 493 (1937). Proc, Phys. Soc. yVol, 49, p. 508 (1937). 
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side of the edge displaces air, and it is suggested that in flowing back 
again in the wake of the vortex this air has sufficient momentum to 
deviate the stream to the opposite side of the wedge. This deviation, 
if its amplitude is sufficient, may itself be followed by wake disturbance, 
causing the jet to be deflected once more, and this undulation may 
occur in portions of the jet which have not yet reached the edge. Ac- 
cording to the amplitude of the resulting wake disturbance (depending 
in turn on the velocity and wedge distance) vortex motion may begin 
at the first, second or third crest of the following undulntions. This 
gives four vortex stages and corresponding jumps in tone. 



Fig. 15.5, — Variation of frequency with reciprocal of wedge-distance 


In the experiments the slit used can be varied in width, and a brass 
wedge of angle 20°, the height of which from the slit can be carefully 
adjusted and measured, is presented to the stream. When the distance 
h from wedge to slit is varied it is found that for all velocities the 
tone formation occurs in four distinct stages. Fig. 15.5 shows the 
results obtained. As the wedge is withdrawn from close proximity 
to the slit no sound is heard until, as in the case of u (air velocity) = 
984 cm. /sec., a clear bright tone begins at a point defined by the values 
of / and h indicated by the point N. This diminishes in frequency as 
h is increased until the point L is reached, when the frequency jumps 
to the value indicated by J. Further increase in h causes a steady 
drop in frequency until the point H is reached, when there is another 
jump to F. The frequency now drops again to the point D, when it 
jumps once more to B and finally finishes at A, in an irregular and 
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confused noise. If the edge is now made to approach the slit the 
changes occur in the reverse order but the jumps do not take place 
at the same values of h. The representative point in the diagram 
traces the path ACEGIKMN and once more stops abruptly at N. 
The dotted lines LZ, YX represent the persistence of stage I along 
with subsequent stages. When h is maintained constant and the 
velocity varied a similar set of stages is found and the results for a 
slit of width 0-1 cm. arc sLown in fig. 15.6. The four possible vortex 



Cjg. 15.G 


stages are photographed in fig. 15.7. It is found that the frequency 
may be represented by an expression of the form 

/= 0-4r>6y(?i — 40)Q - O-Ot) . . . (15.8) 

where j has the values 1, 2*3, 3*8, 5-4 respectively for stages I, II, 

III, IV. 

3. Vibrating Air Columns. 

The vibrations of air columns are the source of sound in the organ 
and in almost all wind instniments, and the phenomena arc also of 
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great theoretical interest. In the theoretical treatment it is usual to 
make certain assumptions which are justified in all cases of practical 
importance. These are as follows: 

(1) The diameter of the pipe in which the vibrations take place is 
suJBBiciently great to justify neglect of viscosity effects. 




15.7. — The four stages in vortex formation producing the same frequency 

Stage I, h =» 0-81 cm. Stage II, h = 1*73 cm. Stage III, h »=» 2-65 cm. Stage IV, h = 3*5 cm. 
/ = 126 c./sec. u « const. =» 272 cm./sec. 

(2) The diameter is small compared with the length of the pipe 
and with the wave-length of sound. 

(3) The walls of the pipe are rigid. 

There are two types of pipe which are of practical importance: 
the pipe open at both ends, known as the open pipe, and the pipe 
closed at one end, known as the closed pipe. The elementary facts 
about the possible modes of vibration in these cases can easily be 
arrived at. 

In the open pipe there must be a displacement antinode at each 
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end and therefore, in the fundamental mode of vibration, a node in 
the middle. The wave-length of the corresponding sound, which is 
four times the distance between a node and the adjacent antinode, 
must be 2Z, where I is the length of the pipe. The frequency of the 
fundamental, c/A, is therefore c/2L In the next possible mode of 
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Fig. 15.8 


vibration there must be two nodes in the pipe and an antinode at the 
centre. The wave-length is now I and the frequency c/Z. In the next 
possible mode there are three nodes in the pipe; the wave-length is 
2Z/3 and the frequency 3c/2Z. The first three possible modes of vibra- 
tion are shown in fig. 15.8; the arrows show the direction of the move- 
ment of the air. The figure shows the distribution for each mode at 
the two instants of maximum velocity in each vibration. It will be 
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seen that the fundamental mode of vibration has a frequency c/2Z 
and the other modes frequencies which bear to this the ratios 2 : 1 
and 3 : 1. 

If now we turn to the closed pipe we find that it must always have 
a node at the closed end and an antinode at the open end. In the 
fundamental mode of vibration the wave-length is therefore and 
the frequency cjU. When there is a second node in the })ipe the wave- 
length is 4//3 and the frequency 3c/4Z. When there is a third node 
in the pipe the wave-length is 4Z/5 and the frequency bejil. The pos- 
sible modes are illustrated in fig. 15.8. 

In contrast to the open pipe, then, the closed pipe has a fundamental 
which is an octave lower in pitch, and its partial tones consist of the 
odd members of the harmonic series only. These facts have an im- 
portant bearing on the quality of tone given by organ jjipcs and wind 
instruments generally. 

Another point of view from which the frequency of a vibrating 
air column may be deduced is that of the travelling pulse of air. The 
time of vibration of the column of air is the same as the time in which 
a pulse of air within the pipe completes its cycle of changes. Consider- 
ing first of all a pipe open at both ends, we start a compression from 
one end and follow its course. From the farther end it is reflected as 
a rarefaction, and returning to its point of initiation it is reflected as 
a compression, and its cycle is complete. The time occupied is 2Z/c, 
so that the frequency is c/2Z. In the case of a pipe closed at one end 
wc start a compression from the open end. It is reflected as a com- 
pression from the closed end, as a rarefaction from the open end, as 
a rarefaction again from the closed end and as a compression from 
the open end, com])leting its cycle. Thus the time occupied is 4Z/c 
and the frequency o/il. 

4. Vibration of Air in Cylindrical Pipes. 

We may represent the motion of air in the pipe by the general 
equation 

0^2 ■ ^ 3x2* 

As in equation 14.4, p. 369, the solution of this is 
^ == + B sin^^^ coscuZ. 

Hence the compression at any point is given by 

— == - cosojti^A sin -- — - B cos — j, . (15.9) 
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and the particle velocity by 

3 ^ 


o) sin cut (a cos—^ + B sin^-V . (15.10) 

\ c c f 


{a) O'Pen Pipe. Let the pipe be open at both ends, i.e. at a; = 0 
and at a: — 1. Then 


~ 0 and 


= 


for all values of t, since there is an antinode with no variations of 
pressure at these points. 


Hence 


coscot .B 0, i.e. 15 ™ 0, 


col\ 
cos ) 

c / 


where m is any integer. That is, 


and the possible frequencies are found by giving m successive integral 
values in the expression 

/ a> /ir;n\ 

= 


Thus the open pipe has the fundamental frequency cj'll and gives the 
full series of partials. 

The case of a pipe closed at both ends leads to exactly the same 
conclusion but is of no practical importance, except perhaps in the 
calibration of microphones by means of the Rayleigh disc. 

(b) Closed Pipe. In this case let us assume the pipe open at x = 0 
and closed at a; == From this we deduce as before that {d^jdx)^^ 
is zero for all values of t, and hence, as before, B = 0. Since at the 
closed end the particle velocity must always be zero, we have also 
^ > 

( ) = 0 for all values of L 


tlenco 


-cx) sincjt (^A cos™^ + ^ sin^™^ = 0. 


0)1 (2m — 1)7T 

2 ^ 
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where m is any integer. That is, 

(2m — l)7rc 
a> - ^ , 

and the possible frequencies are obtained by giving m the successive 
integral values in the expression 

f _ tu _ (2w - l)c 

•'”*277 il (15.1^) 

Here the fundamental tone has the frequency cjil and the pipe 
gives only the odd members of the harmonic series as its partials. 


5. Vibration of Air in Conical Pipes. 

In the case of cylindrical pipes the wave propagation is of the plane 
wave type and the motion over any cross-section is everywhere parallel 
to the axis of the pipe. In a conical pii)e of small angle this may still 
be regarded as approximately true, but if the cone has a wide angle 
the restriction no longer applies and we must think of the waves as 
divergent and convergent — spherical rather than plane. 

We can write the wave equation (2.36, p. 61) in the more convenient 
form 

„ _2 


since s is related to cf) by the equation ^ — c^s. 

If, as before, we assume a wave of simple harmonic type we may 
put 

rs ~ a coscoi, 

and the equation becomes 


3^(rs) 


(rs) = 0. 


The solution of the equation is, as before, 

rs — cos^ + B cosco^. 

There are two cases of special interest. 

(a) Open Cone. At the vertex r = 0, and hence rs = 0, unless s 
is infinite, which cannot be the case. It is therefore immaterial whether 
the vertex is open or closed. In both cases we have 

(rs),.^o ~ 0 values of t, 

{rs)r^^ = A cosoji, 

^ = 0 . 


But 
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If the wide end is open and is at a distance I from the vertex, where 
I is measured along the slanting side of the cone, then here s must be 
zero and we have 

(rs)^^i = 0 for all values of t. 


Hence 


B sin— cosco^ == 0; 
c 


0)1 

— = mTT, 
c 


where m is any integer. That is, the frequency is 

- o) mo 


. . (15.13) 


The fundamental tone, therefore, has the frequency c/2Z, which is 
the same as that for the open cylindrical pipe, and the conical pipe 
gives the full series of harmonic partials. 

(6) Closed Cone, As in the previous case we have -4 = 0, no matter 
what the condition at the vertex. 


Hence 


and 

so that 


rs — B sin — ooscot 
c 

d / . o)B cur 

(^5) — cos -- ~ COSCU^, 

dr c c 

ds , o)B cur 

r + 5 = - — COS coscot, 
or CO 


ds ojB cur ^ B . cor 

. . = — COS — coscu^ ^ sin coscu^. 

or cr c r^ c 


At the closed end (r = 1) we must have dsjdr = 0 for all values 
of t, 

B /col col . col\ , ^ 

. . I -- - cos sin - I coscot = 0. 

c c / 

/. tan— = — (15.14) 

c c ' ' 

The solution of this equation is given by the points of intersection 
of the graph y = tan(cu^/c) with the graph y ~ coljc. These intersections 
occur approximately (fig. 9.1, p. 215) for values of coljc given by 37r/2, 
677 / 2 , 777 / 2 , .... More accurately, the solutions are given by 

~ = 1-43, 2-46, 3-47, 4-48, 5-48. . . . (15.15) 

7TC 


(r791) 


14 
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It follows that the frequency of the fundamental is (dI2it= 1*43c/ 2^, 
and that the partial tones are inharmonic. 

The distribution of nodes and antinodes along the pipe is of some 
interest. Let us suppose the pipe to be sounding its fourth partial. 
For this case cuZ/ttc = 4-48, 

(15.16) 


For the antinodes s ■ 


i.e. (o — 
-0, 

rs — 0, 


I 


wr 

c 


Kz 


where K is any integer which does not make r > 1. That is, 
4*487rr j. Kl 

-1 ■■■ 


( 15 . 17 ) 


The aritinodes are therefore equidistant, and their distances from 
the vertex (measured along the slant side) are obtained by giving 
to K the successive values 1, 2, 3, 4. The distances so obtained are 
0-223?, 0-447?, 0-670?, 0-893?. 

At the nodes we have the condition aln-ady presented for the 
closed end, namely, dsjdr — 0, 


cor 

c 


tan 


cor 


But for the fourth partial we have co = 


(or 

c 


4'4877C 

4-4877r 


and ojrjc— tan(cer/c) when corjc has the successive values 1-4377, 2*4677, 
3-4777, 4-4877, .... The successive nodes are therefore given by 


(i) 


i-iS'jTr 


1-4377, 



11 

J 

CO 

il 

0-319(. 


4-48 

(ii) 

2-46( 

"" 4-48' ~ 

0-549Z. 

(iii) 

3-471 

0-775Z. 


^ “ 4-48 ~ 

(iv) 

II 

00 

II 

1 . 


(15.18) 
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The nodes, then, are unequally spaced along the tube. 

The difEerence between the cone and the cylinder may be shown 
experimentally by taking a cylinder open at both ends, a cylinder 
closed at one end, and a cone open at the base, all giving 256 cycles 
per second as fundamental. The cylinder open at both ends and the 
cone will have approximately the same length; the cylinder closed at 
one end will have about half this length. All three will reinforce the 
sound from a 256 fork by resonance. The cone and the cylinder open 
at both ends will respond to a 512 fork, but not the cylinder closed 
at one end. All three will respond to a 768 fork. 


6. Flue Pipes. 

In the flute and in some important types of organ pipe the edge 
tone ])lays an important role. The design of these instruments was 
of course empirical, and even when the vibration of 
the air in the associated pipe was understood the 
method by which the vibration was initiated remained 
completely obscure. The structure of a flue pipe is 
shown in fig. 15.9. The air enters by the foot A 
into a chamber B through wliich it is directed by 
the languid L to a narrow slit C (the flue), and the 
jet issuing from this imjhnges on the edge E or 
passes very near to it. M is the mouth of the pipe; 

D and E the lower and upper lips. Here, then, we 
have all the conditions necessary for the production 
of the edge tone, while the pipe itself is capable of 
giving the series of partial tones proper to a column 
of air open at both ends in the case of the open 
diapason or closed at one end in the case of the 
stopyjcd diapason. In this latter case the upper end of the pipe, 
which is usually square and made of wood, is closed with a wooden 
stopper covered with leather and adjustable for tuning. The pitch 
of the edge tone is determined for a given wind pressure by the 
‘‘ height of the mouth which must be carefully adjusted. Organ 
builders have always recognized the importance of this, without 
knowing why it was important. Clearly, however, we have here a 
coupled system consisting of the edge tone and the vibrating column. 
The column is the predominant partner in the combination, and the 
best result will obviously be secured when the natural frequency of 
the edge tone coincides with that of the fundamental mode of vibra- 
tion of the colunon. 

The phenomena characteristic of “ overblowing ” and “ under- 
blowing ”, although somewhat complicated in detail, arc susceptible 
of satisfactory explanation in their main features on this theory and 



Fig. 15.9. — Section 
of wooden flue pipe 
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have been briefly discussed by Brown.* He experimented with an 
open diapason organ pipe of rectangular cross-section 4-7 X 5-8 cm. 
with a flue of length 4*7 cm. and breadth approximately 0*175 cm.; 
the cut-up (see section 10, p. 406) was 1*6 cm. The pipe gave a funda- 
mental tone of 130 cycles/sec. This frequency of 130 cycles/scc. was 
found to be higher than that of the pipe when tested as a resonator, 
probably because the system is a coupled one. The results are shown 
in fig, 15.10. 

The author descrihcfi the sequence of changes as follows : “ The tones emitted 
by the pipe correspond exactly with those found by Rayleigh. His account of his 
experiments with an open 2-ft. metal pipe in which the pressure was slowly 
decreased is reproduced below: 


Rayleigh 

Diagram 

About this point the octave of the normal note is heard, after 

i + } 

which the normal note itself disappears. 

h 

The normal note reappears, the octave continuing. 

9 

The octave goes 

f 

and then the normal note, 

e 

after which there is silence. 

ed 

Octave comes in again 

d 

and then the normal note, at a pitch which falls from considerably 


above to a little below the natural pitch. At the lowest pressures 


the normal note is unaccompanied by the octave. 

cb 

1 


“ In order to explain the mechanism of the production of this sequence, it 
is more convenient to consider what occurs with increasing velocity. In the 
pipe used, the construction of the block and lower lip was such that the jet of 
air is directed outwards and does not encounter the edge until its velocity is 
200 cm./sec. Consequently Stage 1 is unstable and edge tone oscillation commences 
at a (Stage 2): when this reaches a frequency of/— 100 cycles/sec., oscillation is 
set up in the pipe and the edge tone changes suddenly to / == 120 cycles/scc. at h, 
and this frequency is feebly emitted by the pipe. The combination of the pressure 
changes in the pipe, and those in the v-ake of the vortices entering the pipe (which 
according to my theory are the cause of free edge tone production) result in the 
frequency of pipe and edge tone rising continually and slowly together to / = 
136 cycles/sec. at c (tt = 290 cm./sec.). The pressure changes in the pipe are not 
sufficient to affect the edge tone any further and the sound ceases. But it happens 
that Stage 3 in the free edge tones at -a = 290 cm./sec. has a frequency very 
close to the octave, and this gives rise, for a short interval, to a very feeble octave 
note at d. 

“ The construction of the block and lip now causes the jet to pass just inside 
the edge, and silence ensues, together with absence of edge- tone oscillation, until 
the velocity reaches 380 cm./sec. At this velocity a disturbance passing up the 
jet and striking the edge would produce a frequency of nearly double the funda- 
mental, and pressure variation of this frequency being reinforced by resonance, 
the note is maintained in spite of the fact that the jet does not strike the edge 
centrally. If the velocity is increased very slowly, however, the fundamental 


• Nature^ Vol. 141, p. ii (1938). 
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is elicited first at c. This presumably is due to the fact that the fundamental 
frequency, / = 130 cycles /sec., is less than half the octave, /— 264 cycles/aec., 
so that the edge tone reaches double the fundamental of the pipe before reaching 
equality with the octave. When the octavo sounds at /, the pipe takes complete 
control and the frequency remains constant (Stage 2). When the velocity reaches 
550 cm. /sec. at hy the real fundamental of the pipe begins to sound and the jet 
oscillates as a whole from side to side (Stage 1). The octave note can still be heard 
but disappears at i. The occurrence of Stage 1 at such a high velocity is quite 
impossible without a resonator.’* 



Fig, 15.10 

•, free edge tones; — — , organ-pipe tones; Itll, organ-pipe edge tones. Open wood 
diapason. Fundamental 130 c./sec.; under-blovsTi octave, 264 c./sec. 


The phenomenon of underblowing may give rise to trouble from 
the point of view of the organist when the air blast is admitted gradu- 
ally instead of suddenly. The pipe begins to speak on a higher partial 
instead of on the fundamental, and we have the “ coughing ’’ bourdon. 
Organ builders commonly attempt to prevent this phenomenon by 
the use of what is known as the “ beard One of the best-known 
forms of this device is the ‘‘ rolling bridge ”, which is a piece of cylin- 
drical wooden rod fixed horizontally across the mouth of the pipe 
close to the lower lip and leaving ample space above between the 
bridge and the upper lip. The effect of the beard is to deviate the 
air stream, and the result is the same as if the edge were displaced so 
that it was no longer central. Brown found that with an experimental 
beard almost touching the air stream this latter was deviated towards 
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the beard and no oscillation was observable, but as it was pulled away 
first Stage 1 appeared, then Stage 2, and finally Stage 3. Thus Stage 1 
can be brought back after the pipe has jumped to Stage 2 or Stage 3 
by interposing the beard. 

7. Experimental Investigation of Modes of Vibration of Organ Pipes. 

There are several ways in which the vibration of the air in an 
organ pipe may be investigated. One of the earliest of these is the 
manometric flame devised by Kbnig and used to locate the places 
of maximum pressure change, i.e. the pressure antinodes. The method 
involves boring a hole in the wall of the pipe where the measurement 
is to be made. Over this hole, about 1 cm. in diameter, a thin rubber 
membrane is stretched and held in position by a metal capsule with 
two apertures. One of these apertures leads to the gas supply and the 
other to a fine gas jet. The gas supply is turned on and the jet lit. The 
pipe is then made to sound. If there are changes of pressure at the 
point in question, the membrane will vibrate and the jet of gas will 
oscillate with the frequency of the pipe. These oscillations will of 
course be invisible if the flame is observed directly, but if its image 
in a revolving mirror is examined it will be found to give a bright 
band with a serrated edge. A velocity antinode will leave the flame 
unaffected. If the capsule attachment is placed at the middle of an 
open pipe, the image shows the serrated edge due to a pressure antinode 
while the pipe is sounding its fundamental, but if the pipe is over- 
blown so as to give the second partial the image of the flame in the 
moving mirror is drawn out into a bright band with a smooth edge. 

An investigation by this method has the disadvantage that the 
pipe must be perforated at all the points where it is to be tested. 
This difiiculty is avoided in an application of the hot-wire microphone 
due to Richardson.* We have already seen that the resistance of a 
hot wire placed in an oscillating current of air is lowered by the cooling 
effect, and that the amount of the cooling is the same as if it were 
placed in a steady current of velocity equal to the maximum velocity 
of the oscillatory current (p. 303). In this way not only may the nodes 
and antinodes be located in the pipe, but numerical results for the 
velocity amplitude from point to point in the pipe may be obtained. 
Also, the wire causes a minimum of interference with the vibrations 
of the air in the pipe and can be inserted from the end without requiring 
any special adaptation of the pipe itself. The result for a stopped 
pipe is shown in fig. 15.11. There is an abnormal increase in velocity 
amplitude close to the mouth, due, no doubt, to the vorticity of the 
motion in the neighbourhood of the slit and edge of the pipe. From 
the velocity amplitude both displacement amplitude and pressure 


• Proc, Roy. Soc., A, Vol. iiZ4, p. 52Z (1926). 
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amplitude can be easily deduced. Richardson obtained 0-0003 atmo- 
splu'Te for this latter quantity at the closed end of the pipe. 

The possibility of applying the interferometer method of Topler 


u 

’"max 



FiR. 15.11. — Displacement amplitude along a stopped organ-pipe 


and Boltzmann (section 9, p. 297) or the Rayleigli disc (section 13, 
p. 305) may be noted, as well as the method emjiloyed by Brown of 
observing smoke-impregnated air stroboscopically (section 11, p. 300). 

8. Effect of Temperature on the Frequency of Pipes. 

Since the frequency of a vibrating air column depends upon the 
velocity of sound in it, obviously anything that affects the velocity 
affects the pitch. If two organ pipes are tuned to unison and sounded 
together and one is then gently warmed, beats are at once heard. 
This is due to the rise in pitch of the warmer pipe. We have already 
seen that the velocity of soimd in air increases by about 0-2 per cent 
per degree centigrade rise in temperature. A rise in temperature of 
5° C. will therefore cause an increase in frequency of 1 per cent, which 
corresponds to about one-twelfth of a tone — a quite perceptible change 
of pitch. Owing to this variation of pitch with temperature to which 
all wind instruments are subject, it is necessary to specify a temperature 
at which the instruments shall give the correct pitch, and this tem- 
perature is taken as 60° F. The warming up of a brass instrument with 
the player’s breath may cause quite a perceptible sharpening of pitch, 
and the rise in temperature of the room during a concert has the same 
effect. 

Blowing an organ pipe with a gas in which the velocity of sound 
is greater than in air causes a marked change of pitch, and even a 
small admixture of coal gas or hydrogen can be detected if two pipes 
tuned to unison are blown one with pure air and the other with air 
containing the other gas; beats at once reveal the change of pitch. 
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9. End Correction. 

Even in the case of a cylindrical pipe with a clean-cut end the 
antinode does not coincide with the end of the pipe, and the effective 
length of the pipe is always greater than its geometrical length (see 
section 6, p. 253). For a cylindrical pipe the end correction ’’ is 
about 0-672, where 72 is the radius of the cross-section of the pipe, 
so that of two pipes of the same geometrical length but different 
diameters the wider pipe gives the lower note. 

The correction is approximately independent of the wave-length 
of the sound. If this were strictly true the partials for an open pipe 
would still form an harmonic series. Since it is only approximately 
true the higher partials are slightly mistuned, and hence are not 
strongly elicited when the correction is large. This accounts for the 
relative purity of tone given by wide pipes as compared with the full 
series of partials given by narrower pipes. 

The magnitude of the correction for other than cylindrical ends 
depends on the degree of openness or “ conductivity ” of the end. 
Thus an uncovered hole in a flute is an open end, but the correction 
will be greater than for the case previously discussed. In the same way 
the correction for the embouchure of an organ pipe may be two or 
three times the radius, and the pitch of the pipe will be markedly 
below that calculated for a pipe of the actual length from embouchure 
to upper end. 

10. Musical Instruments of the Flute Type. 

Among the commoner organ stops constructed on the flue system 
are the Diapason, Viola and Flute. Differences in quality of tone 
may be secured in a variety of ways. 

(1) The pipe may be stopped or open. We have already seen that 
the open pipe is capable of giving the full harmonic series of partials, 
whereas the closed pipe gives the odd-numbered harmonics only. 

(2) The “ cut-up ’’ or height of the mouth in terms of the width 
of the mouth may be varied. In some cases this is 1 in 4, as with a 
height of and a width of 2", in some cases it is only 1 in 2, while 
in wood pipes of flute tone it may be 1 in 1. Low-cut mouths encourage 
high partials. 

(3) The shape of the bevel of the lip of the pipe may be varied. 
Many minor modifications are possible. 

(4) The material of the pipe may be varied. In the discussion 
of the vibrations of air in organ pipes we have so far assumed that the 
walls are perfectly rigid and that only the geometrical form of the 
pipe matters. This is certainly not the case. Miller * constructed three 
organ pipes of identical dimensions, one of wood, one of thin zinc, 

• Phys, Rev.y Vol. 35, p. 1417 (1930). 
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single-walled, and one of the same zinc but double-walled. The first 
gave a frequency of 192 and the other two gave about 173. By touching 
the second pipe outside at various points, marked difierences in the 
quality of its tone were produced. The space between the walls in 
the third pipe was filled with water, and this was gradually run off 
while the pipe was sounding, with the result that the tone quality 
changed conspicuously and inharmonic partials were formed. 

Walls which are yielding tend to lower pitch and also to absorb 
energy, so that the sound is less intense than with rigid walls. On the 
other hand, materials with a high modulus of elasticity tend to have 
well-marked natural frequencies, with consequent modification of tone 
quality. 

(5) The scale of the pipe, i.e. the ratio of diameter to length, may 
be varied. Small-scale pipes give more prominent high partials but 
also, of course, tend more easily to overblow. 

(6) The shape and position of the languid (p. 401) may be varied. 
These modifications are largely empirical, as indeed many of the 
others are also. Organ-building as an art is some way in advance 
of organ-building as a science. 

The most important orchestral instruments acting on the flue- 
pipe principle are the flute and the piccolo. The lips project the jet 
of air which, impinging on the edge of the mouth hole, gives rise to 
the jet tone and initiates the vibrations in the pipe. The performer 
has the blowing pressure and the height of the mouth under control, 
and so can modify the frequency of the jet tone within wide limits. 
The mouth hole is of course a displacement antinode, as is also the 
open hole nearest to the mouth hole. The distance between these is 
approximately half the wave-length of the tone produced, except when 
a high partial is being elicited by overblowing. 

The end corrections for the flute as for the organ pipe are consider- 
able. Thus G. T. Walker * found 0*20" as the correction for the open 
end of his flute and 1-80" for the mouth end, while for a half -inch hole 
in the flute the correction was 0*60". The bore of the flute had a 
diameter of 0*75", so that the end correction was (0*20/0*375)i2 = 0*53i?. 

11. Reed Pipes. 

A large number of organ stops use pipes with an attached reed. 
The air first enters the boot g (fig. 15.12, p. 408) and then passes the 
tongue d into the shallot, from which it passes into the pipe. The 
tongue is usually a thin strip of brass which in its equilibrium position 
stands clear of the shallot. It may be a beating reed, in which case 
it is wider than the aperture in the shallot and completely closes it 
when pressed against it by the air blast; or it may be a free reed, in 
which case it is just smaller than the aperture and passes through it 

• Proc. Ind, Ass. for the Cultivation of Science^ Vol. 6, p. 113 (1920-ai). 
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with very slight clearance. The reed can be tuned by adjusting the 
tuning spring e, which controls the vibrating length. The reed and the 
pipe together form a coupled system, and the best quality of tone is 
produced when the reed is tuned to the fundamental frequency of 
the air in the pipe. The partials of the column of air will also be elicited, 
but the partials of the tongue, being inharmonic, will not be reinforced 
by the air column. 

We may think of the maintenance of vibrations 
as follows. The initial entry of air into the boot 
causes a compression to enter the pipe and closes 
the reed against the shallot. The compression 
travels up to the open end of the pipe, where it is 
reflected as a rarefaction and returns to the reed 
end. The reed remains closed and the rnTcfaction 
returns to the open end, where it is reflected as a 

compression. When this 
compression returns to 
the reed it assists the re- 
silience of the reed, which 
opens and allows more 
air to enter, reinforcing 
the compression. Thus 
the reed acts as a closed 
end, and an open cylin- 
drical pipe gives only the 
odd series of partials in 
association with a reed. 
On the other hand, a 
conical pipe gives the full 
series of partials (p. 399), 
because each impulse must 
be reversed as at an open 
end on reflection at the 
reed if infinite compressions are excluded. The clarinet stop has 
a cylindrical pipe, while the oboe stop is conical with an open 
conical cap more widely flared. 

A large number of orchestral wind instruments use some form of 
reed. The clarinet, which may be of wood or of metal, has a cane 
reed and a cylindrical pipe. The oboe has two reeds and a conical 
pipe. 

An entirely different type of reed is that obtained by stretching 
two rubber bands edge to edge across a hole through which air can 
be blown. The rubber bands impose a periodic intermittence on the 
air blast, producing a tone. The voice functions by a mechanism 
of this type. To emit a sound we stretch the vocal “ cords ”, 



Fig. 15.12. — Reed pipe 

The vibrating length of the metal tongue d is controlled 
by the tuning spring e 

A, beating reed. a, head of shallot. e, tuning spring. 

B, filled-in shallot. 6, lip of shallot. /, wedge. 

C, open shallot. c, lip of tube. g, boot. 

D, closed. tongue. 
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leaving only a narrow slit between their free edges. These “ cords ” 
are maintained in vibration by the air current, and the resulting 
sound is modified by the cavities of the mouth and nose. In the brass 
instruments (horn, trombone, trumpet, &c.) the lips act as a double 
reed of this kind. The mouthpiece is a hemispherical cup to which 
the lips arc applied, the tension of the lips and the extent of the vibrating 
portions being modified so as to give the pitch of the note which it is 
desired to j)roduce. Only notes which occur in the harmonic series 
of partials for the instrument can be produced. These may be written as 


C c g c' e' g' (a'#) 
1 2 3 4 5 6 7 


c” d" e" (f"#) g" (a"b) (a"#) b" c'" 
8 9 10 11 12 13 14 15 16 


Some of these partials do not belong to the scale, but in practice the 
jierformer has considerable control of the note. He can not only cor- 
rect these partials but modify the other tones so as to produce sharps 
and flats. The number of partials actually used is not in general large. 
The flute and clarinet use only three. The trumpet may go as high 
as the twelft li. In the case of the clarinet and oboe the effective vibrat- 
ing length of the air column is modified by uncovering holes as in 
the flute. In the case of the trombone the actual length of vibrating 
air column is modified by the use of a slide, a long U-shaped crook 
of which one end can be telescoped over the end of the straight tube 
attached to the mouth})iece and the other over the end of the straight 
piece attached to the bell. 

The quality of tone depends on the shape of the tube, the scale 
of the tube, the kind of reed, if any, the material, and a number of 
other factors, but here again we are largely in the realm of the empirical. 
Interesting work, however, has lately been done on the relation of the 
quality of tone of an instrument to the region of pitch in which reson- 
ance is strongest. Just as in the production of vowel sounds the charac- 
teristic thing is not the reinforcement of a particular order of partial 
but the reinforcement of whatever partials occur in a certain fixed 
region of pitch, so each musical instrument is characterized by a ten- 
dency to reinforce partials in the neighbourhood of a fixed pitch. The 
table by Herman n-Goldap on p. 410 gives the results of an analysis of 
the quality of tone of various wind instruments.* 

It will be seen that in some cases the intensity of the prominent 
region of tone or formant is actually greater than that of the 
fundamental, while in other cases it is less. 

The air pressures developed in playing wind instruments have 
been investigated by Stone, f Barton and Laws J and Foord.§ The 


• See also Richardson, Acoustics of Orchestral Instruments^ Arnold (1929). 
t Elementary Lessons in Sound, p. 17 1 (Macmillan, 1879). 
i Phil. Mag., Vol, 3, p. 385 (1902). § Phil. Mag., Vol. 27, p. 272 (1914)* 
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pressure was measured while the notes were actually being produced, 
a water manometer being connected to a small tube held in the mouth 
of the performer. As might be expected, the pressure developed in- 
creases with loudness, and also as a rule with the frequency of the 
note. For the trombone the pressure varies from 13 cm. of water to 
122 cm., for the cornet from 13 cm. to 106 cm. For the clarinet Foord 
found that the usual relation between blowing pressure and frequency 


Instrument 

Range of 
Fundamental 
Investigated 

Range of Tone 
always Prominent 

Intensity of 
Fundamental 
Intensity of 
Formant 

Oboe 

f' to f" 

gS'" to bb'" 

0 to 0-48 

Bl7 trumpet 

b to b' 

to c" 

013 to 0-30 

Horn 

c' 

bt>' to o'" 

0-57 to 1 

Tenor trombone 

g to a, 
d' to i' 

bb' to d" 

0-57 to 0’88 

B!? clarinet * 

ii" to e" 

g'" to bb'" 

)-32to r, o 

Flute * 

d'' to c:'" 

i"' to a"' 

104 to 3-16 


does not hold, the blowing pressure being actually less for high notes 
than for low notes. This he attributed to the fact that the increase 
in frequency was in this case juoduced by manipulation of the free 
length of the vibrating reed by slight pressure with the lip. Foord also 
remarked that the production of the higher notes is aided by the player 
imagining that he is .singing a high note, from which fact it must be 
assumed that the form of the cavity of the mouth and throat exert 
an influence on the production of the derived notes. This suggests 
that there are really three vibrating systems involved; experiment 
suggests that this is true for the reed pipes of the organ as well, the 
form and volume of the boot contributing to the quality of the tone. 


Presumably made of wood. 



CHAPTER XVI 


Rods, Membranes, and Plates 

Tlie theoretical study of the vibrations of the systems considered 
in this chapter is more difficult than that of simple systems, and 
developed gradually from the time of the discovery of Hooke’s law. 
Experiments done concurrently have continued to yield interesting 
phenomena ever since the classical work of Chladni (1756-1827) drew 
attention to the beautiful sand-figures observed with vibrating rods 
and plates. This progress is still continuing under the stimulus of new 
methods. 

It is of value first to consider certain well-established theorems 
which apply to mechanical systems of many degrees of freedom, such 
as a number of masses elastically connected. These results will also 
apply, directly or by analogy, to continuous systems, such as those 
in question, for which the relative movement of the elastically con- 
nected parts constitutes the natural manner of vibration.* 

1. Systems of More than One Degree of Freedom. 

The small oscillations of an undamped system of n degrees of free- 
dom in which the restoring forces are due to internal strain are not 
usually of simple harmonic type, nor are they necessarily periodic in 
time. They can, however, be analysed into n '' modes ” of vibration 
which are simple harmonic, provided that the elastic forces are of the 
linear type proportional to the corresponding strains. Any one of 
these modes can exist independently of the others, and then the dis- 
placements of the separate parts from their equilibrium positions 
retain constant ratios throughout the motion. The displacements 
may then be expressed by means of a single variable say, a sinu- 
soidal function of time, once these ratios have been determined. Then 
as there are n such variables <f>m, they also form a complete set of 
co-ordinates ” whereby the configuration of the system at any 
instant may be expressed. In general, each (f)^ will have a different 
period, the natural period of the system as it vibrates in the mth mode 
(the exceptions, however, are important). This way of expressing the 

• These results of ceneral mechanics are systematically presented in standard works 
such as Lamb, Higher Mechanics (C. U. P., 1929). 
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motion is not confined to natural, or free, vibration, but extends to 
forced vibration. Any free vibration of the system can be described 
through a knowledge of the n periods, with the initial values of the 
quantities 

For example, a light stretched string loaded with two equal masses 
m at intervals a has two degrees of freedom and the position may in 
the first instance be described simply by means of the displacements 
yi and of the two masses. 

Then if T denotes the kinetic energy, V the potential energy, and 
P the tension in the string, we have 

2T -- 

r = “ ivi - y\y% + y-i)- 


If V coraprisos all the forces, the motion being then free and un- 
damped, the equations of small oscillations are 


d /dT\ 

. dV 

0, 

dt \d)jj 

II 

+ 

d /dT\ 


0, 

dt \dy,J 

1 A - - - - 

^2/2 


for in each case dTjdy represents a momentum and —dVjdij the force 
tending to change it. These equations give 

•• I 2P F 

■^yi + ~ “ y-i 

- “ 2/i + 2/2 '-= 0. 


If Yj and ?/2 supposed to oscillate with the same angular fre- 
quency CD, then 

( 2, 2P\ P 

J 2/i - ^ 2/2 = 0, 

P , / 2 , 2 A . 

Jy2=-0, 

and these equations can only be consistent if 


that is, 



The two natural periods are therefore 27?^/ {majP) and 2r[y/{malZP). 
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To find the corresponding modes of vibration, we observe that 

f/l „ =?"’ +j;y>) „ + 1 or -1, 

according as w takes the lower or higher value. The two vibrations 
are shown in fig. 16.1. They suggest an analogy with the two lowest 
inodes of vibration of a uniform heavy stretched string. 



Period 277 - ti 

p 


Fig. l«.l 


Period t 2 = 


Th(i normal modes, once ascertained, may be used to simplify the 
equations of motion, to which we now return and write 


yi=--qi + 5 ^ 2 ) 


(16.2) 


where the ratio of the coefficients of or in the two equations is 
so chosen that when one vanishes, the ratio of and is appropriate 
to a normal mode of vibration. We now have 

2T -- 2mqi^ + 


That T and V now appear as sums of squares is a result inherent 
in the method of choosing the new co-ordinates. The equations of motion 
in Lagrange’s form, which apply to this or any kind of co-ordinate, 
lead to the result that 


?2 + = oJ 


(16.3) 


equations which, unlike (16.1), con- 
tain only one dependent variable 
each. Thus q^ and q^ are the normal 
co-ordinates, and have respectively 
the periods and 

To express any combination of 
and yg terms of them, equations (16.2) are to be solved, giving 
(fig. 16.2) 

?i ‘ 2 ( 2/1 + ^ 2 )’ mean displacement, 

5^2 — \{yy — ^ 2 )* difference of the displacements. 



Fig. 1 G .2 
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The simplest oscillations are those in which only one normal 
co-ordinate varies, the other remaining zero. The initial conditions 
Vx = 2/2 = 0, ~ produce one of these, for then 

2i = 92 = initially, 

and the subsequent motion is a superposition of 

Ji “ cosco^^ and Ja ” \ ^ cosa> 2 ^ 

so that 

t /2 = 2P(cosa>i^ — co^oij) 

= Y sin| (a>2 — oj^t sinj(a)i + ^ 2 )^* 

The initially undisplaced mass does not remain so, but executes a 
motion suggesting beats. 

If, on the other hand, the initial conditions are = Q, = 0, 
== ^2 = 0, the subsequent motion is represented by 

qi = Q Goscjyt, = ^2 initially and subsequently. 

This simplification suggests that forced oscillations of complex systems 
may be capable of expression by equations of the type a[q + oy^q) = F 
for each co-ordinate y, provided that the appropriate quantity F can 
be ascertained. This is indeed so in the form of “ generalized ’’ forces 
as they appear in the standard theory. The value of F may be obtained 
from the fact that \Fdq is to represent the work done by the external 
forces in a displacement of the co-ordinate q. In the system considered, 
if the forces and If 3 masses, 

F^^W,+ W,\ 

F^=W^-Wj 

in which the coefficients are the same as for equation (16.2), but now 
the new quantities are on the left-hand side. Thus no symmetrical 
combination of forces can excite the second mode {y^ ~ — J/i) and no 
antisymmetrical combination can excite the first {y^ ~ y^, or in 
other words, only combinations of forces which do work when the 
centre of gravity moves will tend to move it. 

2. Systems of Many Degrees of Freedom. 

When there are n degrees of freedom, n co-ordinates q^, • • qn 
are required and the kinetic energy T is given by the expression 

2T = qx + <3^22 q^ -j- . . . + 2aj^2 9i92 “k • •• ? 

where the a’s are “ coefficients of inertia ’’ to which each movable 
mass contributes according to the movement it experiences when the 
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corresponding co-ordinates vary, in the rather complicated expression 


— 



I 

9 ?. hr ' hs 


dz dz \ 

hr ■ 9? j 


= a 


Sf 


These coefficients are constants for sufficiently small displacements, 
and bear to their respective pairs of co-ordinates the same relation 
as moments and products of inertia do to angular displacements in 
the theory of rotation. 

In discussing small oscillations about a position of stable equili- 
brium, it is convenient to choose such co-ordinates q as will vanish 
in that position. Then the potential energy, measured above the 
equilibrium value, is of the form 

2F == Cii + ^22 + • • • + 2 ci 2 ?1?2 + • • • f 


which ensures the equilibrium conditions dV/dq,.— 0 for all displace- 
ments. The c\s are constants analogous to coefficients of induction 
in electrostatics, and might be called coefficients of elasticity. 

If qr varies harmonically, so that 

?r = 


with the same frequency a)/27r for all the co-ordinates, the equations 
which correspond to (1) are 

.... (16.4) 

«=i 

(n equations) 


and these are only consistent for values of co such that 


A(-w2) 


dllCU^ -f- Cji, -f- . . 


= 0. (16.5) 


I “f" ^nn { 

This is an equation of the nth degree in and it will have in 
general n distinct roots, values of which are all positive if, as we 
shall suppose, F is an absolute minimum in the equilibrium position. 
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These values of o)^ give the natural frequencies of the separate modes of 
vibration, and also enable the equations to be solved for the amplitudes 
Q, or rather, as the equations arc homogeneous, for the ratios of these 
amplitudes. 

A continuous system does not easily fit into this scheme, in that 
the actual displacements will generally be expressed as functions of 
independent co-ordinates, e.g. the transverse displacement of a mem- 
brane as a function of co-ordinates taken in the plane of equilibrium. 
The energy will be in the form of an integral which may involve not 
only the displacements but their derivatives with respect to the in- 
dependent co-ordinates. The equations of motion can be derived by 
applying Lagrange’s “ variational ” equation, and instead of equations 
(16.4) and (16.5) there are partial differential equations and boundary 
conditions. The solutions will represent normal functions, that is, 
amplitudes, just as do the ratios obtained from equation (16.4). Tlie 
normal functions for a string stretched from to x ^ I are 

sin(7ra;/Z), sin(27rx/Z), . . sin (r7rx/Z), . . ., corresponding to vibration in 
1, 2, . . ., r, . . . segments (see 14.5, p. 369). Continuous systems have 
an infinite number of normal modes of vibration. 

The equations to be solved for amplitude-ratios are the same for 
any oj as for — ca, so that and are equally applicable to a 
mode of frequency co/277. Then may be wTitten as 

where is one constant for all co-ordinates; in real terms this 

becomes 

?r ™ Qr cos (cut -f a), 


where the arbitrary phase constant is the same for all co-ordinates. 
That is, in a normal mode of vibration all constituents oscillate in 
phase, apart from a possible change of sign which may be regarded 
as an ambiguity of n. The constants and a are available to satisfy 
two conditions, which may be taken either as initial displacement 
and velocity, or as amplitude and phase of the vibration at a given 
moment. 

In order to express the configuration of the parts of the system 
exclusively in terms of normal co-ordinates, we take 

qr = Qr(^l)<f>l + Qr{^2)4^2 + • • • + Qni^^nHny 


for then, if all the quantities ^ are zero, except the amplitudes are 
in the ratios appropriate to the first mode, and so on. We may fix 
the absolute values of the ^’s arbitrarily. The values of (f> are then 
normal co-ordinates, and as in the simple example already considered, 
the kinetic energy reduces to a sum of terms in <j>^, . . . , without 
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3. Longitudinal Vibrations of Rods. 

Solid rods can vibrate in three different ways, longitudinally, 
transversely and in torsion. Bending and the allied transverse vibra- 
tion were successfully investigated by Euler (1707-1783) and Daniel 
Bernoulli (1700-1782), and Chladni investigated all three types of 
vibration experimentally. 

The study of straight bars will also give qualitatively the important 
properties of tuning-forks, the vibration of which to some extent 
resembles such vibrations of a free bar as would in any case have 
nodes at the middle where the stalk is to be placed, and to some extent 
those of a bar clamped at one end. 

The longitudinal vibrations of a rod bear some resemblance to 
longitudinal vibrations in air. The displacement ^ is evaluated by 
equating the mass-acceleration of an element to the corresponding 
elastic restoring force, and we have seen (section 14, p. 75) that this 
leads to the equation 

0x2 q 

It is not sufficient to study this equation alone. As with air columns, 
the conditions which hold at the ends are important and determine 
the natural frequencies. 

The equation as it stands is that of waves propagated with a velocity 
y/iqjp), and the quantity q, strictly a modulus of adiabatic elasticity, is 
given closely enough for most purposes by the ordinary statical Young's 
modulus. The determination of this velocity and the resulting modulus 
are referred to in section 17, p. 280. 

A rod which is not constrained in any way by the manner in which 
it is supported will have antinodes at both ends and one or more nodes 
at intermediate positions. If I is its length, the wave-lengths (in the 

1 

solid, not in air) are 21, 2^/2, 2Z/3, . . ., and the frequencies 21 

X 1, 2, 3, . . ., form a complete harmonic series of partial tones. The 
odd partials alone will be appropriate to a rod of the same length 
fixed at the middle, for these have a node there in any case. 

If both ends are fixed the partials are the same, for it may be 
noted that 

(dj\ _ p 02 /0^ 

0x2 \0x/ q dfi \0x/ 

by differentiating the equation already stated. Now d^/dx satisfies 
the same end-conditions for a free end as does f for a fixed, that is, 
it vanishes. Hence one solution will be obtained by differentiating 
the other and the frequencies will correspond. 
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The fundamental frequency of a rod of the same length fixed at one 
end only is an octave lower, as this is equivalent to a rod of twice the 
length fixed at the middle. 

The general, more complicated vibrations may be considered in 
terms of the normal ones. This seems more natural than expressing 
results in terms of progressive waves, as the actual modes of free vibra- 
tion are stationary waves obtained by superposition of pairs of pro- 
gressive waves travelling in opposite directions. But though any 
possible vibration can be so analysed, this does not imply that a single 
progressive wave cannot be established. A rod will suffer no disturb- 
ance of strain or displacement at one end in consequence of a blow at 
the other until sufficient time has elapsed for the impulsive wave to 
travel the whole length. It may seem curious that even such a wave 
can be analysed in terms of stationary vibrations, but this is possible 
and the result is shown in section 3, p. 371 for a string.* 

To determine the normal modes of a rod directly we may proceed 
with the supposition that ^ depends on x and t in the form 
Then any permissible solutions of the resulting equation will already 
represent stationary, not progressive, waves. 

Making this substitution we obtain (cf. section 2, p. 367), 

|(a:)= a). 

The proper solution for a rod free at both ends will be such that d^jdx 
vanishes there, so that 

where I is the length, and r is any integer. 

Hence co ~ 

and the frequency = a>/27r = rcl2l, as already found. By differentiating 
this normal function, or by applying the condition ^ = 0 at the ends, 
we find for the case of a rod fixed at both ends, 

as given for a stretched string (cf. section 10, p. 384). 


• Another difficulty is that normal functions fulfilling the boundary or end conditions 
are used to express initial conditions which may violate them. This is a problem in the 
convergence of infinite series; if there is an impulsive force at af = o, t = o, then this will 
be a point of non-uniform convergence where the members of the series, but not its sum, 
will be continuous. 
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The possibility of sound waves in solid rods accounts for some 
of the transmission of noise in buildings. The velocity of transmission 
for ordinary solids is very large (Chapter X), and this explains why 
the natural frequencies of longitudinal vibration for a given length 
are very much higher than those of an equal air-column. Such natural 
vibrations may be excited in the laboratory by friction and observed 
by means of dust, which collects at the nodes (cf. p. 254), or 
if the material is transparent, by means of the effect of strain on 
a beam of plane-polarized light passing across the rod.* Polarized 
light has also been used in this way to detect the passage of a pulse 
along a rod and so to measure the velocity directly, as in gelatin by 
Herbolshei mer . f 

A more direct method of observation is that of Davis J and of 
Clark, § who examined with a microscope bright points on a string 
excited by continuous rubbing. The vibrations qualitatively resemble 
transverse ones due to bowing. The properties of longitudinal vibra- 
tions of rods apply equally to strings and wires, independently of any 
permanent bmsion they may have, exce])t that damping may be 
appreciable above the elastic limit. 

The longitudinal oscillations of a rod of metal such as nickel may 
be excited by magnetostriction, using a solenoid through w^hich the 
current from a valve oscillator passes. This is a very convenient 
method of generating mechanical vibrations of high frequency and 
also of calibrating other apparatus (p. 224). A quartz rod may be 
excited in the same way as a quartz plate, by using the piezo- 
electric effect (see p. 220), and a standard clock designed at the 
N.P.L. makes use of the longitudinal oscillations of a quartz ring 
supported at three of its six nodes and oscillating at 100 kilocycles 
per second. 

The compressions in a bar in longitudinal vibration are not purely 
dilatational. This holds even for the simplest kind of longitudinal 
compression, such as that of air in a tube, where the resulting shear- 
component leads to viscosity attenuation. In a bar or rod the shear 
is less important, but there is an actual lateral motion resulting from 
the expansion which always accompanies longitudinal compression. 
There is a corresponding contribution to kinetic energy, leading to 
a small diminution of the wave velocity. This diminution is propor- 
tional to and does not greatly complicate the phenomena of the 
lower modes of vibration. It is, moreover, usually quite small if the 
bar is sufficiently long in comparison with its width. In the longi- 
tudinal vibrations along a plate the lateral component can only 
occur in the direction normal to the plate, and in an extended 

• Biot, Physique, Vol. 2, p. 15 (1828); Mach, Ann, d. Physik, Vol. 146, p. 316 (1872). 

t Zeits.f. Phys.f Vol. 3, p. 182 (1920). J Proc. Amer. Acad., Vol. 41, p, 691 (1906). 

§ Phys, Rev., Vol. 7, p. 5C1 (1916). 
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solid it is wholly suppressed. Tlie effect of this restriction on the 
velocity is considerable (p. 282), but it is due to the change in 
the relevant elastic modulus, not to the small correction to the 
kinetic energy. 

The lateral or radial motion may, however, be important at high 
frequencies, and may become markedly dependent on frequency, so that 
anomalies result. Experiments have shown that the calculated cor- 
rection holds for quite high frequencies, and that ultimately there are 
changes in wave-propagation resembling those of anomalous dispersion 
in optics. This is to be expected in view of the complexity of the true 
frequency-equation.* 


4. Transverse Vibrations of Bars. 


The transverse vibration of bars differs from the longitudinal in 
several respects. The restoring forces are due to bending and therefore 
involve the same modulus of elasticity. Young’s modulus, but the 
equations of motion are quite different. The series of partials is no 
longer harmonic. Furthermore, a permanent tension radically alters 
the vibration. We shall consider only the case in which there is no 
permanent tension. 

Ignoring for the moment the end conditions, we may obtain the 
wave equation from two principles of bending. It is supposed that 
when a bar bends, each longitudinal filament changes in length, except 
those lying on a neutral surface ” near the middle of any cross- 
section. This leads to the formula for the bending moment exerted 
across any section as 


G == qSk^ 


d^y 

0x2’ 


where q is Young’s modulus, S the area of cross-section supposed 
uniform, h the radius of gyration of the cross-section about the axis 
in which the neutral surface cuts it, and y the lateral displacement 
at the position x. The x-axis is the undisplaced position of the rod. 
In a bar originally straight the bending moment varies as the local 
curvature; in a slightly curved bar the change of curvature would 
play the same part, so that initial curvature due to the weight of a 
bar can be ignored if it is fairly small. 

The forces which act across any section of the bar may always 
be represented by a single force and a couple. The single force may 
be supposed, in absence of permanent tension, to act in the plane of 
the cross-section as a shearing force F. F and 6, the bending couple, 
arc not independent of one another, and at any element where no 


See Love, Mathematical Theory of Elasticity (Cambr. Univ. Press, 1920). 
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external force is being applied to the bar the equation of moments 
acting on an element, of length Sx, shows that 


F=- 


dG 

dx* 


provided that there is no angular acceleration (fig. 16.3). 

The resultant lateral force on such an element is given by {dF jdx)^x 
or — {d^Gldx^)Sx. Hence the equation of lateral motion becomes 


or 


d^y 1 9 ^ _ 


(16.G) 


where ™ qjp, and c is the velocity of longitudinal waves. 

This is not the simplest type of wave-equation, but it is evident 
without solution that a change of scale in which x, k and t alter in 
th^ same ratio will leave the 
equation unchanged. Exactly 
similar bars or tuning-forks 
have their fundamental free 
period proportional to the 
linear dimensions, and the 
same holds for any specified 
mode. The width of the bar 
or fork parallel to the neutral 
surface, however, does not 
affect the period. That period 
and linear dimensions are pro- 
portional is a general result for vibrating systems of this kind, and 
may be established by the method of dimensions. 

There are several possible combinations of end-conditions. Either 
end may be free, clamped, or supported on a knife-edge. The corre- 
sponding conditions are 

(i) Free: G vanishes; hence ^ \ ~ 0. 

dx^ 



0^?/ 

F vanishes ; hence — 0. 

oar 

dy 

(ii) Clamped: y and vanish. 

(iii) Supported: Evanishes; hence ^^=0, 

y vanishes. 



422 


RODS, MEMBRANES, AND PLATES 


[Chap 


The substitution of e'“‘*y{x) in (16.6) gives the equation 
d*y . 

The complete solution containing four arbitrary constants may be 
put in the form 

y(x) = Acosbx 4- Bsinbx + Ccoshha; + -Dsinhhx, 

where b = \/((jjjck) and oj is yet undetermined. If the bar is clamped 
at one end {x ~ 0) and free at the other {x — Z), 


y(0) ^ 0, 



whereas x — I the second and third derivatives vanish. These con- 
ditions require that 

^ + C=0 

B + D 0, 

—A cosbl — B sin bl-\~ C cosh bl -|- D sinh bl ~ 0, 

A sin bl — B cosbl + C sinhbl -f D coshhZ ~ - 0, 
or A (cosbl -f- cosh6Z) -[- B (sin bl -f- sinhM) “ 0, 

A (sinbl — sinhhZ) — B (cosbl + cosh6Z) ~ 0, 

and these equations can only be compatible if 
cosbl coshhZ -f- 1 = 0. 

The values of bl for which this is true occur quite close to zeros of 
cosbl and therefore differ slightly from odd multiples of 77/2. 

The corresponding equation for a bar free at both ends or clamped 
at both ends is 

cosbl coshftZ —1 = 0. 

The roots of this equation are approximately the same as those of 
the previous one, omitting the first, as the table shows. 


Values of bl for Lower Partials of a Bar 


clamped-free bar 

1-876 

4-694 

7-855 

10-996 

14-137 

&c. 

tree-free bar 


4-730 

7-853 

10-996 

14-137 
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Inserting these "values of h in the solution for y we get the 
normal functions of the problem. In any one mode the frequency is 
a)l27T= ckb^l27T. The fundamental frequency is ck(h875)^/27Tl^ for a 
clamped-free bar, as compared with c/4Z for longitudinal vibrations of 
a rod fixed at one end. The transverse vibrations have a lower fre- 
quency in the ratio 2*24(/c/i), and k is usually very much less than 1. 

A measirrement of the frequency of flexural vibrations of a bar of 
known dimensions may be used to determine c, as an alternative to 
the use of longitudinal vibrations. This method has been employed 
to determine Young’s modulus for the material, e.g. by Davies and 
James,* Grime,| and Grime and Eaton.J 



Fig. 16.4 


The interval between the first two partials of a clamped-free bar 
is large, as the frequencies are proportional to the squares of the 
numbers in the table. It amounts to 2*65 octaves or 2 octaves + 195 
savarts (p. 316). (A perfect fifth is approximately 176 and a minor 
sixth 204 in these units.) 

The normal functions of the fundamental and the next partial 
are shown in fig. 16.4, with the fundamental of a free-free bar. 

The frequencies of the higher partials are approximately proportional 
to the squares of the odd integers and they therefore do not form a 
harmonic series. 

• Phil. Mag., Vol. i8, pp. 1023, 1053 (1934). t Ibid., Vol. 20, p. 304 (1935). 
t Ibid., Vol. 23, p. 96 (1937). 
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5 Tuning-forks and Reeds. 

If a tuning-fork is strongly bowed it may be possible to hear a 
partial tone which is nearer to the fundamental than that described. 
It is a general fact that higher harmonics of a tone are introduced if 
the restoring forces depart from linearity. A term in instead of y 
makes a correction to the fundamental pitch depending upon ampli- 
tude, and introduces the 12th of the fundamental as an additional 
partial. In the sound of a tuning-fork both effects have been noticed, 
and there is a slight rise of pitch as the sound dies away. A strongly 
bowed fork will give the octave, no doubt because of the asymmetry 
of this method of excitation and to the asymmetry inherent in the 
design of forks, which probably leads to terms in the restoring force 
proportional to y^. Thus in general any proper mode of vibration can 
become the ‘‘ fundamental ” of a harmonic series of tones. 

The two prongs of a tuning-fork are analogous to the two masses 
in the problem used as an example of two degrees of freedom, for the 
stalk and its support, to which both prongs are attached, are in 
practice imperfectly rigid and provide a mechanical coupling. The 
asymmetrical mode of vibration which involves a deflecting strain of 
the support is usually much more quickly damped than the symmetri- 
cal mode which does not, so that the beats caused when only one 
prong is struck are usually inaudible unless special precautions are 
taken. 

The tuning-fork, whether bowed or electrically maintained, gives a 
note which is practically a pure tone, for the other tones are w'^eak and 
quickly damped. It is a most important and convenient standard of 
frequency or time-base (section 7, p. 320). The frequency of a steel 
fork can be calculated approximately from the formula 

ck 


for if the section is rectangular and of thickness h. 


2\/3’ 


5*43 X 


10^ cm./sec., so that 


/=8*8X 


104 


h . 
p cm./sec., 


where I is the length of one prong. For a U-shaped fork the actual 
value is about f of this. 

The prong of a tuning-fork, because it has a small width, and for 
reasons given in section 11, p. 69, does not radiate sound efficiently 
into the surrounding air. Experimentally the rate of radiation can 
be increased by diminishing the circulation of air from the front of 



XVI] 


TUNING FORKS 


425 


the prong to the back, and so increasing the pressure changes set up. 
A sheet of cardboard held close to the prong in a plane normal to the 
direction of vibration does this and also partly separates the two 
components of the ‘‘ double source ” (section 6, p. 200) that the 
prong represents. A noticeable increase in loudness results. 

Use is often made of a sound-box tuned to the note of the fork 
that is mounted on it, and this enhances the already great pre- 
dominance of the fundamental tone. With this arrangement or when- 
ever the stem is not rigidly clamped, it is no longer accurate enough 
to compare a fork with a clamped-free bar. The vibration is com- 
municated to the box by vertical motion of the stem, as without such 
motion the vibrating fork would be vertically unbalanced. Indeed, 
a loosely held fork may be regarded as a form of free-free bar, though 
the nodes are much closer to the stem than this might suggest. Further, 
it is found that with a resonance-box of double frequency the octave 
may be strongly elicited, probably because of the centrifugal forces 
involved in motion which is concave to the box. 

A fork held loosely against a metal plate will show sub-harmonics 
due to intermittent contact and jumping. 

The Tinsley standard tuning-fork consists of a pair of clamped 
straight bars, with adjustable masses near the ends. The vibrations 
are electromagnetically maintained, and the resulting frequency differs 
slightly from the true resonance frequency. It also depends slightly 
on am})litude, but the fork may be run at an amplitude for which 
the frequency is a minimum and therefore least sensitive to changes. 

Steel forks have an important temperature correction, with a co- 
efficient of the order 10“^ per degree (section 7, p. 321), the pitch 
falling about *05 savart or ^io semitone for a rise of one degree. 
Yomig’s modulus for steel has a temperature coefficient of — 2-4 X 10“'^, 
and the linear expansion has a coefficient of the order The former 
is much the more important. The latter term does not lower the fre- 
quency, since the dimensional relation previously mentioned presumes 
a constant density ; allowing for both effects of expansion, the frequency 
varies as the square root of the linear dimensions. The calculated 
temperature coefficient of frequency agrees with that measured. The 
modern el invar ” standard forks give only about a tenth of the 
effect. 

Bars and reeds find many applications in musical instruments, 
e.g. in the harmonium and the mouth-organ, w^hich employ reeds 
excited by an air-stream. In the xylophone, free-free bars supported 
at the nodes are struck with hammers, different sizes providing the 
variety of pitch. The celesta also employs metal plates, but has a key- 
board. The triangle is a bent bar struck with a straight one, and this 
manner of excitation produces a jangle of partial tones. In the musical- 
box there are metal reeds plucked with metal prongs. 
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Bars and reeds may be tuned by loading, as in the Tinsley fork, 
or by paring, as in the reeds of a harmonium. Pitch is lowered by 
removing material near the clamp, and raised by removing it near the 
free end. 

In deriving the simple equation for the transverse vibrations it is 
assumed that rotary motion of the elements may be neglected. If 
this factor is included the equation becomes 

4- } ^*y = 0 

03^ c2/;2 dfi c2 dx^dt^ 

The new term will be negligible so long as Ic, the radius of gyration 
of the cross-section, is small enough, but will be increasingly important 
as the wave-length diminishes. Rayleigh * shows that the frequency 
is to be corrected in the ratio 

for partials of moderate order, where m is the appropriate number in 
the table of values of bl (p. 422). 


6. Torsional Oscillations of Rods. 

When a rod of circular section is twisted, the torque at any cross- 
section at a distance x from the end is equal to T[d6jdx), where T 
is the torsional constant {Trnj2)a^y n is the modulus of rigidity, and 
a the radius. 

The resultant torque on an element in angular motion is T(d^9jdx^)Bx 
and if p is the density the equation of angular acceleration is 


7Tna>^ dW 


8x = p{7Ta^8x) 


a2 dy 
2 0^2’ 


so that 


dy 

0x2 


p 020 

n 0^2 


0 , 


and this is the familiar equation of wave motion with velocity 

b==V{nlp). 

9 


Since I 


n = 


2(1 + aY 


where q is Young’s modulus, a Poisson’s ratio, the ratio of this velocity 
to that of longitudinal waves c is given by the equation 


b_ 1 

C \/ 2(1 cr) 


• Sound, Vol. I, § i86. 


t Properties of Matter, Champion and Davy, p. 5a. 
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which lies between l/\/2 and l/\/3. This is also the ratio of 
frequencies for the same rod, vibrating in corresponding modes of 
torsional and longitudinal vibration. 

More detailed examination shows that other types of torsional 
wave are possible, in which the torsional strain, instead of being 
uniform over any one section, varies as a function of the radius; but 
all the possible types have the same velocity of propagation. 

7. Orthogonal Property of Normal Functions. 

It is a part of the general theory of small oscillations that the 
kinetic and potential energies are expressed as homogeneous quadratic 
functions of the velocities or displacements, which reduce in normal 
co-ordinates to sums of squares. This simplification is connected with 
the “ orthogonal ” property of the normal functions, for it implies 
that there are no “ mutual ” terms in the array of co-efficients of 
inertia and of elasticity. This property follows for a system of many 
degrees of freedom from equations (16.4), p. 415, in which ca is to be 
given a value which will make them consistent. The values of 
may be given an extra suffix m to denote that they refer to the mth 
mode of vibration. The rth equation is now multiplied by where I 
refers to another mode, the Zth. On adding all n equations we have 

Im “f" ^Im 

n n 

where ^ ^ ^rsQrlQsmt 

Ai^ being the coefficient of inertia for the normal co-ordinates <f>i and 

<l>m, and 

C'lm “ ^ ^ ^rsQrlQsmy 

r=l s^l 

Cim being the coefficient of elasticity for the normal co-ordinates 
and (f>^. 

In the same way it follows that 

— w^Ai^ -f- Ci^ = 0, 

and hence, if ( 01 ^/ 277 ) and (ai^/27r) are different natural frequencies of 
the system. 

This is the orthogonal property. 

The quantities A^^n and which do not vanish are very im- 
portant, since they represent ‘‘ inertia ” and “ elasticity ” of the 
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mode m and jointly determine the natural frequency a)^„/27T. The 
double suhix is now unnecessary and we may write 

+ (16.7) 

This equation may be established otluirwise by using the substi- 
tution 

(1G.8) 

m— 1 


which expresses the relation between the different sets of co-ordinates. 
With this and the orthogonal property, we have 

2T SS arsMs 

n 

= I. A 6 ^ 

^ ^ * mYtn f 

m~ I 

2V 

m~- 1 

whence it appears that (16.7) is a form of the energy (equation. 

We have here the essentials for calculating the natural frequency 
of any mode of vibration, provided that the ratios of the amplitudes of 
oscillation (normal functions) are known, by calculating the appropriate 
inertias and elasticities. 

The orthogonal property applies equally to continuous systems. 
We now have a continuous co-ordinate q and an amplitude which 
is a continuous function of the same variable or variables x. Then 

q(x) Q,{o:)<f>, + Q,(x)cf>, + . . . , 

2T = jpq^dx 

because, for the same reasons as in n degrees of freedom, the integrals 
like IpQJ^idx vanish. So, in the case of a uniform string of length Z, 

/ sin(r7T/Z) sin(6’77/Z) dx vanishes unless r — s. 

Jo 

This leads naturally to a search for the coefficients such as 
A^~ IpQ^dx and the elastic terms for which 

2F = 

in the first mode. Then the energy equation 

T + F — constant, 

or {—oj^Ai + C'i)( 5 ?»i^ == constant, in the first mode, cannot be fulfilled 
unless the coefficient of is zero, and the natural frequency follows 
at once from 
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Tins procedure may be used to obtain, by means of a further im- 
portant theorem, a very good estimate of a natural frequency with 
nothing better than an approximate form of the normal function. 
The value of this lies in the fact that it may be easy to guess a good 
enough approximate form even when the accurate function is very 
difficult to calculate. 

8. Stationary Property of Normal Modes. 

Suppose that a system of n or of infinitely many degrees of freedom 
is so constrained that only one degree is left, and that the type of 
vibration is then varied in an arbitrary manner, but so as to preserve 
its simple harmonic character and frequency For example, a 

stretched string might be suj)posed to become perfectly inflexible and 
to be hinged at one point, thus vibrating in two straight segments. 
In general, the type of vibration will not be one of the normal types 
of the unconstrained system, and so 

2T ^ 

m 

2V ^ 

m 

The frequency will be given by the equation 

Ai^i + ^ 2 ^ 2 ^ + • • • 

As the squares and also the (7’s and A's are essentially positive, this 
shows that co‘^ is stationary when all the normal co-ordinates vanish but 
one, and the type of vibration is one of those natural to the uncon- 
strained system. 

Further, if that type is the fundamental, variation from it can 
only make larger than CJA^(=w^), so that a> is a minimum at the 
fundamental value oj^. It appears also that any small departure from 
normal tjrpe causes only a small difference of the second order in the 
frequency, and that an estimate of the fundamental frequency made 
by using an approximate normal function will always be an over- 
estimate. 

9. Vibrations of a Circular Membrane. 

These principles may be applied to calculate approximately the 
fundamental of a uniform stretched circular membrane with no damp- 
ing. As an approximate normal function we may use that which is 
correct for a uniform static pressure, namely, 
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where ^ is the displacement at radius r, the displacement at the 
centre, and a is the radius of the membrane. The kinetic energy will be 

2T — f pii^l — . 2TTrdry 

•^0 

where p is the surface density, and this is equal to 

Now 2T ^ ^ 1 ^ 1 ^ since other terms are assumed small, 

= l^rpa^ = J X mass of membrane. 

For a static pressure P 

t __ total force 

^ 4t 47rT ^ 


where r is the tension of the membrane, and hence if Y is the work 
done against tension, 


2F = P Cui - r^ia^)2iTrdf 


= 27Tr^^. 

Then if 2F 

we have 6\ — 27tt — \ X stiffness constant * at centre, 

2 

== T" == “2’ 
par 

and the fundamental frequency is 
27r 27ra ^ p’ 


This will be a slightly overestimated value. 

Another example of the use of approximate normal functions occurs 
in the case of lateral vibrations of a bar, where the effect of rotary 
inertia may be calculated by assuming the normal functions obtained 
without it to be accui*ate enough. This example and many others are 
given in Rayleigh’s Theory of Sound, 


10. Higher Modes of Vibration of a Membrane. 

The equation of motion may be obtained by observing that the 
force restoring an element of a stretched membrane to its position 
of equilibrium is determined by the total curvature. Consider a rect- 
angular element whose edges are parallel to the axes of x and y. Then 
after displacement there are forces rhy normal to the y edges and they 
act at inclinations di{x)jdx and d^{x + Sx)jdx, so that the resultant is 
r{d^ildx^)8xSy normal to the surface. The tension on the other edges 

* T.a. the constant giving in terms of the pressui^ 
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results in a force r(d^^ldy^)8xSy, 



The equation of motion is therefore 

^ 0 , 


where denotes + 8^^/9V“. 

Then as ^/(rlp) is a velocity c, the equation may be written in the 
form 




1 

c2 a/2 




an equation of wave motion which has the following particular solu- 
tions : 

(а) ^ =f(ct— lx— my), 

where = 1. No fixed boundary will allow of this. 

/i\ /-A ^ 

(б) ^ == ^0^ ^ 


With the boundary condition ^ = 0 it will obviously be desirable 
to choose co-ordinates in which this condition takes a simple form. 
For a rectangular membrane Cartesian co-ordinates are suitable, and 
solution (b) will apply with axes along two edges provided that 

alco 

= ttt, 

c 

brrui) 


so that 






. TTTX , STTV 

Sill — sin-f"! 

a b 


where a and b are the lengths of the sides of the rectangle parallel to 
the X- and y-axes, and r and s are integers. Then 


CO 


2 



In this type of vibration there are (r — 1) nodal lines parallel to the 
y-axis and (s — 1) nodal lines parallel to the a;-axis, and every pair 
of values of r and s will yield a new normal function with the appropriate 
value of CO in the formula. It requires only an application of Fourier’s 
theorem to show that by superposing solutions of this type, any initial 
configuration of the rectangular membrane may be represented. The 
subsequent motion will be complicated, each mode following its own 
period. The frequency equation shows that these do not form a har- 
monic series, and the motion will generally not be periodic. 

(F7dl) 


15 
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If the membrane is square, a ™ 6, and oj is the same for the com- 
bination r, s as for s, r. This is an exception to the rule so far assumed 
in this chapter that ditferent normal inodes have different periods, 
and it leads to important consequences. One of these is that the two 
characteristic modes which are obtained by inserting the values of 
r and s may be combined in different ways without altering the fre- 
quency, and the nodal lines change accordingly. A similar “ de- 
generacy ” occurs if a/b is any rational number. 


Equal Natural Periods. 

In the ordinary case equation (16.4), p. 415, can be solved for the 
amplitudes Q, given any one of them, when a root (— has been 
obtained for the determinantal equation A(~ = 0, and the ratios 

are given by 

Ql = ^ .^ 3 ^ (^ 0 . 9 ) 

®rl ^r3 


where a,.., is the co-factor in A of the constituent in the rth row and 
the 6’th column. Moreover, any row r will give the same result: 


Qk Ctr fc ^sk 

Ql ^rl 


. . (16.10) 


or arkasi CLrl^^sk^ 

By differentiation of A with respect to ( <jur) we have 
dA(—<jj^) __ __ 1 

d(-~OJ^) r s <^kk r s 

where aj^j^ is one of the minors . . . , a„„. 

If then A vanishes for w — 

arsO-rkO-sk, from ( 10 . 10 ), 

^kk r s 
■^jn 

^kk 

since the a’s refer to the mth normal mode; this expression will be 
used later. For the moment we need only observe that if all the a’s 
vanish for some value of w, then this will be a zero of A'(---a)2) and 
therefore a double zero of A(— co^). The ratios of amplitudes can no 
longer be calculated from (16.9), and instead of one amplitude we now 
require two amplitudes to be specified before the rest are determined. 
This is what might be expected physically from the superposition of 
two modes of vibration having the same period. In such a case the 
application of a well-known geometrical theorem shows that the 
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nodal lines of che combined mode will pass throngh the intersections 
of those of the separate modes. Fig. 16.5 shows this for a square 
membrane with two nodal diameters or, alternatively, a nodal ring. 
These are formed by the combination 

P- ^ 

u . . ZttX .Try , . TTX . ^ 7 TU \ 

^ = A sin sm— + B sin — sin - - , ^ v 

a a a a ^ 

A and B being given different pairs of [ ' 

values. y / \ J 

(i) A = —B gives two diagonals. 

(ii) A = B gives the nodal ring, which is ^ ^ 

not quite circular. Intermediate forms are 7 

obtained with different ratios of B and A. x. xt ^ i r c 

1 • • 1 • r 1 10.5. — Nodal lines tor 

Even this is not exhaustive, for the two square membrane 

constituents are not necessarily in phase. 

If the second constituent is in advance by an amount e, the amplitude 
is given by 


\ 
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Fi)^. 10.5. — Nodal lines for 
square membrane 


{/ 4 • • 377 ?/\“ 

a/ 71 sin -- sin - - 4- B cosc sm — sin ---- ) 
V l\ a a a a J 


+ {b sint sin ^ sin 


= 77^sin7-:^sin=*-"y 

VI a a 

I o ^ r> • 2'”’^ • • 7’’?/ , 7)0 • o TTO: . o ^7Ty\ 

+ 2AB sm sm — sm — - sm -• cose + Z>“sm“ — sm- - — - . 

a a a a a a ^ 


This cannot vanish for real values of the variables unless cose — +1, 
As in experiments the nodal figures are usually observed by creating 
a node somewhere, this condition is automatically ensured. 


11. Forced Vibrations. 

A physically important result for the forced vibrations of a complex 
system has been alluded to (p, 414). It is that the amplitude of oscil- 
lation of any co-ordinate is a superposition of the contributions from 
all the normal modes of vibration, vibrating with the period of the 
impressed forces, if we neglect transients. These amplitudes in turn 
are found by applying the ordinary rules for forced vibrations, using 
the generalized forces; that is, each normal co-ordinate requires the 
corresponding t 3 rpe of force. The generalized forces, which comprise 
the total effectiveness of the actual forces in producing vibration in 
the mode in question, are obtained by the rule inverse to equation 
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(16.8). Thus if is the force of type r, the generalized force 

0^6*"' for the mth mode of vibration is given by the rule 

r-l 

The equations now to be solved are those of (16.4), p. 415, with the 
forces F inserted, giving 

.... (16.11) 

5 

(n equations) 

where the symbol D denotes djdt. 

For the moment ignoring transients of the motion, as is usual in 
calculating impedances, we simply replace by and solve 

the equations, obtaining 



This equation as it stands contains no obvious reference to normal 
modes and may indeed offer an easier way to the complete result. 
ars(—co^) and A( — co^) are so labelled to indicate that they refer to a 
particular frequency, and of course if this should happen to coincide 
with a natural frequency, A( — oj^) would vanish and the solution would 
break down. This is the case of resonance. 

The use of the method in the form applicable to continuous systems 
may be shown by the example of a circular membrane vibrating under 
the influence of a uniform oscillatory pressure applied to the 

upper surface. This problem bears some relation to that of a diaphragm 
used to detect sound waves. The equation of motion is 

p — TV 


Neglecting transients, we write 

i = 

and then 

P P 

or in polar co-ordinates (r, 6) with rjp = k = oj/c, we have 




( 16 . 13 ) 
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If we assume a solution of the type R{r)e*”\ this gives as the form 
of vibration 

Pp-inO 

R- 

where JrX^) is the nth-order Bessel function of 

Since there may be an infinite series of such terms we have finally 

where each is an arbitrary constant. 

To satisfy the condition == 0 at the boundary r = a, we have 

0=-^^ + f{6), 

where / (9) is a periodic function of 6: but evidently from this equation 
itself 

f (0) == constant = A^^jQ{ka)^ 

and finally !s)] ' 

Thus we have arrived at the amplitude in forced vibration without 
recourse to the normal functions, for any frequency where no resonance 
occurs. Evidently from the result, resonance will occur when J^ika) = 0, 
but, as we shall see, this is not exhaustive. With P = 0 the motion 
is free, and equation (16.13) is satisfied f by J^JJer), provided that 
at the boundary 

JrSka) = 

and with this restriction on k, the solution will be of the form 
^ Go&n {9 — 9 q) cos(cot + a). 

For any of these solutions there are n nodal diameters. Each 
value of n is accompanied by a series of values of k corresponding 
to 0, 1, 2, ... n nodal circles. 

In the simplest case with no nodal diameters the condition J^Jika) 
~ 0 has the roots % 

k^a — 2*4048, 
k^a = 5*5201, 
k^a = 8*6537, &c. 

• Gray, Mathews, and MacRobert, A Treatise on Bessel Functions (Macmillan, 1922). 
f This solution is not exhaustive if the initial conditions require infinities at the origin, 
in which case Bessel functions of the “ second kind ” are necessary. 

X See Jahnke and Emde’s Tables of Functions (Teubner, Leipzig, 1933), where there are 
graphs which assist in visualizing these forms. 
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A similar series will be found for = 0, with one nodal dia- 

meter. Arranging these in order, and expressing all of the frequencies 
in the form )3(c/27ra), we have the following series of values of jS: 


Nodal 

Diameters 

Nodal 

Circles 

/3 

Interval with 
2nd Partial 

Nearest Harmonic 
Interval 

0 

0 

2*405 

202 savarts 

204 “ minor 6th 

1 

0 

3*832 



2 

0 

5-135 

127 „ 

125 = 4th 

0 

1 

5*520 

150 „ 


3 

0 

6*379 

221 

222 -- major Oth 

1 

1 

7*016 

263 „ 

4 

0 

7*586 

297 „ 

301 — octavo 

2 

1 

8*417 

342 „ 



The table shows that the four tones having only nodal diameters 
form, as Rayleigh showed, approximately the chord of the for the 
second and third of them are respectively a fourth and a major sixth 
above the first. Taken as a whole the series is iiiharmonic, and this 
explains the unmusical quality of most drums. The tympani (kettle- 
drums) are struck with soft hammers at a place half-way between 
the centre and the edge of the skin. This has been found to depress 
the inharmonic partials. The note to which the instrument is tuned 
is further emphasized by the resonance of the cavity. Tuning is effected 
by varying the tension and hence c. 

It is possible to form some idea of the behaviour of membranes 
in free vibration at high frequencies by using an approximation for 
in the form cos {hr — Trji — n7r/2). Evidently will 

pass through successive zeros each time ha increases by tt, one nodal 
circle being added each time. The same increment of frequency with 
n increased by 2 will leave the number of circles unchanged : in fact, 
nodal circles are twice as effective in raising the frequency as are nodal 
diameters, an effect which shows itself at the lower frequencies in the 
table already given. 


12. Forced Vibrations in Terms of Normal Functions. 

It is not always convenient to study forced vibrations by directly 
solving equation (16.11), p. 434. Equations (16.12), however, can be 
developed in partial fractions, as A is a pol3aiomial of degree n in 
and 

a„(— ^ 1 

A(— A'(— _a»2' 
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If there is only one force, 

V «r»(— w„,®) 1 


_ y ^ 

9s — A' 


= 1 <^>n? — 




and using an expression obtained on p. 432 for A'(— we have 


Zj /< “ 2 2 


m=e 1 


and since 


^klc^rs ^kr^ksi 

”00 P" 

^ V ^ V.im ■* 

33 ^ ~ 2 2» 

^__ I -^W ^7/i 


This equation readily shows how tlic amplitude is affected by 
varying oj, for it becomes large whenever co approaches a resonance 
frequency cu^. Also, the effect at s of a harmonic force applied at r, 
for a given mode m, is inversely proportional to the inertia coelficient 
in that mode and directly proportional to the product of the ampli- 
tudes at r and at s. Thus no motion in a particular mode can be 
observed if either s is at a node (Q^jn = 0) or F is applied at a node 
(Qrw — ^)- The determining factors are thus: (i) the proximity of the 
frequency to a natural frequency of the system, (ii) the proximity 
of its point of aj)y)lication to a node of the type of vibration it is 
desired to observe, (iii) the proximity of the point of observation to 
a node of the type of vibration. 

These principles have innumerable applications in acoustics; (ii), 
(iii) are not confined to forces varying harmonically, and (ii) then is a 
statement of Young’s law (p. 380). 

Further, if there are several forces F'r with the same frequency 
the separate contributions must be added, and since HFrQrm == 
the force of normal type, 

r„A^wj-c?' 


and finally, since 


9s — ^ Qsmi>mi 

m 



This result may be obtained directly by considering each equation 
separately in normal form, and is another example of the independence 
of normal modes. It would give directly, for example, the amplitude 
of transverse vibrations of a string acted on by a harmonic force 
varying along the length sinusoidally. Such a force is of the same 
type as the corresponding mode of oscillation. In cases where the 
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force is not of normal type, it will have components in some or all of 
the normal types, and these components determine the effectiveness 
of the force in exciting their respective types of vibration. 

13. Transients in Forced Vibration. 

There is available a fairly simple method for calculating the com- 
plete solution of the equations of motion, including the transient 
part, when the system starts from rest. This is convenient, for it 
may be used to study both forced vibration and free vibration. For 
example, an impulse may be given and the forces then vanish. Alter- 
natively, a constant force may be applied suddenly and allowed to 
remain, and the resulting motion about the new position of equilibrium 
will be the same as the oscillation about the original position on release 
from the displaced position. 

For a simple system of natural frequency a>/277 the equation is 

^2 


where / (^) is a function of the time equal to the applied force divided 
by the mass. Then (cf. p. 79) 

piuit p — iuit pt 

= & Is' 

or y ~ - f sinco(^ — t') f{V)dt\ 

to •/q 

This solution is complete for the case y = 0, dyjdt^ at ^ = 0. 
If these are not the actual initial conditions, then the terms 

u 

t/Q COS toi H ^ sin cut. 


where Uq is the initial velocity, must be added. This solution has the 
advantage that it still applies even if a» = and resonance occurs, 
so that no “ steady state ” exists. 

The same formula would apply to the mth component of a complex 
vibration, working in normal co-ordinates and normal forces, with 
CO = cu„. In any other system of co-ordinates we have (cf. equation 
16.12, p. 434) 




rtl A(Z>n 


F^-‘ 


. . (16.14) 
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where the symbol D denotes d/dt. If we again use partial fractions 
for the expression a/A, it can be shown that, if qg= 0 at zero 
time, and if for simplicity we consider only one force 

*^0 

Some important results follow at once, for if we make F^(t') merely 
a constant, we have the effect already described, equivalent to release 
from a displaced position of equilibrium under the action of a force Fr^ 
Then 

^ v-^ QrmQsm rp /-t .\ 

?s — ^ A 2 ^ 'r\^ COSa>„^^) 

and the oscillatory part is what interests us. If there are several 
forces the result in normal co-ordinates is 

4m = 2 (1 -- C'OHOJJ). 

Hence the vibrations in different modes tend to converge as l/coj. 
But if the force is impulsive, and we write 

f F(t')dt' == constant P 
‘'o 

(provided that t refers to an instant after the impulse is over and 
is small), the subsequent motion is given by 

p 

and the partial tones converge on the whole as except where 

in any case the normal impulse is small or happens to vanish. 

This difference in the strength of the higher partials explains 
differences in quality between the notes emitted by an object which is 
plucked in the one case and struck in the other. A dciflected tuning- 
fork gives on release an all but pure note, but when struck with 
a hard object the shriller partials are revealed. A soft hammer, again, 
depresses them, because then the area of contact is larger and P^ 
converges more quickly. The same applies to a piano string, wdiere 
the normal impulses are obtained by Fourier analysis of the pressure- 
distribution of the hammer along the interval of length of the string. 

14. Experiments with Vibrating Membranes. 

Early experiments with stretched paper membranes, using organ 
pipes as sources of sound and a sprinkling of sand to indicate nodal 
lines (where it collects), verified that resonance occurs in the expected 

(f791) 15* 
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manner, and is accompanied by the sudden appearance of the appro 
priate nodal lines and circles. A wide variety of frequencies can be 
obtained by varying the tension, superficial density and size of the 
membrane. 

Theoretically, in the absence of damping a variation of pitch 
should be accompanied by a continuous transition from one system 
of nodal lines to another, the actual pattern depending upon the place 
of application of the forces or the manner of their variation over the 
surface in vibration. With a perfectly uniform pressure only the sym- 
metrical class of vibrations with no nodal diameters should be seen, 
and as the frequency is varied, nodal circles should shrink towards 
the centre and make their appearance one at a time at the circum- 
ference of the membrane each time a frequency of resonance is passed. 
In practice the am])litude may be too small except at resonance to 
show the effects clearly. Damping, too, is always present, and this 
may destroy the phase-relations that are necessary to make the 
intermediate nodal lines sharp. Further, at high frequencies, the 
separate modes become close together in frequency and their reso- 
nances, blunted by damping, become indistinct. 

Besides those of stretched membranes used in methods of sound- 
detection, the vibrations of this class include also those of soap-films, 
ripples on water arising from surface tension, and the “ crispations 
formed when a vessel containing liquid is set into vibration. Some 
interesting experiments with soap-films have been carried out with 
a Hartmann air-jet generator, which gives an air-jet impinging on an 
obstacle at a speed above that of sound.* In this way an output of 
about 100 watts can be obtained at 10,000 cycles per second, or 5 
watts at 40,000. At the lower frequencies in this range, a soap-film 
responds below a critical thickness.f A circular film shows a granular 
appearance ; a rectangular one breaks up first into striations and then 
into granulations. Hartmann and Mathes conclude that the natural 
state of vibration of a liquid film is that which would be formed by 
three sets of transverse stationary waves at 120° to one another. 

15. Damping of Oscillations. 

We have already considered how in a simple system the effect of 
damping is to make the amplitude finite at resonance, and to diminish 
the sharpness of resonance (section 4, p. 83). In complex systems 
the simplicity of the theory becomes obscured, and modes of vibration 
which are independent in the absence of damping may lose their 
independence when damping is present. Only in special cases, as for 
example when the force of resistance acting on each mass is propor- 
tional to its momentum, do the equations reduce to a form analogous 

^Engineering, Vol. 142, p. 491 (1936). 

t Hartmann and Mathes, Phil, Mag,, Vol. 22, p. 883 (1936)* 
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to that for the simple harmonic oscillator. In this special case, the 
free normal modes remain independent and the normal co-ordinates 
execute damped oscillations all with the same damping coefficient. 
In any case, however, the displacement in the steady state with given 
forces is of the form 


A{ioj) 




where the r, s constituent of A is now of the form — -j- 


or 



where 




Ajico) 

ia}aj.g{iai) 


is of the nature of a mechanical impedance. Evidently this result 
can be applied even when the analysis in terms of normal modes 
cannot. Z^g is either a “ driving-j)oint impedance if r = 5 , or a 
“ transfer impedance ”, if r =|= s. 

For the complete solution of the problem, including transients, 
we may follow the method of partial fractions, but these will not now 
fall in convenient pairs as in the absence of damping. The general 
case is most simply treated by Heaviside's method, in which the 
effect of a variable force is analysed in terms of that of a constant 
force suddenly applied. Supposing that unit force at r suddenly applied 
at time r produces a displacement at time t denoted by qsr{t, r), then 
a variable force produces a contribution Fr{0)qg^{t, 0), due to its initial 
value, and a contribution, due to subsequent changes, comprised in 

these expressions it may readily 
0 

be shown by the method of partial fractions that 




and it may also be shown that 

y _ ~“rs(0) 

A[0) 


so that 


qsrit, t) = s 




, ClrsCO) 

+ A(0T- 


The equivalent expression in the absence of damping is obtained from 
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(16.15) on integrating by parts,* for then it will contain instead 

of^^,(0. 

The detailed examination of these results forms a subject in itself, 
and we may leave it with a brief illustration of the continuous case. 
We have already considered a membrane vibrating without damping. 
By suitable simplifying assumptions it is possible to calculate how its 
behaviour will be affected by radiation resistance and internal damp- 
ing, for if these forces are comprised in the term --F(d^jdt)y this will 
make the equation of free vibration 


and in the case of circular symmetry, if ^ 


3/2 


+ 


13^0 

r dr 




where now pX^ AjP + rJc^ = 0, 

instead of the previous relation 

— pa>2 rJc^ = 0. 

The solution of the equation of motion will be 

as before, where k takes such values as to make vanish. But 

now A is complex: writing a — Fj^p, = rk^jp, we have 

A = — a + iy / — a2, 

and if a is small enough it is convenient to write 

( xx ^ ~ cuq2 — 

and (jj will then be real. 

Finally, the complete solution will be 

^ AyJ ^{k^^Q cos (cuj^ 

-f cos(ca2^ ~ ^82) 

+ . . . , 

where the constants necessary to ensure the fulfilment of initial con- 
ditions are present and suffixes denote that they refer to the corre- 
sponding modes already specified by k^a — 2*405, k^a — 5*620, .... 
This, then, is one of the special cases in which the normal modes 


• A short but reasoned exposition of Heaviside's method is given in Bateman, Partial 
Differential Equations of Mathematical Physics. 
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retain their independence and are altered only by the inclusion of 
a constant of damping, a, the same for all modes. 

In presence of a uniform oscillatojy pressure — Pe'"', the solution 
already found in the absence of damping will still hold with the new 
value of k^, 

J.9. _ 


in the form 



. . ( 16 . 16 ) 



Fig. 16.6. — Inertia coefficient in terms of total mass for circular membrane 


blit now Jc is complex, so that f includes both in-phase and quadrature 
components. The complex impedance Z is now 


Z(r): 


Pressure 


tP 


-lO} 




jo(kr)n' 

Jo(Aja)J 


at low frequencies this reduces to 




and evidently the three terms in order are analogous to electrical 
resistance, inductive reactance and capacitative reactance. 

We have seen already how the inertia coefficient may be calculated 
for the whole membrane when the normal function is known, and 
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that for very low frequencies this approaches one-third of the total 
mass. Now as w varies, the damped membrane will assume the form 
given in equation (16.16), and the appropriate inertia coefficient has 
been calculated by Wegel for a particular value of F (see fig. 16.6). 
Evidently the inertia of the membrane has minima near the frequen- 
cies of natural undamped vibration. 

This procedure can also be used to obtain the variation of elastic 
and resistance coefficients. A rather more interesting development is 



Fig. 16.7. — Reactions in air film 


to study the effect of the proximity of a damping plate behind the 
membrane. This example may be worked at low frequencies by re- 
placing the membrane with the “ equivalent piston ”, a rigid plate 
having the area of the damping plate, a mass equal to one-third that 
of the membrane and a stiffness constant equal to half that at the 
centre of the membrane. The result is shown * in fig. 16.7. 

16. Derivation of Normal Functions: Methods of Approximation. 

(i) Methods of deriving normal functions are of some importance, 
and one of the simplest approximate methods is based on the stationary 
property of normal modes. We have already invoked this to show 
that the equilibrium shape of a membrane under static pressure must 
give an approximately correct natural frequency of vibration in the 
fundamental mode. With this frequency in the form /j = )Sc/27ra 
we obtained = 2*450, and the accurate value was == 2*4048. 

Suppose that a function Ut,{x) is chosen as an approximation to an 
unknown fundamental normal function u(x) and whilst satisfying the 
boundary conditions depends in exact form on some parameter 9, 
Then the method we have already used for the fundamental of a 
membrane will give a value / of the frequency which approximates to 

• This and other matter is taken from Crandall, Theory of Vibrating Systems and Sound. 
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but exceeds it. As 6 varies, Uq(x) will at some value reach optimum 
agreement with u(x), denoted by a minimum value of /. This minimum 
will be the desired approximation. Fig. 16.8 shows this for the mem- 
brane with 

_ cos(0r/a) — cosd 



The equation of free vibrations is 

+ co'^pu — 0 

where ^ 

and the energies are calculated according to 

T == TTpi^^ f u/rdTy 

0 


f {v^e)Ufirdr. 

J 0 


For such a function the minimum of / occurs at the value 6 = 1*56, 
and then 2*413, which is scarcely distinguishable from the true 
value 2*4048. The previous approximation corresponds to 0 = 0. 

This method is not equally applicable to higher modes of vibration, 
(ii) If the displacements of a system are known, the forces can be 
calculated in the static case by using the coefficients The inverse 
process of finding what displacements will result from given forces 
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is that of solving the simultaneous equations for the displacements, 
and in the general case corresponds to the rather difficult problem of 
calculating capacities in electrostatics. 

The result for n degrees of freedom will be of the form 

Vr ^ ^Tsf Si 

in which it is convenient for the present purpose to use the ratio of 
the actual force F and the mass of the body upon which it acts. Each 
k constant represents the product of the mass and a compliance. 

In vibration problems the static forces may be replaced by a system 
of kinetic reactions and the corresponding displacements are then 
regarded as produced by them. 

Then if 27r/ca is the natural period of vibration in which this state 
of affairs is possible without additional forces, 

/r == 

and the natural modes are those for which 

”‘)/r ~ ^ ^rsfs> 
iO - , 

Then the values of 1/co- which make this possible are the roots of the 
deterrninantal equation 

^11 ^12’ 

^21 J ^22 ^ 


= 0 


^nn ^ 


and the same values of co will result as were obtained in the other way. 
In normal co-ordinates the results are more simply expressed, 

as 


I rr ^71 

o ' 


where A and C are the inertial and elastic coefficients previously used. 
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Consider any superposition of normal accelerations, say 

+ ^202 + 

The corresponding displacements in normal co-ordinates will be 

+ Cti>^202 + • • • 


and by the previous equation this is equal to 




-f .... 


Now let these displacements be chosen as a new system of forces. 
The new displacements will be 




Evidently, since is the lowest frequency of the system, the 
indefinite repetition of this process must result in the emergence of 
the first term as the only important constituent, and ultimately at 
each rei)etition the amplitude will appear with a value times 

that of the previous one. Thus both the normal function and the 
frecjuency of the fundamental are found. Moreover, it is not necessary 
that the calculation should be done in normal co-ordinates. 

A very simple illustration may be given with the problem of the 
two equal masses attached at equal intervals to a light string. In 
this problem, writing k for majP, w^here P is the tension, we have 

Vi “ iMi + P/2> 

^2 ™ P"/i “1" 1 ^/ 2 - 


We start with a static ‘‘ force alone, giving displacements 


Vi = 

^2 ~ zM I 


as in fig. 16.9 (a). 

Next consider the result of applying forces and \kf ^ ; by direct 
substitution we have 


Vi 







SIS in fig. 16.9 (6). 


Fig. 16.9 
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US 


Yet another substitution gives (14/27)P/i (13/27)F/i, and it is 

evident that the type of displacement is rapidly approaching the 
equality characteristic of the fundamental normal mode, and that the 
ratio of successive amplitudes is approaching k, whence we infer that 


k and 



as found earlier by the direct method (section 1, p. 412). 


17. Vibrations of Plates. 

It is noticeable that the objects in this class, which may be 
widened to include objects which are not flat, more often emit 
‘‘ noises ” than “ notes They are generally described as “ metallic ” 
noises and are rather unmusical, though by no means devoid of pitch. 
Even the notes of bells and cymbals, though used in the orchestra, 
are called by no accident “ kitchen music 

In order to study the motion of a thin uniform flat plate we need 
an expression of its energy of bending. The potential energy per unit 
area at a place where the principal radii of curvature are and p 2 is 



as may be found by integrating the work required to produce this 
curvature, allowing for the effect expressed in Poisson’s ratio or; q 
is Young’s modulus and h the thickness. It is sufficient for the moment 
to notice that the formula gives the knowm value of the anticlastic ” 
curvature of a blade when one principal curvature is fixed and V is 
allowed to assume its minimum value. The result is the familiar 
saddle-back shape which a bent blade assumes. This effect acts as a 
mechanical coupling of perpendicular directions of bending, and 
greatly complicates the theory of the motion. The derivation of the 
appropriate equation and boundary conditions is lengthy.* The 
equation of motion is 


V^^ + 


1 

dfi 


= 0 , 


where 


4 

3p(l - 02) 


and p is the volume density of the material. This equation, towards 
which in endeavouring to explain Chladni’s experiments Mile. Germain 
made the first successful contribution in 1815, was completed by 
Kirchhoff and Poisson when they rectified the boundary conditions. 

• See Rayleigh, Theory of Sounds Wo\, I, §§ 214, 215. 
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It is in contrast to the equation of a stretched membrane; the 
comparison may be made for a rectangular plate fixed at the edges. 
It is natural to try a solution of the form 

. rriTTX . flTTV 

sm sm , , 

a 0 


and this results in the frequency equation 


CO — C“7r^ 



and for comparison we may repeat the membrane formula 


OJ ~ ctt 



+ 


62 


(though of course c has quite a different value). For a given rn and n 
both periods vary as the linear dimensions. 


18. Experiments with Vibrating Plates. 

In his early experiments, which preceded and provoked theoretical 
discussion, Chladni used circular and square brass plates free at the 
edges and supported at the centre. They are set in vibration with a 
bow, and the figures w^hich Chladni observed are shown by sprinkling 
a little sand on the plate ; this collects along the nodal lines and forms 
a symmetrical pattern. The pattern may be varied by bowing at 
different points and by damping the motion at some other point on 
the edge with the finger. A nodal line meets the edge where the 
damping is applied. The kind of result obtained is that of fig. 16.10. 
The phase of vibration changes over on crossing a nodal line. 

The vibrations of a square plate free at the edges are not so simple 
as those of a fixed plate. It is not difficult to form a picture of the 
results by assuming that a == 0, when the plate will be subdivided like 
a free bar with nodal lines parallel to one side. Then by superposing 
the two modes with perpendicular nodal lines in various ratios we 
have one set of nodal curves just as for a membrane. The true modes 
for a free plate, which will be slightly different, have been calculated 
by a method of approximation developed by Ritz *, and Pavlik f has 
compared the experimental periods satisfactorily with theory. The 
modes have nodal lines approximately parallel to the edges, or else 
are derived from combinations of such modes. 

It seems that imder the conditions of experiment ideal simplicity 
is not reached; departure from perfect uniformity and symmetry 
causes complications in the result. Vibrations produced by bowing, 

• Ann. d. Physik^ Vol. 28, p. 737 (1909). t Ann. d. Physik, Vol. 27.6, p. 532 (1936). 
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though at least mainly determined by natural modes of vibration, 
are in the strict sense not free. It is found that when finally a plate 
of this kind is left to vibrate freely, the nodal diameters may show a 
tendency to rotate. This might result from the mutual action of two 
progressive waves proceeding in o])posite senses of rotation with 
slightly different velocity. A slight asymmetry of the plate would 
resolve the “ degenerate ” mode of vibration into two definite modes 
with slightly different })eriods, and these by their beats might give 
an alternation of nodal lines, but there would be no distinct nodal 
lines in intermediate positions. 




The vibrations of plates and membranes have been studied experimentally 
over a wide range of frequencies. Colwell * has used a valve generator and applied 
vibrations up to 10 kilocycles per second by a rod attached to the diaphragm 
of an electrudynamic loud-speaker, above those frequencies by a magnetostric- 
tive rod. The nodal figures were observed 

(i) up to 500 cycles with paper membranes of diameter 10 in. 

(ii) tip to 15 kc. with thin brass plates, 

(iii) up to 50 kc. wdth glass discs of diameter 1 in. 

It is verified in the case of a square plate that the theoretical “ degeneracy ” 
occurs. The figures are very complex. 

Waller f has also investigated these phenomena with the aid of solid COg, which 
can be usckI as a means of excitation by touching the plate with a piece. AllChladni’s 
original figures have been reproduced. These are often made more complex by 
the presence of a mode having only nodal diameters, as well as the principal 
mode under observation. No doubt the proximity of two frequencies, assisted 
by damping, is the cause of this confusion. It is concluded that the vibrations of 
ideal plates and membranes would conform to the theoretical type. 

^ Journ. Amer. Soc. Acoust., Vol. 7, p. 288 (1936). 
t Proc, Phys. Soc.^ Vol. 50, p. 70 (1938). 
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Scliiinemann * has used a different method of observation on a circular plate 
with free edges. This is made into one plate of a condenser. It is excited by a 
magnetostrictive rod applied eccentrically. From analysis of the electrical oscil- 
lations it is concluded that the phase does not cliange abruptly on crf)ssing a 
nodal line. At resonance, however, the sharpness of transition grr^atly increases. 
As the frequency is displaced from resonance, the lines spre^ad out and the waves 
become progressive. 

A. B. Wood t has shown by experiments on small free steel discs of appreciable 
thickness that the velocity of sound may be determined by this means in a sub- 
stance available only in small quantities. 

Important applications of vibrating j)late8 are the piezo-electric quartz oscil- 
lator and the telephone diaphragm. 

Colwell and Hill J have shown that flexural piezo-electric vibrations of a 
quartz plate excited in an electric field give the same Chladni figures as vibra- 
tions excited directly at the same frequency by contact with a magnetostrictive 

rod. 


The importance of diaphragms has led to the development of 
various methods of detecting their amplitude of vibration. A dia- 
phragm as used in a telephone with a j)ennancnt magnetic field is 
under tension and is therefore intermediate between a clamped plate 
and a stretched membrane, though its stiffness makes it more like a 
plate. It may be of iron and cause changes in a magnetic circuit, or 
it may compress carbon granules, or carry a snudl coil which moves 
in a magnetic field (p. 511). In the condenser miei’ophone the diaphragm 
forms one plate of a condenser. All of these arrangements convert the 
vibrations into electrical signals, and, except for the carbon micro- 
phone, may be used the other way to radiate sound when electrically 
excited. The electrodynamic principle is that now chiefly used for 
loud-speakers having a flabby conical diaphragm more or less free 
at the edge. 

The vibration of diaphragms coupled to sound-boxes and horns 
is of course fundamental in acoustic gramophones. Corrugated and 
conical diaphragms have a much lower natural frequency than flat 
ones of the same size, and both have been applied in sound-boxes and 
loud-speakers. The development of dia])hragm apparatus for accurate 
linear reproduction of sounds is not a matter of the diaphragm alone, 
but of the whole system of which it forms part. A damping-plate will 
afFect the response profoundly, and the complexity of the effects may 
best be minimized by description in terms of impedance, as illustrated 
for the closely related case of the stretched membrane. The experi- 
mental side may be investigated by an appropriate electrical method, 
but there are also mechanical methods which, though affecting the 
behaviour to some extent by the attachment of other apparatus, are 
of some importance. 


• Ann. d. Physik, Vol. 24.6, p. 507 (1935). f Pror. Phys. Soc., Vol. 47, p. 794 (1935). 
XJf. App. Phys., Vol. 8, p. 68 (1937). 
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The manometric capsule may be mentioned as one of the earlier 
means of observation (section 7, p. 404). 

With the aid of an optical lever Kennelly and Taylor* have accurately 
measured amplitudes of the order 10"** cm. This can be done either with a mirror 
directly attaclied at the edge of a diaphragm where there is angular motion, or 
else by operating a separate mirror from a small post at the centre of the dia- 
phragm. In this way the surface is explored. 

Partridge f has developed a method, originally devised by Bragg, in which 
the intermittent chattering contact of a small pendulum on the diaphragm is 
used. By moving the suspension until the pressure is just too great to prevent 
the pendulum from being thrown off, the maximum acceleraticm is measured. 
Amplitudes of the order of 10“® cm. may be measured and the method is accurate 
if the vibration is applied at the centre of percussion of a compound pendulum. 
An electrical contact indicates when chattering ceases. 

A delicate optical method is the observation of fringes formed between the 
diaphragm and an optical flat: this enables amplitudes of *5 X 10~ ® cm. to be 
measured.! 

19. Plates of Considerable Thickness. 

The formulae as usually considered apply to plates of negligible 
thickness, and neglect rotary inertia and shearing motion. The bend- 
ing efEect for the analogous case of a thin blade varies as 
where G is the bending moment and the thickness. The shear angle 
will vary as Fjh, where F is the shearing force. The curvature resulting 
from the shear will vary as 

IdF __ 

h dx h dx ^ ' 

If, as is always the case, the modulus of rigidity is rather less than 5f/2, 
then the latter contribution becomes important (with G = G cos 27 rx/A) 
when 

^2^ 12 
X^k A3 ’ 

that is, when the wave-length A ceases to be sufficiently large in 
comparison with the thickness. The rotary inertia also begins to be 
important at high frequencies. 

We have alluded also to anomalies in longitudinal vibration. These 
seem to be special cases of a general rule that the simple theories no 
longer apply to a rod or plate that either departs from the geo- 
metrical ideal to any considerable degree or vibrates in segments that 
no longer have the special rod-like or plate-like quality. Thus it is 

• Pr^MT. Amer. Phil. Soc.^ Vol. 96 (1915). f Phil. Mag.^ Vol. 20, p. 953 (1935). 

! Thomas and Warren, Phil. Mag.^ Vol. 5, p. 1125 (1928). 
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not surprising that at high frequencies the predicted behaviour of 
plates does not occur. In particular Waller * has shown with a circular 
plate that the number of nodal diameters, in the frequency range 
examined, which for raising the frequency are equivalent to one nodal 
circle, increases from two to five in going from modes with more 
circles to modes with more diameters. The theory would indicate 
that two diameters are always equivalent to one circle in raising 
the natural frequency of a thin plate, just as for a membrane. 

Similarly, when a plate becomes thick we reach a body which is 
neither specially plate-like nor specially rod-like, and there will be 
a tendency for longitudinal shear to replace flexure. These shearing 
Wbrations follow a motion whose equation is similar to that for a 
membrane, with a value of c depending on the modulus of rigidity. 

If we express the frequency for a thin disc of radius a as 

. Ach 


which varies directly as the thickness h, then ^ is a constant depend- 
ing on the shape and the mode of vibration but not on the dimensions. 
For thicker plates Field f finds 

/= -..^(1 — 


for the modes examined (one with 2 diameters, the other with one 
circle). This reduces to the simpler form if h is small, and A\ k are 
factors of A, 


20. Bells. 

The vibrations of bells are very complex in character and they 
present features not included in those of flat plates. Early attempts 
to account for their tones in terms of flexural vibrations of annular 
sections were only partly successful, as the flexure in axial planes is 
also important. 

The dimensional relation that each frequency varies inversely as 
the linear dimensions should, of course, hold for bells of similar shape 
and material. This does hold for thin cylinders, such as are used in 
the glockenspiel, in the form of Fenkner’s formula J for the pitch, 



Proc. Phys. Soc., Vol. 50, p. 70 (1938). ’f Nature, Vol. 137, p. 153 (1936). 
X Wied. Ann., Vol. 8, p. 185 (1879). 
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where h is the thickness and a the radius. As this formula contains 
no reference to length, it shows that the type of motion is approxi- 
mately two-dimensional. 

The nodal systems of bells do resemble those of a free circular plate 
to the extent that there are nodal radii or meridians from the support 
and also nodal circles of latitude. The lowest tone has four nodal 
meridians and corresponds to flexure of the type shown in fig. 16 . 11 . 

In a bell this type of flexure is accomj)anied by circumferential 
motion, as the material offers great resistance to longitudinal com- 
pression, and it is easily seen that A is a 

O node for the tangential motion, whereas B is 
a node for radial motion. The nodes of one 
V type coincide with the antinodes of the other. 
' The tangential motion is employed when 

I wine-glasses are made to sing by means of 

the wetted finger rubbed round the rim, and 
the radial motion may be demonstrated by 
Fig. 16.11 ripples on the surface of water poured into 

the glass. 

The special qualities of a bell are connected with its actual shape, 
and with its having a thickened rim or sound-bow near to the open 
end, where impact occurs. Bells are tuned after casting by turning 
out metal, and a skilfully-made bell will have an approximately 
harmonic series of partials. In bells examined by Rayleigh it was 
possible to trace the nodal circles by tapping, for a mode will fail to 
be produced by a blow aimed at any of its nodal lines. The meridians 
are more diflhcult, as for a perfectly symmetrical bell their position 
would be indeterminate. In actual bells there is sufficient asymmetry 
to produce the associated beats between two modes with determinate 
nodal lines, and when such beats are not elicited it follows that the 
blow has been applied at a node of one of these. 

It appears from Rayleigh’s results that the important partials in 
order of pitch have usually the nodal lines indicated in the Table 
The approximate pitch is also given for a particular case. 


MeridiJins 

Circles 

Pitch 

(i) 

4 



(ii) 

4 

1 

q' 

(iii) 

6 


a' 

(iv) 

6 

1 

d" 

(V) 

8 


rs 


In the list the lower octave (i) is the “ hum note ” which tends to 
persist after the others but is less prominent at impact. The pitch 
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appears to be given nominally as the octave below (v) in the list, in 
this example /'J, but this is always close to (ii), so that (ii) may be 
the real nominal pitch. The nomenclature is derived as a rule from 
the strike note ’’ which at first dominates the sound emitted, and 
is difficult to account for, in that it does not seem to be a member of 
the list of partials at all. It is not elicited by resonance like the other 
tones and may be a subjective effect, as it is noticeable only when 
the sound is loudest. According to A. T. Jones,* who has applied 
several tests, it is not a difference tone. Jones also agreed with Ray- 
leigh’s conclusion that the strike note is usually determined, apart 
from the octave in which it lies, by (v), since in those bells most 
carefully examined it docs not exactly coincide with (ii). 

Curtiss and Ciannirii have made many detailed observations on the notes of 
bells, b<;th large and small. In one of these f they studied a sc'I of church bells 
in Philadel])hia, and measunHl as many as 20 partials of an/' bell (345*3 e./sec.) 
with frequencies between 130 and 1125; the prominent partials were themselves 
composite. The hum note comprised tones of 150 and 187 c./sec. and the strike 
note 330, 345, and 305 c./sec. The acoustic output of the b(41 as registered with 
a noise-meter did not vary smoothly with time after the moment of impact, but 
had no fewer than 5 peaks due to the emergence of successive partials. Further, 
they find f that each of the fundamental tones has its natural harmonics. The 
third partial is judged to be unmusical because of undesirable combination tones, 
and the quality is improv(‘d by damping it out artificially. On various grounds 
these authors put forward tlie view that small bells with electrical amplification 
arc preferable to large ones for use in a carillon. § 


21. Flexural Waves. 

It has been stated that progressive waves and normal vibrations 
are alternative constituents of the most general kind of vibrations of 
solid bodies. In some cases one in particular is more natural than 
the other. This is very obvious in the case of a longitudinal impulse 
in the earlier stages of its propagation along a bar. In the same way 
the idea of progressive waves applies to transverse flexural oscillations. 
In the equation 


we now adopt the trial solution coscu(^ — xjV) where V is the wave- 
velocity. This gives 




V = 's/oich, 


^ Journ. Amer. Soc. Acoust.y Vol. 8, p. 99 (1937). 
fjfourn. Amcr. Soc. Acoust., Vol. 5, p. 159 (1933). 
t Rev. Sci. Inst., Vol. 6, p. 293 (1935). 

^Journ. Amer. Soc. Acoust., Vol. 5, p. 159 (1934). 
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so that the wave velocity depends on the frequency. The phenomena 
of ‘‘ group ’’ propagation result. A localized disturbance will spread 
out and the maximum disturbance will be a resultant of all the ele- 


mentary sinusoidal constituents. It will not travel with the wave 
velocity of its most prominent constituent, but with the “ group 
velocity ” U, where 


6^- V- 



= 2F, 


A being the wave-length. Thus both U and F vary inversely as tlie 
square root of the wave-length. A concentrated disturbance at one 



Fig. 10.12. — Flexural wave in a bar 


end of a bar will spread out in the manner indicated in fig. 16.12. 
The ideal case of an infinitely intense displacement of zero width is 
capable of exact solution in the form * 

S' = ’’"(I + «■<)■ 

In a similar way flexural waves can exist in plates, and a localized 
disturbance will spread out, again with the appropriate group velocity 
if there is a well-marked group of waves. 


Havelock, The Propagation of Disturbances in Dispersive Media (Cambridge, 1914). 


CHAPTER XVII 


The Ear and Hearing 

1. Structure of the Ear. 

As a matter of convenience it is usual to regard the car as divided 
into three parts as shown in fig. 17.1. Of these the outer ear comprises 
the visible part — the 'pinna — and the passage leading down to the 
drum-skin or tym/pannm. The middle ear consists of the small chamber 
containing the chain of small bones which communicate the motion 
of the tympanum t o the inner ear. The inner ear consists of the cochlea 
and the semicircular canals. 

Outer Ear. 

The pinna now plays little, if any, part in the process of hearing. 
In animals it is movable and can be used to collect soimd and to locate 
the direction of its source. Man has now almost completely lost this 
capacity for moving the pinna. It may play some slight part in shield- 
ing the ear from sounds from behind, thus making easier the dis- 
crimination between sounds coming from behind and sounds coming 
from in front, and the more obtrusive the ears are the better will they 
serve this purpose, but in actual prac'tice the discrimination is nearly 
always made by turning the head so as to present one ear to the source 
of sound and lejivc the other shielded by the head. 

Leading down from the pinna is a passage about cm. in length 
which is terminated by the tympanic membrane or drum-skin. It 
is the variation of pressure in this cavity that stimulates the mem- 
brane and ultimately gives rise to the sensation of sound. The passage 
is protected against insects by hairs and by a waxy secretion. 

The drum-skin is a very thin and delicate membrane which is 
slightly conical and has a muscle for tightening it. The contraction 
of this muscle is usually, but not always, involuntary, and tends to 
suppress loud low-frequency sounds.* 

Middle Ear. 

The middle ear is the cavity which contains the chain of bones or 
ossicles which acts as a system of levers to communicate the motion 

• B<Sk6sy, Elek. Nachr. Techn.^ Vol. 12, p. 71 (1935). 
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of the tympanum to tlrni fenestra ovalis. From their shape these bones 
are known as the malleus or hammer (attached to the tympanic mem- 
brane), the incus or anvil, and the stapes or stirrup. The footplate of 
the stapes closes an aperture into the inner ear known as the fenestra 
ovalis and is held in position by an annular ligament. The effect of 
the chain of bones is to reduce the amplitude of motion of the air 
and apply it to a smaller area of fluid. It thus does something to 
match the impedances. 

It is obvious that for the tympanic membrane to function at its 
best the pressure on its opposite sides must be the same, i.e. the pressure 



Fig. 17.1. — Diagrammatic section through the right car 

R, pinna; CJ, auditory meatus; T, tympanum; P, chain of bones; O, oval 
window; S, cochlea; Vf, scala vestibuli; Pr, scala tympani; B, semicircular 
canals; E, eustachian lube; r, round window. 

in the middle ear must be atmospheric. This condition is secured by 
the connexion of the middle ear to the back of the throat through a 
passage known as the Eustachian tube. Tliis tube opens every time the 
act of swallowing is performed and pressure is thus adjusted. An 
airman in rapid descent is conscious of temporary deafness and a 
painful sensation in the ears which is eased by rapid swallowing. 
Similar temporary deafness is occasionally produced in the act of 
blowing the nose when air happens inadvertently to be blown up the 
Eustachian tube into the middle ear. The act of swallowing restores 
normal hearing. The Eustachian tube also serves the purpose of 
drainage, but may give bacterial infections from the throat and nose 
access to the middle ear. 
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Inner Ear, 

The inner ear consists essentially of a bony cavity containing the 
semicircular canals and a spirally wound passage, called the cochlea, 
from its resemblance to a snail-shell. The semicircular canals are not 
concerned with hearing. The cochlea is filled with fluid and if unwound 
would show a tapering passage partially divided longitudinally by a 
bony shelf shown in the transverse section of the passage as in fig. 
17.2. The longitudinal division of the passage is completed by two 
membranes, the membrane of Reissner and the basilar membrane. The 
upper passage so formed— known as the scala vestibuli up from 



the. fenestra ovalis to the apex of the cochlea, where it connects with the 
lower passage or scxila tyttipani through a tiny hole, the helicotrema. 
The scala tympani terminates in the fenestra rotunda or round window. 
As the fluid in the ear is nearly incompressible it would be impossible 
to impart vibrations to it if the bony cavity had only one opening. 
The windows are so arranged that the membrane covering the round 
window gives outwards when that attached to the stapes is driven 
inwards at the oval window. 

The basilar membrane tapers the reverse way to the cochlea as a 
whole ; it is narrowest at the base of the cochlea and widens towards the 
apex. It is strengthened by tranvsversc fibres and there is evidence that 
it is more tightly stretched transversely at its narrower end. It carries 
the organ of Corti (fig. 17.3), which contains the nerve terminals in 
the form of small hair cells. The minute hairs attached to these 
extend into the fluid in the passage between the basilar membrane 
and the membrane of Reissner. Lying over these hair cells is another 
loose soft membrane, called the tectorial membrane^ fixed at one end 
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to the bony shelf. When the vibrations arc excited in the scala vestibiili 
by the motion of the oval window these vibrations can easily pass 
through the membrane of Reissner and the basilar membrane to the 
scala tympani, producing relative motion of the hair cells and the 
tectorial membrane and giving rise to the sensation of sound. The 
three membranes (Reissner, tectorial and basilar) vibrate in phase.* 


OUTER HAIR CELLS 



Some idea of the dimensions of the cochlea may be formed from 
those of the basilar membrane, whose total length is about 31 mm. 
and whose breadth varies from 0-16 mm. near the oval window to 0*52 
mm. near the apex. 

2. Sensitiveness of the Ear to Intensity. 

If a pure tone of given frequency is produced at a very low level 
of intensity it is inaudible. As the intensity is gradually increased a 
threshold value is reached at which it just becomes audible (the threshold 
of audibility). 

The earliest experiments on the threshold of audibility were made 
by Topler and Boltzmann in 1870. The pressure amplitude at the 
end of an organ pipe when sounding was measured by the optical 
interference method already described (section 9, p. 297) and the 
amplitude at the maximum distance of audibility was calculated from 
this. The determination was incidental to the course of their work 
and no claim to great accuracy can be made. Converting their result 
to intensity, we find that at a frequency of 181 the minimum audible 
intensity is 8-3 X 10“^ ergs/cm.^ per sec. The first experiment of 
Rayleigh in 1877 has already been described (section 8, p. 296). Using 
a frequency of 2730 he found as the upper limit of the quantity in 

• Bi^kesy, EUk, Nachr. Techn., Vol. 12, p. 71 (1935). 
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question 4 X 10“^ ergs/cm.^ per sec., or 4 X 10“^^ watt/cm.^ The 
problem was subsequently studied by numerous experimenters and 
a good critical comparison of their results was made by Swan.*** All 
the results indicate a very considerable variation of the sensitiveness 
of the ear with frequency, the sensitiveness being greatest in the neigh- 
bourhood of 3000 cycles /sec., which was the highest frequency used. 

A considerable amount of recent work has been done on the subject 
by Fletcher and Wegel,* * }* Sivian and White, J and Fletcher and Munson.§ 
The experiments of Sivian and White were made on a group of young 
people with generally excellent hearing and favoured by freedom from 
fatigue and noise. 



Fig. 17 . 4 . — Limits of audibility for normal ears 

A, Threshold of feeling (after Wcgcl) 

B, I'hreshold of audibility (after Fletcher and Munson) 


They measured the intensity of the “ free field ” of the progressive 
wave before the insertion of the head of the observer and at a frequency 
of 1000 cycles/sec. found the minimum value of this to be 1*9 X 10“^® 
watt/cm.^, which corresponds to an R.M.S. pressure amplitude of 
about *00028 dyne/cm. ^ The minimum value of the audible field 
occurred for a frequency of about 3500 and corresponded to a pressure 
amplitude of about -000079 dyne /cm. ^ The accepted standard for 
purposes of definition is an intensity of 10“^® watt/cm.^ or an R.M.S. 
pressure amplitude of *000204 dyne/cm.^ at a frequency of 1000 cycles/ 
sec. The results of Fletcher and Munson are shown in curve B, fig. 
17.4. 

The threshold varies for different ears — even for ears which may 

• Proc, Amer, Acad. Arts and Sciences^ Vol. 58, p. 425 (1923). 

t Proc. Nat. Acad. Set., Vol. 8, p. 5 (1922). 

X youm. Amer. Soc. Acoust., Vol. 4, p. 288 (1932). § Ibid., Vol. 5, p. 82 (1933). 
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be fairly regarded as normal — but there is sufficient agreement to 
justify the calculation of an average value for each frequency, and it 
is from these values that the curve B is drawn. 

It is interesting to calculate the various quantities for the minimum 
audible sound wave at the frequency to which the ear is most sensitive. 
We may take the frequency as 3500 and the R.M.S. pressure amplitude 
as 8 X 10~^ dyne/cm. (See pp. 290-1.) 


T, >7 (BXIO-O^ irr^iAio 2/ 

Intensity i — ^ ~ ~ ^ 10“^'^ ergs per cm.^/sec. 


Velocity amplitude "T 


= 1-55 X 10~^^ microwatt/cm.2 

r"! ~ 2*74 X 10"® cm. /sec. 

R ' 


Maximum condensation S — ~ = 8*07 X 10~^^. 

c 


Displacement amplitude a — 1*25 X 10~^® cm. 

Zttj 


The problem has been attacked differently by Wilska,* who at- 
tempted to measure the amplitude of the tympanic membrane itself. 
His results are shown in fig. 17.5, which shows to what incredibly small 
amplitudes the ear-drum will respond. In fact, Sivian and White (loc. 
cit.) have calculated that the pressure due to thermal noise in the air is, 
between the frequencies of 1000 cycles/sec. and 6000 cycles/sec., of 
the same order of magnitude as the pressure sensitiveness of very 
sensitive ears. This means that any further increase of sensitiveness 
would be useless in these cases. 

If the intensity of any pure tone is raised above the threshold of 
audibility it increases in loudness until a value is reached at which the 
character of the sensation seems to change and become one of pain. 
This value is the threshold of feeling for that frequency. It has been 
investigated by Wegel f and is represented in fig. 17.4 by the curve 
A. The intercept on any frequency ordinate lying between the curves 
A and B represents the range of intensities which correspond to audible 
sounds for that particular frequency. This range again obviously varies 
with frequency. Thus for a frequency of 10(X) the ratio of the extreme 
pressure amplitudes is about 10’^: 1. The ratio of the extreme inten- 
sities is therefore about 10^^: 1. It says a great deal for the mechanism 
of the ear that it is able to cope with such an enormous range of in- 
tensities. On the other hand, at a frequency of 80 the ratio of the 


• Skand. Arch.f. Physiol.^ Vol. 72, p. 161 (1935). 

+ Atm, OtoL, RhinoLf und LaryngoLf Vol. 41, p. 740 ( 1022'!. 
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extreme pressure amplitudes is only about 10^, and that of the extreme 
intensities about 10®. 

If the curves A and B of fig. 17.4 are conjecturally continued until 
they meet they will enclose an area every point in which defines an 
audible pure tone. If we start with any given frequency and infinitesimal 
intensity and gradually raise the intensity while keeping the frequency 
the same, the tone remains inaudible until the threshold value of the 



Frequency 


Fig. 17,5. — The circles show the amplitude of vibration of the eardrum at threshold, 
as determined by Wilska. 'Fhe curve represents the calculated amplitude of the air 
molecules in a sound-wave at threshold pressure. Where the ear is most sensitive, the 
amplitude of vibration of the eardrum is less than the diameter of a hydrogen molecule. 


intensity is reached. Thus all points outside the area correspond to 
pure tones which are inaudible. 

B6kesy * has investigated the threshold of audibility for very 
low frequencies. Some kind of auditory sensation is established for 
frequencies down to two or three cycles per second. Between 3 cycles/ 
sec. and 50 cycles/sec. there is some evidence that the processes involved 
are quantal in nature. This is shown in the accompanying curve 
(fig. 17.6). The step at frequency 18 cycles/sec. is the most marked; it 
is about this frequency that the tonal character of the sensation begins 
to make its appearance, and this character is established at a frequency 
of about 25 cycles/sec. It is, of course, impossible for the intensity 


(f701) 


Ann. d. Physik, Vol. 26, p. 554 (1936). 
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required for audibility at these low frequencies to be imposed on the 
ear without aural harmonics (section 5, p. 472) being generated, and 
it is difficult to assess the effect v/hich these may have. Bekesy also 



Fig. 17.6. — The minimum audible pressures for low frequencies. This 
threshold curve sliovvs the step-like character which may indicate the quantal 
nature of the process involved. The most prominent step occurs at 18 cycles. 
(Alter Bekesy). 


experimented on the threshold of feeling, and here he diHerentiates 
between a tactual sensation, a pric^king sensation (at very low fre- 
quencies) and a tickling sensation (at higher frequencies). 

3. Intensity and Loudness. 

For the measurement of loudness it is necessary to have a standard 
tone and a standard scale. By decision of the International Electro- 
technical Commission (Paris, 1937) a pure tone of frequency 1000 
has been chosen as a standard and the scale is defined as follows: 

‘‘ The standard tone shall be a plane sinusoidal sound wave coming 
from a position directly in front of the observer and having a frequency 
of 1000 cycles per second. The listening shall be done with both ears, 
the standard tone and the sound under measurement being heard 
alternately. The intensity level of the standard tone shall be measured 
in the free progressive wave. The reference level shall be taken to 
be that corresponding to an R.M.S. sound pressure of 0-0002 dyne 
per sq. cm. (being the threshold value for the standard frequency). 
When, under the above conditions, the intensity level of the standard 
tone is n decibels above the stated reference intensity the sound under 
measurement is said to have an equivalent loudness of n phons.’’ — 
Definition 2017, British Standards Institution. 
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The experimental realization of the definition of equivalent loud- 
ness requires the resources of a standardizing laboratory, but approxi- 
mate methods of measurement have been devised for ordinary use, 
and some of these are described later. The results of experiments on 
the equivalent loudness of pure tones are given in fig. 17.7. The curves 
represent frequencies varying from 30 to 10,000, and for each frequency 
equivalent loudness as defined above is plotted against sensation level. 
Sensation level is defined as follows: if Iq is the intensity corresponding 
to the threshold of audibility for a given frequency and I is the in- 
tensity of any pure tone of the same frequency, the sensation level of 



iO so 80 WO 


SeTisaiwri level fDB above threshold) 

Fig. 17.7. — Relation between sensation level (intensity above threshold) and 
apparent loudness for various frequencies 


this tone in decibels is 10 logj^j///o. The curve corresponding to the 
standard tone is, by definition, a straight line passing through the 
points 10, 10; 20, 20; ... The figure shows that for an equivalent 

loudness of 50 phons, for instance, the sensation levels for various 
frequencies are as follows: 


Frequency. 

Sensation 

30 

18 

50 

23 

100 

29 

200 

36 

500 

44 

1000 

50 

10,000 

53 


Thus, for the commonly occurring frequencies of 600-10,000, covering 
a range of about 4| octaves, equivalent loudness in phons is very nearly 
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given by the sensation level, and since the three curves lie fairly close 
to one another this is true not only for the particular value of 50 phons 
to which this comparison refers but to all values of equivalent loudness 
up to 110. For all frequencies less than 500 the equivalent loudness 
in phons is considerably greater than the sensation level in decibels. 

There is another aspect of this discrepancy between sensation level 
and equivalent loudness. If the sensation level of all frequencies is 
raised by the same amount the relative loudness of the various tones 
will be profoundly modified. Thus fig. 17.7 shows that if the sensation 
level of all frequencies is raised from 30 db. to 40 db. the change in loud- 
ness for the various frequencies will be as follows : 

Increased Loudness 
Frequency. in Phons. 


30 

15 

50 

21 

100 

20 

200 

17 

500 

13 

1000 

10 

10,000 

10 


Thus low notes are relatively very much strengthened, a fact which 
may be noticed in listening to an approaching band. 

Obviously the definition applies equally to all continuous sounds, 
no matter how complex, and assigns to them a definite place on a scale. 
This scale of loudness ignores the question of whether equal intervals 
on the scale of phons correspond to an equal number of loudness steps. 
Some light is thrown on this question by the work of Knudsen, who 
measured the change in intensity which corresponds to a just percep- 
tible change in loudness.* He used as his source a valve-operated 
telephone giving a range of frequencies from 30 to 20,000. The in- 
tensity could be carried from the threshold of hearing to the threshold 
of feeling, and precautions were taken to keep the tones pure. 

The connexion between the intensity of a sensation and that of 
the corresponding physical stimulus was first investigated by Weber 
for weights, and his conclusion, known as Weber’s law, was that the 
increase in the stimulus necessary to produce the minimum perceptible 
increase in the resulting sensation is proportional to the pre-existing 
stimulus. Thus if IF is a weight producing a sense of pressure and 
A If is the increase in weight which gives a just perceptible increase 
As of the pressure sensation, then 


h 



where A is a constant. 


Phys. Rev., Vol. 21, p. 84 (1923). 
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Fechner took the relation in this form and, assuming that AIF 
and As are true differentials, he integrated the equation and obtained 
the relation 

s^klogW. 

This is known as the Weber-Fechner law and is more or less appli- 
cable to all sensations. 

The sensation of light, like the sensation of sound, does not follow 
the Weber-Fechner relation exactly. Nutting has modified it in the 
case of light into an expression of the form 

which covers satisfactorily both low and high intensities. I is the 
intensity of the light, A7 the minimum perceptible increase in intensity, 
Iq the threshold intensity, the limiting value of AI jl for large values 
of I, and n an arbitary number depending on the frequency of the 
light. 

Knud sen has shown that his results for sound can be expressed 
by an equation of the same form, 

For a frequency of 1000, n = 1*05, while for a frequency of 200, 
n=r. 1 . 63 . 

Experiments by Riesz * are in general agreement with the above. 
For all values of the intensity for which I is greater than the value 
given by the equation 

10 logl/Io = 60 

the differential sensitiveness is found to be practically constant, and 
for various frequencies AI /I lies between 0*05 and 0*15. 

Results from the Bell Telephone Laboratories are set out in fig. 17.8. 
It will be seen that over a range of frequency from 60 to 10,000 the 
minimum perceptible change in intensity is a nearly constant fraction 
of the intensity for a sensation level of 60 db., while the same is nearly 
true for a sensation level of 40 db., and therefore for all sensation 
levels between these. For lower sensation levels the fractional in- 
crease of intensity required to produce a perceptible change in loud- 
ness is larger over the middle of the frequency range and increases to 
a very marked extent for low and high frequencies. For a sensation 
level of 60 db. and a frequency of 1000 an increase of intensity of 0*05 
is just perceptible under the best conditions. This corresponds to a 


Phys. Rev.f Vol. 31, p. 867 (1928). 
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change in sensation level of 0*2 db. At this frequency and under the 
best conditions about 370 distinct steps in loudness are perceptible. 

The phon scale of loudness is, as we have noted, on a purely physical 
basis. It places all noises in the order of their loudness, but the ratio 
of the numbers representing two noises on the phon scale may not 
convey any very accurate idea of the ratio of the strength of the 
sensations. Indeed, it might very reasonably be doubted whether in 
this matter the phrase “ ratio of the strength of the sensations ” has 
any meaning. 

Work to test this and if possible to lay the foundations for a purely 
psychological scale of loudness has been done by Fletcher and Munson,* 
Geiger and Firestone,! and Fletcher.J The crux of the matter may be 



Fig. 17.8. —Showing minimum perceptible change in intensity by the human ear. Numbers 
on the curves indicate the sensation level of the test tone in decibels above threshold 


said to lie in the validity of judgments of ‘‘ twice as loud In Fletcher’s 
experiments these judgments were tested in three ways: (1) directly, 
by adjusting one sound until it is twice as loud as another of the same 
pitch, the pressure amplitude of both being determined; (2) indirectly, 
by adjusting one sound imtil when heard by one ear only it appears 
equally loud with another of the same frequency heard by both ears 
simultaneously; the first sound is then assumed to be twice as loud 
as the second; (3) indirectly, by balancing a lOOO-cycle tone against a 
pure tone of widely different frequency until they sound equally loud. 
A second 1 000-cycle tone is then balanced against the two combined. 
It is assumed that this lOOO-cycle tone is twice as loud as the first. 
The curves obtained by plotting subjective loudness measured in 
these ways against pressure amplitudes agree so closely as to leave 
little doubt that this kind of scale is feasible, and for some purposes 
it may have advantages, but the phon scale is perfectly definite, and 

* Jfourn. Amer. Soc, Acoust., Vol. 5, p. 25 (1933). 

t Ibid., Vol. 5, p. 35 (1933). X yourn, Frankl. Inst., Vol. 220, p. 405 (1935). 
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its divergences from a true sensation scale are shared by oiir tempera- 
ture scales, which are very rarely criticized on this ground. 

4. Sensitiveness of the Ear to Pitch. 

It was quite early recognized that just as the eye is sensitive only 
over a definite range of wave-lengths for electromagnetic waves, so 
the ear is sensitive only over a limited range of sound wave-lengths 
or frequencies. 

Konig made a series of experiments with numerous sources of 
sound, as a result of which he concluded that the lowest audible fre- 
quency is 16 cycles/sec. In the course of his work on the upper fre- 
quency limit he discovered the fact, now so well established, that the 
highest audible frequency varies greatly with age. At the age of forty- 
one he could hear a tone of frequency 23,000 cycles/sec. Sixteen years 
later this upper limit had dropped to 20,480 cycles/sec., and after 
another ten years to 18,432 cycles/sec. 

Early experiments on both limits yielded rather discrepant results. 
These discrepancies were only in part due to the variations charac- 
teristic of individual ears. A glance at fig. 17.4 shows that an attempt 
to discover tlie frequency limits for audibility has no meaning unless 
it is conducted at a specified intensity level. Thus if the R.M.S. pressure 
amplitude is 0-001 dyne per sq. cm. the lower frequency cut-ofE is 
at 400 cycles per s(^c. At an R.M.S. pressure amplitude of 1 dyne per 
sq. cm. it has dropped to about 20 cycles per sec., extending the range 
of audibility downwards by nearly four octaves. Fig. 17.4 gives us the 
information at present available as to the limiting frequencies for 
audibility at various intensity levels. 

Next in importance to the range of sensitiveness is the differential 
sensitiveness, i.e. the change in pitch that is just perceptible. Ex- 
tensive measurements were made by Kmidsen.* He used a constant 
sensation level of 40 db. for all frequencies and showed that at this 
level the sensitiveness of the ear to changes of frequency is much 
greater than to changes of intensity, being greatest for frequencies of 
from about 600 to 4000. Over this range of frequencies the value of 
A/// is approximately -003, where A/ is the minimum perceptible change 
in the frequency /. These experiments were repeated and extended 
by Shower and Biddulph.f They used an improved technique, varying 
the frequency sinusoidally from one value to the other about twice 
a second, this being found to give the smallest values of A///. Their 
results are shown in fig. 17.9. 

This figure shows A/// plotted against/ for various sensation levels. 
The maximum sensitiveness is found for a frequency of 2000 and a 
sensation level of 70. For these values A/// is only -0017, i.e. the ear is 
sensitive to a change in frequency of 1 in 600. At frequencies above 

• Loc. cit. \ Journ. Amer, Soc. Acoust., Vol. 3, p. 275 (1931). 
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500 the value of A/// is fairly constant, but it shows a slight upward 
trend above 8000. At frequencies below 500, A/ is fairly constant, so 
that A/// shows a steady increase. 

The minimum value of A/// corresponds to a change in pitch of 
100 logl-0017/log2 centi-octaves, i.e. 0*24 centi-octave or -029 of a 
semitone. Taking Knudsen’s values for a sensation level of 40 db., we 
find that there are 2000 distinguishable tones between the frequencies 
50 and 8000. 

For a sensation level of 40 decibels and frequency 62 the minimum 



Fig. 17.9. — Variation of A/// with frequency-sensation level as parameter 


value of A/ is about 2 to 3 cycles per sec. It should be remembered, 
however, that this refers to pure tones. Pure tones of frequencies 
60 and 62 will be indistinguishable in pitch, but if the fourth partials 
are present, they will have a frequency difference of 8 and the notes 
will easily be distinguished. Thus pitch discrimination is always easier 
for notes that are not pure. 

So far it has been assumed that pitch is completely determined 
by frequency. Fletcher * has shown that this is not so. Pitch, loud- 
ness, and quality are not three simple sensations uniquely related to 
frequency, intensity, and wave form respectively. Variations in any 
one of these physical properties of the wave may affect all three 

^Journ. Amer. Soc. Acaust.^ Vol. 6, p. 59 (1934). 
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sensations. Thus the loudness of notes can be greatly increased by 
increasing the overtone content, and practically all the loudness of 
low piano notes is due to the partials. The loudness of complex notes 
is far from simple and is evidently connected with the masking pheno- 
menon (p. 484). Most marked, perhaps, is the case of the effect of in- 
tensity on the sensation of pitch. In addition to the work of Fletcher, 
this relationship has been studied by Stevens* and Snowf. With 
some observers no effect of intensity on pitch was recorded, whereas 
with others changes of sensation level between 40 db. and 120 db. 
produced changes in pitch as great as 35 per cent. Pure tones were 
used, and in each case the pitch standard was a pure tone 40 db. above 
threshold value. According to Stevens a low-pitched sound has its 
pitch lowered when its intensity is increased, and a high-pitched sound 
has its pitch raised. The dividing line comes in the region of greatest 
sensitiveness, and this is taken to suggest that the phenomenon is 
associated with the resonance characteristics of the ear. 

The possibility of developing a purely psychological scale of pitch 
has been investigated by Stevens, Volkmann and Newman. J Observers 
tried to adjust one tone until its pitch was exactly half that of 
another tone. Fairly consistent observations for this fractiona- 
tion of pitch were obtained and frequencies plotted against pitch on 
this scale. The resulting curve agreed fairly closely with that obtained 
by integrating just perceptible intervals of pitch. The unit on this 
scale of pitch is the mel and the 1000-cycle tone is arbitrarily assigned 
the value of 1000 mels. 

A point of some interest in this connexion is the duration of a 
pure tone which is just sufficient to enable a judgment of pitch to be 
made. Experiments by Mach § suggest that at a frequency of 128 
c./sec. some 4 or 5 vibrations are sufficient. The matter has been 
investigated in more detail by Biirck, Kotowski, and Lichte.|| Plotting 
the minimum time required for a judgment of pitch against the fre- 
quency of the tone, they obtain a curve which strongly resembles the 
curve representing the variation of pitch sensitiveness with frequency. 

A pure tone of short duration is equivalent to a frequency-band 
with an intensity-spectrum obtained by Fourier analysis. As time 
elapses this band becomes narrower, and more intense at the ultimate 
frequency. The experiments have shown that the pitch is recognized 
when the duration is such that 70 per cent of the energy, corrected 
for aural sensitiveness, is concentrated in a frequency-band of + 6 
per cent on either side of the tone-frequency. This criterion is justified 
by a further test in which a click is heard indirectly through a resonant 

* Joum. Amer. Soc. Acoust., Vol. 6, p. 150 (1935). 
t Ihid,^ Vol. 8, p. 14 (1936). X Ibid., Vol. 8, p. 185 (i937)* 

§ Deutsch, Natf. TagehK, p. 53 (1871). 

II Elek. Nachr. Tech., Vol. 12, pp, 278, 326 and 335 (1935). 
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circuit, the damping in which is adjusted until a definite pitch is 
detected. 

Further light is thrown on the properties of hearing by measure- 
ments of the perception of small time-differences at various frequencies, 
by measuring the interval at which sources of different tones must 
be switched on in order to make a recognizable difference in the instant 
of initiation of the respective sounds.* The times involved are some- 
what similar to the time required for the recognition of the pitch of a 
tone. If the pitch of the first tone is established in the ear the second 
tone will appear to succeed it. Otherwise the two tones will fuse. 
These experiments are complementary to measurements of the loiid- 
ness of clicks. f These studies indicate that the ear is linear and aperiodic 
for sounds at a level which is not excessive. The resonant mechanisms 
are nearly critically damped. The time constants are between 50 and 
150 milli-seconds. 

5. Aural Harmonics. 

One of the most striking facts about hearing is that tones may 
be present in the sensation to which there corresponds no constituent 
simple harmonic vibration in the external stimulus. In these cases 
Ohm’s law (section 5, p. 340) breaks down. These tones are some- 
times called subjective tones, but as they are produced in the ear 
the term aural tones seems more appropriate. 

In the discussion of forced and free oscillations in Chapters II 
and III we confined ourselves to the case where the restoring force 
is symmetrically and linearly related to the displacement, i.e. the force- 
displacement graph is a straight line through the origin. Now this 
double condition represents an ideal case towards which all very small 
oscillations of elastic bodies tend. As the amplitude is increased, how- 
ever, a point is soon reached when this ideal is not attained. 

We may assume that the relation between acceleration and dis- 
placement is given by the equation 

X + + ax^ + + . . . = 0 . 

In general the coefficients are such that for small values of x we can 
neglect the terms in x^ and higher powers, and we have the approximate 
relation 

X -f- co^x = 0. 

This is the ideal case referred to, and the admissible peak value of x 
will depend on the values of a, b and c. 

• Biirck, Kotowski, and Lichte, Elek. Nachr. Tech.^ Vol. 12, p. 355 (1935). 
t Ibid.yol, 12, p. 326 (1935). 
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As X is increased the term ax^ is likely to become effective first and 
we have the relation 

X + o)^x + ax^ — 0, 


where the third term does not change sign with x. The solution of 
this equation shows that the effect of this additional term is threefold: 
(1) a displacenumt of the mean position, (2) a slight lowering of the 
frequency, (3) the introduction of the full series of harmonics. Thus 
harmonic constituents of the tone produced by any musical instrument 
may be due not merely to the vibration of the string or air column 
in y)arts, but to the distortion due to a large amplitude of vibration. 
Each partial tone may carry its own series of harmonics. 

When a vibrating system showing asymmetric and non-linear 
characteristics is subject to forcing, the resultant motion, as was 
pointed out by Helmholtz,* is of great interest. Following his treat- 
ment, we may take the case of double forcing and write as the equation 
of motion 

X •\- (j}^x + ax^ + sirin^^ -f Fg sin(n2^ + 0) = 0, 

where Fy sin n^t and F^^ sin {n^ + ^re the applied periodic forces. 
The equation may be int-egrated by putting 

X + €“^^2 + €^^3 • • •> 

F, - eF\ 

F^ - 

and then equating separately to zero the terms multiplied by like 
powers of e. 

This gives 

+ (jL)^x-^ -h F' sin%^ -f F" sin (nj, -b — 0, 
x^ -f- a)%2 + 

^3 + ^^^3 + ^ax^Xz “ 0 . 

The first of these equations is equivalent to neglecting the term in 
x^. The pulsatances (pulsatance ^ 277 X frequency) involved in the 
solution are cu, and Wg. Of these the first is the frequency of free 
vibration, and if there is any damping this will not appear when the 
steady state is reached. The two applied frequencies alone will survive 
and there will be no distortion. 

The solution of the second equation involves additional terms with 
pulsatances 2rq, 2 ^ 2 , ni + ^ 2 - 

The solution of the third equation brings in terms with pulsatances 
3%, 3^2, 2ni + % + 2^2, 2% — n^y — 2n2. 


Sensations of Tone^ Appendix 12. 
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If we consider first of all the case of single forcing (F 2 == 0) 
then we find that the vibrating system distorts the imposed 
vibration and, if it is part of a transmission system, adds to the im- 
posed frequency the full harmonic series. These tones may, of 

course, be produced at the source of vibration or in the air, and are 
then heard by the ear in the normal way. 

There is, however, a further possibility. The ear may itself be 



Hotatwn in degrees 

Fig. 17.10, — Graph of the force exerted on the stapes as a function of the 
degree of rotation of the malleus. Note the non-lineanty and asymmetry of the 
curve as a whole. Point A, at the middle of the central linear portion of the curve, 
is the point about which the curve is most nearly symmetrical. It does not co- 
incide with the position of rest (O). 

Inward rotation of 30° dislocates the malleo-incudal joint. The resulting 
decrease in pressure on the stapes is indicated by the broken line at the upper 
end of the curve. The measurements were made on a scale model of the ossicles. 
(After Stuhlman.) 


an asymmetric non-linear transmitter. Helmholtz gave reasons for 
believing that the tympanic membrane and the ossicles behave in this 
way and that harmonic tones are generated in the ear. This is now 
generally agreed to. Dahmann * has obtained positive evidence with 
respect to the movement of the ossicles, and Stuhlman f has obtained 
the graph shown in fig. 17.10 by careful observations on a scale model 
of the ossicles. Here we have the features that show the analysis to 
be appropriate: (a) a fairly straight middle portion, (6) asymmetry 

• Zur Physiologic des Horens, I. Zeitsch. f. Hals-, Nasen^t u. Ohrenheilkunde, Vol. 24, 
p. 462 (1929)- 

\ Joum. Amer. Soc. Acoust., Vol. 7, p. 119 (1937). 
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with respect to the origin. (The sigmoid form of the curve is due to 
the influence of higher powers of x,) 

The existence of these aural harmonics can be shown by intro- 
ducing simultaneously into the ear a strong pure tone of frequency / 
and another pure tone of variable intensity and frequency. When the 
frequency of this exploring tone is in the neighbourhood of 2/, beats 
are heard between the exploring tone and the aural tone, and this 
occurs again for frequencies 3/, 4/, . . . . Thus for loud pure tones 
Ohm's law does not hold. Some idea of the intensities of these con- 
stituent tones may be obtained by adjusting the intensity of the 
exploring tone until the beats are most distinct. When this happens 



Fig. 17 . 11 . — Sensation levels at which aural harmonics become perceptible 


the intensities of the two tones are equal. Experimenting in this way, 
Fletcher has found for various frequencies of the stimulating pure 
tone the sensation level at which the various members of the harmonic 
series become perceptible.* The results are shown in fig. 17.11, where 
the pitch is measured in centi-octaves from the zero of pitch — 1000 
cycles per sec. — and the sensation level in decibels above the minimum 
audible. Obviously these aural tones are generated at a much lower 
sensation level for low-pitched notes than for high-pitched ones. 

The phenomenon is represented from a slightly different angle in 
fig. 17.12. For any given intensity of fundamental (first harmonic) the 
intersection of the corresponding line with the ordinates gives the 
intensity of the other harmonics. Thus for a first harmonic of intensity 
100 the other harmonics have the values 87, 74, 61, 48, ... . It is in- 

• Fletcher, Speech and Hearing, p. 178 (Macmillan, 1929), from which fig. 17. ii it 
reproduced by permission. 
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teresting to translate these intensity levels into sensation levels for a 
particular tone by reading olf from the threshold curve in fig. 17.13 the 



Number of Harmomc 

Fig. 17,12, — Relative intensities of aural harmonics 


appropriate values. Choosing a 100-cycle tone we have the following 
results : 


Harmonic 

Intensity Level 

Threshold Level 

Sensation 

1 

100 

38 

62 

2 

87 

20 

67 

3 

74 

10 

64 

4 

61 

6 

55 

5 

48 

3 

45 


Thus the second and third harmonics actually have a higher 
sensation level than the fundamental, and the drop in sensation level 
from the fundamental to the fifth harmonic is only 17 db. as against 
a drop in intensity level of 48. 



AURAL HARMONICS 
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Fig. 17.13. — Intensity levels for the same loudness at different frequencies 



0 W iO 60 80 WO 


StUnuIus in DB above tkreskoU 

Fig. 17.14. — Analysis of the cochlear microphonics obtained from the cat’s ear when 
stimulated by a pure tone of 1000 cycles. Abscissa values represent the intensity of the 
stimulus in decibels above the average human threshold, T)ie uppermost curve shows 
the magnitude of the fundamental frequency in the cochlear microphonics, and the other 
curves are for the higher harmonics, as indicated. 
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Another method of research has been opened up by the discovery by Wevei 
and Bray ♦ that when electrodes are placed on the medulla or the auditory nerve 
of a cat from which the cerebrum has been removed it is possible by listening with 
telephone receivers to the amplified signals to recognize not only pure tones 
used as stimuli but even words spoken to the cat. It was later shown that this 
is in part due to the action of the cochlea as a microphone. This microphonic 
action is only slightly affected by ansesthetization or even by the death of the 
animal until the circulation fails. The wave form of the cochlear potential corre- 
sponds fairly closely to that of the stimulating sound wave. The complex waves 
of human speech are reproduced with sufficient accuracy to allow listeners to 
recognize a speaker by the quality of his voice. This method of the “ cochlear 
microphone ” has been applied to the analysis of the response to a strong pure 
tone by Stevens and Newman. f The microphonic response of the cochlea of a 
cat to a pure tone of 1000 cycles /sec. is amplified and analysed with a wave ana- 
lyeer. Harmonic constituents up to the fifth are detected and measured and the 
results are shown in fig. 17.14. 


6. Combination Tones. 

If two tones are sounded strongly together a third tone can be 
distinctly heard, whose frequency is the difference of the frequencies 
of the two generating tones. The discovery of this “ difference tone ’’ 
seems to have been due to the Italian violinist Tartini (1G92-1770), 
who, in 1714, produced it by double stopping on the violin. J The 
phenomenon is also described by the German organist Sorge and 
seems to have been discovered independently by Romieu § about 
1742 or 1743. 

These tones are probably the most obvious to the untrained ear 
in the case of the common police whistle or referee ^s whistle. When 
these whistles consist, as they usually do, of two short barrels, each 
giving a fairly high-pitched note, with a comparatively small musical 
interval between them, then the blast of the whistle owes its peculiar 
quality not to either of these notes but to a third — a low-pitched 
buzz which is quite unmistakable. Its pitch corresponds to the differ- 
ence in frequency of the notes given by the two barrels. The nature 
of the phenomenon may be made clear by covering each of the two 
separate pipes successively with a finger so as to sound the other pipe 
alone and then while one is sounding removing the finger so that the 
other pipe comes in. The effect is very striking. Either generator alone 
gives a feeble, high-pitched note of whistle quality, while the two 
together generate the penetrating buzz so characteristic of this type 
of whistle. This tone is known as the first order difference tone and 
with a little practice it can easily be heard when two notes are loudly 


• Proc. Nat. Acad. Set., Vol. i6,p. 344 (1930); J. Exper. Psychol., Vol. 13, p. 373 (1930). 
t Proc. Nat. Acad. Set,, Vol. 22, p. 668 (1936). 

J Tartini, Dei Principi delV Armonia Musicale (1767). 

§ Nouvelle ddcouverte des sons harmoniques graves dont la resonance est trh sensible dans les 
accords des instruments d vent (Assemble publique de la Sociitd Roy ale des Sciences, 1751). 
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sounded on the organ, or, with rather more difficulty, when a violin 
is played with loud double stopping. 

Young (1800) suggested that these tones were due to beats, and 
that as the beats got more rapid they finally fused so as to give a tone. 
This explanation was taken up by Konig and others, who maintained 
that the tones were “ subjective 

Helmholtz, on the other hand, held that these tones were produced, 
as indicated in the previous section, as the result of the double forcing 
of an asymmetric non-linear system. This led him to the discovery of 
the summation tone of frequency /j -)- /g, and of some of the other 
tones mentioned on p. 473. He claimed that at least in some cases the 
tones were produced outside the ear, and could be reinforced by reson- 
ators and detected by their effect on membranes. This was denied by 
Konig, Bosanquet and Preyer. 

With regard to the contention that the combination tones are 
really beat tones ” it may be noted that: 

(1) This offers no ecxplanation of summation tones. 

(2) Combination tones are usually prominent only with strong 
generators, while beats occur with quite feeble tones. 

(3) According to Ohm^s law, only simple harmonic motions are 
perceived as tones. Boats would produce their maximum effect at a 
point in the basilar membrane sensitive to a frequency (fi + f^)l2 
and cannot, therefore, produce maximum stimulation at the points 
corresponding to +/2 or, in general, ^ 

(4) The fact that these tones are sometimes produced outside the 
ear is now definitely established. 

Rucker and Edser * produced combination tones by using a double 
siren. The sound from this was concentrated by a horn on to a light 
plate carried by one prong of a heavily mounted tuning-fork. The 
other prong of the fork carried one of the mirrors of a Michelson inter- 
ferometer. As the speed of the siren was altered the pitch of the com- 
bination tones altered, and when one of these coincided in pitch with 
the natural frequency of the fork the steadiness of the interference 
bands observed in the interferometer was at once disturbed. Resonance 
was established both for the difference tone and for the summation 
tone. They failed to observe any effect, however, when the combination 
tone was produced by two timing-forks. 

Similar experiments were carried out by Forsyth and Sowter,| and 
the disturbance of the bands was recorded photographically. The 
conclusions of Rucker and Edser were established. It should be noted 
that in the case of the double siren the two notes act jointly on the 
mass of air in the wind-chest. W. H. Bragg % points out the essential 
similarity between this phenomenon, the side bands in wireless tele- 

•Phil. Mag., (5), Vol. 39, p. 342 (1895). f Proc. Roy. Soc., Vol. 63, p. 396 (1898). 
t Proc. Roy. Inst., Vol. 30, p. 424 (i939)* 
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phony, and the Raman effect in the scattering of light. He uses the 
apparatus shown in fig. 17.15 to illustrate the effect. 

A represents a coil seen edgeways, through which either a steady current Fi 
or an alternating current F■^ sin n-^t can be sent. B is a smaller coil at right angles 
to A, with its centre coinciding with that of A. Through this second coil a steady 
current F^ or an alternating current sinng/ can be made to pass. The second 
coil can turn about a vertical axis perpendicular to the plane of the diagram 
under a torque proportional to the product of the two currents. T is a 
cylindrical tube in which a slider S is mounted: the slider contains a crystal 
microphone connected to a loud-speaker. If there are currents in the coils, one 
or both of which are alternating, the disc D flutters before the mouth of the tube. 
The tube can be tuned as a resonator by moving the slider. Using frequencies 
of 50 and 250, the frequencies 200 and 300 are easily found. 

Objections have been raised to the form of the equation proposed 
by Helmholtz, and doubts have been expressed whether the asym- 
metric term can be large enough 
to explain the effects. Waetz- 
mann * has argued that the latter 
objection can be partially met by 
restoring a damping term which 
Helmholtz omitted. With regard 
to the first objection, both 
Waetzmann and Schaefer f have 
suggested alternative equations. 
All the approximate calculations, 
however, seem to be open to two 
capital objections: 

(1) Combination tones seem 
too loud to be due to terms 
which can be neglected on a first 
approximation. 

(2) The two first-order tones 
are manifestly very different in 
intensity, the summation tone 

being extremely difficult to hear, and the theory seems to offer no 
explanation of this fact. 

Waetzmann has also approached the explanation experimentally. 
Loading a membrane with a central mass on one side only, he found 
the curve corresponding to the free vibrations of the membrane, which 
showed greater amplitude on one side of the undisplaced position. He 
then recorded the displacement of the membrane under double forcing 
by two simple tones and performed the Fourier analysis of the resulting 
curve. The analysis gave the tones and /g (the generators), and in 
addition the tone (/^ — /g) with an amplitude several times that of 

• Phys. Zeitschr., Vol. 23, p. 382 (1922). f Ann. d. Physik, Vol. 33, p. 1216 (iQio). 
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Fig. 17.16. — Apparatus for demonstrating 
combination tones 
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either generator, a weak tone ( 2/2 — /j), and occasionally the summation 
tone/i 4-/2. 

The audibility of the difierence tone seems to depend to some 
extent on its position relative to the two generating tones. If 
< 2 / 2 , the higher generator is less than an octave from the lower one 
and the differential lies below this latter tone. On the other hand, if 
fz ^ 2 / 1 , the interval between the generating tones is greater than an 
octave and the differential tone lies between the primes. Schaefer 
finds that in this case it is always very weak. 

The difference tone can be well heard with two singing flames. 
Further, if we have forks of frequency and/g and rest them when 
sounding on a resonance box tuned to — /g, the difference tone is 
produced on the lid of the box and is greatly reinforced. If the two 
forks are sounded on their own resonance boxes the difference tone 
is audible only for large amplitudes of vibration. 

The beating of a difference tone with one of the generators which 
produces it has been experimentally demonstrated by Bosanquet and 
others. If we have two generators whose frequencies form an imperfect 
octave, we can represent their frequencies by and 2/^ + e. The first- 
order difference tone is/^ + €, and this makes e beats per sec. with the 
lower-pitched generator. 

Either of these cases can be demonstrated with two tuning-forks 
of frequencies 256 and 512 respectively. One of the forks is flattened 
slightly by the addition of a little wax to one of the prongs. The two 
forks are now sounded together and held over a resonance box or reson- 
ator tuned to 256. Beats are distinctly audible. 

7. Beating of Combination Tones. 

The beating of difference tones with primes indicates how musical 
intervals may be defined for pure tones. The octave is ordinarily 
defined by the coincidence of the second partial of the lower note 
with the fundamental of the higher and the consequent absence of 
beats. If the notes are pure the interval must be made definite in 
some other way. In the case of the octave the mistuning will show 
itself at once, as we have seen above, by the beating of the first-order 
difference tone with the lower prime. For the fifth we have to call 
in a second-order difference tone. Thus, if the primes are 2/^ and 
3/i € we have as the first-order difference tone 3/^ € — 2/i or 

-j- €, and as the second-order difference tone 2/^ — (/^ + c) ot — e. 
This tone, therefore, gives with the first beats of frequency 2e. In the 
same way with an imperfect fourth we have primes 3/i and 4/^ + e. 
Here the first-order tone is + e. The second-order tone with the 
lower prime is 2/^ e, while the third-order with the upper prime is 
2/i + 2€. The beat frequency is therefore Se. 

Other intervals involve combination tones of still higher order, sc 
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that for strictly pure primes it is doubtful whether the combination 
tones can play an eilective part for these intervals. If, however, the 
primes are not strictly pime, the combination tones assist. Thus, if 
each tone carries the second harmonic, we have for the interval of 
the fourth 3/i and 4/^ + € with 6/^ and Sf^ + as second partials. 
These give first-order difference tones -j- e) = 2/^ — € and 

Sfi -f- 2e — 6/\ = 2/i 4" 26, giving together beats of Se per sec. In this 
case the beats occur between first-order tones if the partials are 
strong enough to act as primes. 

8. Aural Combination Tones. 

As has already been pointed out, Helmholtz showed that the struc- 
ture of the drum of the ear has the asymmetric character necessary 
for the production of these tones, arid the fact that the middle ear 
shares this character has been established by Stuhlmann.* This pre- 
pares us for the fact that the quality of musical notes may be con- 
siderably modified by this property of the ear. Analysis of the air 
vibrations corresponding to certain notes shows a surprising feebleness 
of the fundamental. It may carry only 1 per cent of the total energy, 
yet it defines tho pitch of the note and is the only constituent tone 
which is ordinarily heard. It may be noted, however, that if the note 
consists of the harmonic series of partial tones/, 2/, 3/ 4/, . . . , then 
the first-order difference tone for each successive pair of partial tones 
has the frequency of the fundamental. Thus the quality of the note 
as perceived in the inner ear may be something entirely different from 
the quality as revealed by an analysis of the air vibrations external 
to the ear, and in particular the fundamental may be greatly streng- 
thened. 

Corroboration of this view comes from experiments by Fletcher f 
using ten separate vacuum-tube generators adjusted to give the fre- 
quencies 100 to 1000 at intervals of 100. By suitable switching arrange- 
ments any individual components could be eliminated. When they 
were all impressed upon the receiver, a full tone resulted with a definite 
pitch corresponding to 100 cycles per sec. The elimination of the 
100-cycle component produced no appreciable effect. The note still 
appeared to have a pitch corresponding to 100. Even with the first 
seven components eliminated, leaving only 800, 900 and 1000, the 
pitch corresponded to a frequency of 100. Any three successive com- 
ponents were sufficient to give the tone a pitch corresponding to 100, 
and with four consecutive components the fundamental was very 
prominent. When a piece of music is reproduced with all frequencies 
below 300 suppressed, the quality is affected to an astonishingly small 
degree. 

The simplest explanation of these results is that the mechanism 

^ Journ, Amer. Sac. Acoust., Vol. 9, p. 119 (1937). t Vol. 6, p. 59 (1934). 
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of the ear displays a non-linear response to external applied forces. 
This non-linearity produces aural tones : all the summation frequencies, 
difference frequencies, harmonic frequencies as well as the impressed 
frequencies produce nerve stimulation. When the fundamental and 
the first few overtones are eliminated from the external tone, they are 
again introduced by the ear mechanism as “ subjective ” tones, al- 
though with quite different intensities. 

, Bek^sy * maintains that aural overtones are almost certainly 
produced in the cochlea and difference tones in the middle ear, since 
their loudness is altered by differences of air pressure and muscle con- 
traction in the ear passages. 

The existence of these tones has been established and their intensity 
estimated by means of the exploring tone method described in a 
previous section (p. 475). Using two tones at a sensation level of 80 
db. and of frequencies 700 and 1200 respectively, and a third exploring 
tone, Wegel and Lane| established the existence of the following aural 
tones : 

/i, 1200; U 700; /, 1900; f^- f^, 500 ; 2/^, 2400; 2^ 1400; 

3/i, 3600; 3 / 2 , 2100; 3100; ^ 1700; 2600; 

2/2-/i,200(?); 4/2,2800; 2/i + 2/,, 3800 ; 2f,~ 2f„ 1000; 

4300; 3/1-/2,2900; 3/2 +/i, 3300; 3/2 -/j, 900. 

The only tone absent which theory would have led us to expect 
was 4/j, 4800. 

The use of an exploring tone to elucidate the subjective structure 
of a given tone-complex is criticized by Trimmer and Firestone % on 
the ground that the exploring tone itself tends to introduce aural 
tones both by itself and in combination with the tone to be studied, 
and that it cannot always be assumed that these are negligible. Thus 
care must be taken to ensure that the exploring tone is not itself con- 
tributing to the tone-structure to be explored. 

The problem can be approached also by examining the microphonic action 
of the cochlea. A thorough exploration of the cochlear response of a cat using a 
wave analyser gave a total of 66 diflferent tones in the frequency range 100 to 
8000 when two pure tones were used as the stimulus. Their frequencies were 
700 and 1200 and their sensation level 90 db. above threshold. The list included 
4 harmonics of 700, 3 harmonics of 1200 and 27 combination tones, all with 
intensities exceeding 1 per cent of the stimulating tones. 

Of course any mechanical system to which the vibrations are com- 
municated may give rise to these tones. Since the adiabatics for air 
are curved, there is an asymmetry in the relation between pressure 
difference and condensation. Thus with sufficiently loud sounds com- 
bination tones may be produced in the medium. They may also 


Ann. d, Physik, Vol. 20 , p. 809 ( 1934 ). f Fletcher, Speech and Hearing^ p, 176 . 
X Journ. Amer. Soc. Acoust., Vol. 9 , p. 24 ( 1937 ). 
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be produced in the receiving mechanism — not only in the ear but 
in a microphone. 

9. Masking of Sounds. 

If, while we arc listening to a continuous sound, another sound 
is started with a low but gradually rising intensity, there may come 
an instant when the first sound ceases to be audible; it is said to be 
masked by the second sound. Early experiments by Mayer * in- 
dicated that a tone of high pitch can easily be masked by a tone of 
low pitch, but that it is much more difficult to mask a tone of low 
pitch by using a tone of high pitch. The matter has been further studied 
by Wegel and Lane.| 

The curves in fig. 17.16 indicate results obtained at the Bell Tele- 
phone Laboratories. The masking tone is held steady at a frequency of 
200 and an intensity level of 20 db. above threshold. Another tone of 
frequency 100 cycles per sec. is then produced, and its intensity is gradu- 
ally raised until it just becomes audible. The intensity at which it now 
becomes audible is a new threshold value, and the difference in decibels 
between this intensity and the ordinary threshold intensity is called 
the threshold shift, and is plotted against the frequency 100. The 
same process is repeated with notes varying in frequency up to 4000, 
the masking tone being maintained steady at frequency 200 and sen- 
sation level 20 db. The results when plotted give the lowest curve 
in the first figure of the diagram. 

This curve shows that for frequencies from 100 to about 700 the 
masking effect of the tone of frequency 200 is considerable, rising to 
about 10 db. threshold shift for tones of frequency about 180 and to 
about 13 db. or 14 db. for tones of frequency about 270. Above fre- 
quencies of 700 there is no threshold shift at all; that is, the tone is 
audible at the same level of intensity whether the masking tone is 
sounding or not. 

The intensity of the masking tone is now raised to 40 db., 60 db., 
and 80 db. respectively above threshold and the whole series of obser- 
vations from frequency 100 to frequency 4000 is repeated in each case. 
These observations when plotted give the other curves of the first dia- 
gram. It is seen at once that a 200-cycle tone of intensity 80 db. above 
threshold gives considerable masking all over the frequency range, 
but a greater threshold shift for notes of higher frequency than for 
notes of lower frequency than the masking tone. The other diagrams 
show the effects of masking tones of frequencies 400, 800, 1200, 2400 
and 3500 cycles per sec. 

Thus Mayer’s deduction requires qualification. A low tone must be 
raised to a very high intensity before it will mask a high tone far 


Phil. Mag., Vol. ii, p. 500 (1876). f Phys, Rev., Vol. 23, p. 266 (1924). 
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removed in frequency, and a high tone will mask one of lower pitch if 
the frequencies are near together. 






Fig. 17.16. — Masking effect of pure tones of various intensities and frequencies. 
(From Fletcher, Speech and Hearing (Macmillan, 1929 ), by permission) 


10. Noise. 

The increase of noise due to the increased use of machinery, the 
development of mechanical transport and other causes has focused 
public attention on the subject, and a scientific study of its physio- 
logical and psychological results has been demanded. This has in- 
volved the necessity of measuring and analysing noise, so that we may 
be in a position to eliminate as far as possible all unnecessary noise 
and reduce necessary noise to a minimum. 







486 


THE EAR AND HEARING 


[Chap. 


Noise is defined as “ sound not desired by the recijnent ”, This 
d<ifinition may seem somewhat subjective, as indeed it is, but it has 
iti5 uses. It allows for the obvious fact that what is one man’s noise 
may be another man’s music; indeed, what is one man’s noise at one 
moment may be the same man’s music at another moment. 

The most important characteristic of noise is loudness, and several 
methods of measuring this are available. From the definition already 
given (section 3, p. 464) it is obvious that for subjective measurement 
a standard tone must be adjusted in intensity until it is equal in 
loudness to the noise to be measured. The interval between the in- 
tensity of the standard tone and its threshold intensity measured in 
decibels gives the loudness of the noise in phons. 

Measurements have been made by Davis * and others with a tuning- 
fork. The intensity of the sound emitted by a tuning-fork may be 
represented by the equation 

where is the intensity at time t, 7q the initial intensity, t the time 
in seconds, and a a constant depending on the fork. 

Since 10 is the difference in intensity in time t measured in 

decibels, the decay in intensity in time Hs A X t, where A is a constant 
depending on the fork. Hence if the fork takes t sec. to decay to an 
intensity equal in loudness to the noise, and N is this sensation level and 
5 the initial sensation level of the fork in decibels above the threshold, 

tlien N = S — (/S. X t). 

If the vibrations of the fork are allowed to decay until its note 
is just masked by the noise, 

N = S^{Axt) + M, 

where M is the difference between the matching value and the masking 
value, a quantity which varies a little with the nature and pitch of 
the noise but is fairly constant at 15 to 20 db. If the frequency of the 
fork is 1000 cycles/sec., then N is the loudness in phons. 

The method has the advantage of great simplicity, and the results 
compare favourably with those obtained by much more elaborate and 
expensive apparatus. It has, however, some disadvantages. The first 
it shares with some other instruments: it is dependent on a subjective 
judgment. Secondly, it is not applicable to sounds of short duration 
or to rapidly varying sounds. Thirdly, it cannot be used for very in- 
tense sounds, as the initial loudness of the fork is not sufficiently great. 

Among audiometers of rather more complicated nature may be mentioned 
the Siemens-Barkhausen instrument. It consists essentially of an electric dia- 
phragm buzzer of standard frequency, the current from which is led to a telephone 


Nature^ Vol. 125. p. 48 
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against one ear. The telephone may be placed in close contact with one ear and 
the other ear left open to receive the noise. The adjustment of the telephone by 
an attenuator is then made for equality. Alternatively, the ear-piece may hold 
the diaphragm away from the ear and allow mixing of the noise in the same ear. 
In this case adjustment is made for masking. The telephone receiver may be 
calibrated by placing it tightly over an artificial ear canal communicating with 
the diaphragm of a calibrated microphone. It is graduated to read decibels above 
threshold intensity. 

An instrument designed by the Western Electric Company uses valve oscillators 
of eight different frequencies and measures the rise of the threshold of audibility 
due to the noise by admitting noise and sound from the oscillators to the same 
ear. This rise of the threshold of audibility, of course, is what the telephone 
engineer is particularly interested in. 

In all these cases we use aural matching and the instruments are 
said to be subjective. Some time ago the Radio Corporation of America 
introduced an instrument designed to eliminate this subjective judg- 
ment. Obviously a mere integration of the total energy is useless 
owing to the relative insensitiveness of the ear to very low and very 
high frequencies, and in this instrument a microphone and amplifier 
are connected to an attenuator which reduces the response at each 
frequency in such a way as to simulate the action of the ear. Strictly 
speaking, this means different relative attenuation at different noise 
levels, but it is found sufficient to have the instrument adjustable for 
the levels 40 db. to 90 db. A similar instrument has been designed in the 
National Physical Laboratory and is being produced on a commercial 
scale. It is a direct-reading instrument giving a range of from 50 to 
130 phons. 

It is only rarely that noise produces any physical injury. Boiler- 
maker’s deafness is a well-known occupational disease, but it arises 
only after prolonged exposure of the subject to a very intense noise 
level far exceeding anything met with in ordinary life. Only very 
rarely is the normal person subjected to suflficiently persistent intense 
noise to produce any permanent effect on auditory efficiency. 

On the other hand, temporary effects are noticeable at levels of 
100 db. for tones of frequency about 1000. The threshold of audibility 
may be temporarily raised by about 20 db., but the effect passes off 
after a comparatively short time. Airman’s deafness is an illustration 
of this, but with ordinary people the conditions are very rarely realized. 

Evidence as to the effect of noise on output is somewhat conflicting. 
Laird * has measured the oxygen consumption of typists working at 
different noise levels and found a considerable increase at high levels. 
On the other hand, Weston and Adams f found the output of weavers 
only slightly increased when they were protected by ear defenders. 
It was clear from their results, however, that adaptation to the noise 

^Journ. Nat. Inst. Industr. Psychology^ Vol. 4, p. 259 (1929); Joum. Appl. Psychology^ 
Vol. 17, p. 320 (1933)* 

t Industrial Health Research Board , Report 65. 
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is a process which the worker undergoes daily, and that the adaptation 
wears off and ejficiency drops when fatigue sets in. Pollock and Bart- 
lett * found that the performance of mental tasks is not prejudicially 
affected after a preliminary period of adaptation even when the noise 
level is considerable and the tasks complex. Of course in all these 
cases there is one important factor which still remains in doubt. No 
one works normally at maximum output, and the maintenance of the 
normal output at a high noise level may make greater demands on 
reserves and be more costly than we think. 

So far as distraction is concerned loudness is again a primary factor, 
but above frequencies of 500 or so annoyance seems to increase more 
rapidly than loudness, which suggests that high-pitched sounds are 
inherently distracting, as are also sounds containing high-pitched or 
inharmonic partials. Unfamiliarity, uncertainty as to cause, and un- 
certainty as to direction of source are also factors tending to increase 
the distraction. 

Doctors have called attention to the effect of noise on sleep. Even 
when the subject is unconscious of the noise and is neither kept awake 
nor roused by it, physiological effects are produced which may indicate 
that the restorative quality of the sleep is being impaired. 

There remains the effect of noise on the nervous system. This is 
very difficult to assess. The point of view of the medical profession 
is stated by Lord Horderf as follows: '' Doctors are definitely con- 
vinced that noise wears down the human nervous system, so that both 
the natural resistance to disease and the natural recovery from disease 
are lowered. In this way noise puts health in jeopardy, and most intel- 
ligent folk can understand this from its effect upon themselves.” 

Bartlett J sums up the situation as follows : 

“ We can also say two other things: the first is that, on the whole, noise, 
however intense it is, is not very likely to disturb the people who make it, or even 
the people whose exposure to it is regular and long continued ; and the second is 
that probably the disturbing effects of noise are at their maximum for people 
who have to do mental work, but are for some reason bored, tired, forced into a 
job which is a bit too difficult for them or not quite difficult enough or in which 
they are only moderately interested. If any community contains a considerable 
number of people of whom these things are true, complaints of noise will be 
common. As a distraction, however, while its effects do not justify the sensa- 
tional statements that are often made, it is certainly harmful enough to provide 
a justification for all the efforts that can be made towards its reduction.” 

The most satisfactory attack upon unnecessary noise is that directed 
against the source. Here a good deal of progress has been made. The 
motor-horn has been silenced at night in built-up areas. Wireless 
loud-speakers and gramophones are controlled by by-laws. A special 
study is being made of the noises due to aeroplanes, and the under- 

^ Industrial Health Research Board, Report 65. f Quiet, Vol. i, p. 5 (July, 1937). 

X The Problem of Noise (Cambr. Univ. Press, 1934). 
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ground railways are being silenced by the use of longer lengths of 
rail and by the use of absorbents on the walls of the tunnel. Now 
that quantitative measurement of noise is possible, new methods of 
attack on the problem are being opened up almost daily. 

Three tables are appended * giving loudness levels due to (a) 
Traffic Noises, (6) Road Transport Noises, (c) Noises from various 
sources. 

Table IX. — Noise Levels 
Very Loud Noises 


Source 

Observer’s position 

Loudness 

Aeroplane 

10 ft. from airscrew 

phons 

120 to 130 

99 

in cabin 

90 to 110 

Riveting machine 

35 ft. away 

102 

Pneumatic drill 

10 „ 

90 to 100 

Ship’s siren 

115 „ 

98 

Niagara Falla 

noisiest location 

90 


British Road Transport Noises 


Source 

Observer’s position 

Loudness 



1 

phons 

Tram 

in street 

91 

Motor- bus 

inside 

64 to 74 

Quiet motor-car, 



40 m.p.h. 

inside 

75 

Motor-horn 

20 ft. away. 

94 to 102 


Traffic Noise Measurements in London 
Microphone suspended above Pavement 


Location 

Average 

Loudness 

Peak 

Loudness 


phons 

phons 

In front of St. PauTs Cathedral 

74 

77 

Lombard Street 

74 

80 

Mansion House 

73 

78 

Victoria Street 

73 

77 

Trafalgar Square 

72 

— 

Adolphi 

62 

66 

Fleet Street (Law Courts) . . 

62 

70 

Temple Gardens 

Regent’s Park (quiet period) 

53 

67 

52 

1 

— 


From N. W. McLachlan, Noise (Oxford Univ. Press, 1935). 
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11. The Hearing of Beats. 

The phenomenon of superposition explains the fact that when 
two continuous notes are admitted both to both ears or both to one 
ear, beats are heard whose frequency is the difference in frequency 
of the two notes. If the waves corresponding to the two notes act on 
the same part of the hearing mechanism, we should expect these alter- 
nations in amplitude of vibration and therefore in loudness. These 
beats are difficult to hear if they are very slow, and are best heard 
when they have a frequency of about 3 per sec. The effect is that of 
a single throbbing tone of intermediate pitch called the intertone. As 
the interval between the two sources is increased a point is reached 
when it is recognized that there are two notes involved.* This “ resolu- 
tion of the two components is only achieved by the ear at greater 
frequency differences (about 8 per sec.) than are required to distinguish 
two notes sounded successively. As the interval between the two 
notes is increased the intertone disappears, the frequency of the beats 
increases and the sensation becomes unpleasant. Helmholtz attributed 
all discord in music to rapid beating between the fundamental tones 
of chords or between their partials. The unpleasantness, however, 
does not increase without limit. It reaches a maximum for a beat 
frequency which depends on the frequencies of the two notes involved 
and which is lower the lower these frequencies are. Further widening 
of the interval between the two notes is accompanied by decreasing 
unpleasantness, enfeeblement of the beats, and finally complete dis- 
appearance of the beats. An attempt to measure roughness has been 
made by Bek6sy,t but the project is beset with many difficulties and 
only a beginning has been made. 

Beats may be heard not only when the sound waves from both 
beating sources reach both ears but also when the waves from each 
beating source are led to one ear only. The phenomenon is one of 
considerable interest and has been studied by Lane.J Two tones 
capable of giving moderately slow beating in the ordinary way are 
led separately to two telephone ear-pieces attached to the two ears 
so that only one tone reaches each ear. One of the tones is maintained 
steadily at an intensity of about 80 decibels above the threshold of 
audibility. The other is started at zero intensity and gradually in- 
creased. At first nothing but a steady tone with the frequency of the 
louder tone is heard. When the intensity of the weaker tone reaches 
a level of 5 or 10 db. above threshold audibility very faint beats 
become perceptible. At about 25 or 30 db. the beats reach their maxi- 
mum distinctness; as the intensity of the variable tone is furthei 

• Wcver, Psychol. Rev., Vol. 36, p. 402 (1929). 

t Zeits. f. tech. Phys., Vol. 16, p. 56 (1935). J Phys. Rev., Vol. 26, p. 401 (1925). 
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increased the distinctness diminishes and at 45 or 50 db. the beats 
disappear. If the intensity of the variable tone is still further increased, 
beats are again heard when this reaches about 60 db., to become very 
distinct at 80 db. and disappear at 100 db. These two sets of beats 
are quite different in character, and for reasons which will appear 
later are distinguished as subjective or objective according as they occur 
for sources of nearly equal intensity or for sources of very unequal 
intensity. 

When beats are heard in the ordinary way they are most distinct 
when the two tones have the same intensity and are inaudible if they 
differ by more than about 30 db. In the case of binaural hearing the 
beats are most distinct when there is a difference in intensity of about 
55 db. This suggests at once that the beats are heard in the ear t/O 
which the weaker tone is led and that the stronger tone is conducted 
across the head and loses about 55 db. in its passage. This view is 
confirmed by the fact that for a person entirely deaf in one ear the 
average difference in intensity required for minimum audibility between 
a tone in the good ear and in the bad ear is about 55 db. It is also 
confirmed by a masking experiment. A tone of one frequency has 
superposed on it in the same ear a tone of another frequency and the 
intensity of the second tone is increased until the first tone becomes 
inaudible. The tone of variable intensity is then transferred to the 
other ear and again increased in strength till the first tone becomes 
inaudible. The intensity of the variable tone will then be found to 
be about 55 db. greater than was necessary when the masking tone 
was applied to the same ear as the tone to be masked. 

The subjective beats which occur when the two tones are of nearly 
equal intensity must have an entirely different origin. They are probably 
due to the fact that localization of a source of sound seems to depend 
on the capacity of the ear to appreciate differences in time of arrival 
of sound waves at the two ears. This question will be raised again in 
the next section; meanwhile it is only necessary to say that if the tones 
from two tuning-forks of slightly different frequency are led separately 
to the two ears respectively the observer experiences a sensation of 
continuous change of sound direction. It is as if two compressions 
arriving simultaneously at the two ears gave the impression of a source 
of sound situated in the median plane of the head. The tone of greater 
frequency then gets in advance, and if it is being led to the right ear the 
source of sound appears on the right-hand side. As this tone continues 
to gain the phase difference passes through tt, and the source of sound 
appears to change to the left-hand side. This experiment is due to 
Rayleigh, and Lane maintains that when the difference of frequency 
exceeds one or two vibrations per second the sensation becomes the 
so-called subjective binaural beating. 
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12. Perception of Sound Direction. 

Tlie perception of sound direction without movement of the head 
requires the use of two ears, and with low-pitched sounds even rotation 
of the head may fail to give information as to the direction of a source 
of sound if one ear is stopped. When both ears are used the discrimina- 
tion between right and left is made with ease and certainty even for 
pure tones; discrimination between front and back is much more 
difficult, and in the case of pure tones almost impossible. The pheno- 
menon was studied very thoroughly by Rayleigh.* The obvious ex- 
planation of the ability to discriminate is that a source of sound pro- 
duces a difference of intensity at the two ears and that the subject 
locates the source of sound in the direction of the ear receiving the 
greater intensity. Where there is any uncertainty the subject tends 
to swing the head round until the source lies on the line joining the 
two ears and the difference in intensity is a maximum. Rayleigh 
showed that however plausible this explanation may seem, it can 
only have a very limited application. The head is an effective obstacle 
only for sounds for which the circumference of the head is comparable 
with the wave-length of the sound. Thus if we treat the head as a 
sphere of radius a and compare the sound intensity at the right 
ear presented directly to the source, with the intensity 7^ at the left 
ear shielded by the sphere, we have che following results :f 


277 a 

“A" 




li 

i 

•294 

•260 

\aa4 __ 

•294 

12 per cent 

1 

•503 

•285 

•21S 

•■50*3 

43 „ 

2 

•690 

•318 

•372 

•3 9 0 

54 „ 


For the head 277 a = 2 ft., so that if 27ra/A ~ A = 4 ft., or 
/= 256. It can be shown that for/= 128 the intensity difference 
is less than 1 per cent. It seems, therefore, as if in the case of low- 
pitched pure tones, at least, the explanation of the correct location of 
a source of sound must be sought elsewhere. 

The possibility that phase difference is the effective factor was 
also suggested by Rayleigh and investigated experimentally. He 
devised the experiment on binaural beats referred to on p. 491. Two 
forks, associated with resonators and giving a slow beat cycle, are 
acoustically insulated in separate rooms and sound is led by pipes to 
points near the two ears of the observer. Distinct alternations of sen- 
sations of right and left are observed. When the vibration of greater 
frequency is on the right, sensation of right follows agreement of 

• Nature, \o\. 14, p. 32 (1876); Phil, Mag., Vol. 3, p. 546 (1877); ibid., Vol. 13, p. 340 
(1882). t Rayleigh, loc. cit. 
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phase and sensation of left follows opposition of phase. Rayleigh 
concluded that both intensity and phase difEerence are effective, the 
former being the main factor for high frequencies and the latter for 
low frequencies. 

Subsequent investigations by Stewart * confirmed the importance 
of the two factors. By varying the intensity ratio at the two ears he 
found that the apparent displacement from the median plane of the 
single source of sound into which the two separate sources at the two 
ears seems to fuse is given by 

d-=Klog//. 

This formula is established for frequencies 256, 512, 1024. The 
actual values of and 7^ for definite values of 6 for a real source 
are calculated, and so great a discrepancy is found between the experi- 
mental value IrIIjt required to produce the sensation of a phantom 
source in a position defined by 0 and the calculated value of IrII^ for an 
actual source in the same position that it is inferred that intensity 
cannot be an important factor in the frequency range 256-1024. 
Experimenting with phase difference, Stewart found a linear relation 
between the apparent angular displacement of a source from the 
median plane and the difference of phase being artificially produced 
at the two ears. When the two are plotted they give different straight- 
line relations for different frequencies and the slope of the line is found 
to be proportional to the frequency. The experimental value of the 
phase difference at the two ears leading to a judgment of a single 
source in a plane making an angle 0 with the median plane agrees well 
with the calculated value for a real source in that position for frequencies 
up to about 1200. 

A valuable report on the subject has been issued by the Medical 
Research Council.! This report points out that the effect attributed 
to phase difference may be due simply to time difference in arrival 
at the two ears, and that this is more likely to be directly sensed than 
the fraction (time difference)/period. Stewart’s work is consistent 
with this interpretation. Further experiments are cited to show that 
any given deviation always requires the same time interval no matter 
what the frequency of the note. The intensity factor is rather dis- 
counted as involving much greater intensity differences than those 
actually experienced. It is also pointed out that moderate deafness 
in one ear or the partial closing of a tube through which the sound 
reaches one ear does not affect localization. 

Further, it is to be noted that in work with sound locators the 
mean angle of error in setting, for a given observer, is practically 
independent of the distance of the source so long as this is not so 

• Phys. Rev.t Vol. 15, p. 425 (1920). f Studies in the Localization of Sound (1932). 
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great as to make hearing difficult. This is what we should expect 
if the time difference at the horns is the deciding factor. It is not 
what we should expect if the deciding factor were either the absolute 
difference of intensity or the relative difference of intensity. It is also 
foimd that in working under the best possible conditions with the 
most modern forms of locators the accuracy of working approaches 
the limit set by the shortest perceptible interval of time as determined 
by other methods. The suggestion that time difference rather than 
phase difference is the deciding factor is strengthened by the obser- 
vation that complex sounds are located with greater precision and 
certainty than pure tones. Now each constituent of the complex 
sound will give different phase difference, but all constituents will give 
the same time difference. 

Against this Stevens and Newman * have shown that errors of 
judgment in locating pure tones are a maximum for frequencies in 
the neighbourhood of 3000, which is about the region of frequency 
too high for phase discrimination and too low for good intensity dis- 
crimination. 

It may be fairly claimed, then, that the available evidence points 
strongly to the conclusion that the power of assigning a direction to 
the source of sound depends on the ability to appreciate a time dif- 
ference of the arrival of the sound or some prominent feature of its 
wave form at the two ears. Above a frequency of about 1200 inten- 
sity may play some part, but the evidence for this is not conclusive. 

13. Theories of Hearing. 

From a consideration of the mechanism of the ear and the phe- 
nomena of hearing we pass to a consideration of the way in which 
the mechanism operates, and here we pass from established fact to 
theory. One of the earliest theories was the resonance theory. It seems 
to have been suggested, first by Cotugno (1736-1822) and later by Charles 
Bell,! that the fibres of the basilar membrane play the part of reso- 
nators, taking up from the vibrations communicated to the fluid in the 
cochlea the vibrations of the frequency to which they are tuned and, 
because of their damping, vibrations of neighbouring frequencies. 
This theory was adopted by Helmholtz in his Sensations of Tone (1863), 
probably independently, and put on a firm physical basis. The facts 
which the theory was then called upon to explain were as follows: 

(1) The ear is sensitive over a range of ten or eleven octaves. 

(2) Pitch discrimination over the middle of the range of audibility 
is very acute, but it becomes much less so at both ends of the range. 

(3) Beats are heard when two pure tones of nearly equal frequency 

• Proc. Nat, Acad. Set., Vol. 22. p. 668 (iq:\6); Amer. Joum. Psychol., Vol. 48, p. 297 
(1936). 

■\ Anatomy and Physiology of the Human Body (1826I. 
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are sounded simultaneously, but only when the frequency ratio of the 
two tones, i.e. the musical interval between them, is not too large. 

(4) Trills performed on two notes are clear-cut and distinct provided 
they are not too rapid, but rapid trills which may be quite distinct 
in the treble are not distinct in the bass. 

(5) When two or more notes difEering widely in pitch are sounded 
simultaneously, the ear hears each separately, and it csm even hear 
separately the constituent partial tones of an ordinary musical note. 

If now we assume the existence in the ear of a series of resonators 
covering something like the range of frequency to which the ear is 
sensitive and subject to damping, these facts may be explained. 

(1) A pure tone will excite a small group of these resonators and 
each will stimulate its corresponding nerve cells, the pitch of the 
tone being determined by the resonator giving maximum response. 

(2) Over the middle of the range it will be possible to distinguish 
two maxima fairly close together, while at the ends of the range the 
end resonators will be stimulated by two tones whose frequencies lie 
beyond the proper frequencies of the end resonators and no true 
maxima will exist. 

(3) Beats imply the simultaneous action of the two beating tones 
on certain resonators and can therefore be heard only when the two 
groups of resonators which respond to the two tones separately have 
certain members in common. When the beating tones are too widely 
separated in pitch, the two groups of resonators will be entirely distinct 
and no beats will be heard. 

(4) The fact that trills can be clearly heard implies that the damp- 
ing must be fairly considerable. The fact that trills are more clear in 
the treble than in the bass when performed at the same rate is what 
would be expected if the resonators fall to any given fraction of their 
initial amplitude in the same number of vibrations. This would mean 
that it would take much longer for the amplitude to fall to one-tenth 
of its initial value in the case of the notes in the bass than with notes 
in the treble. 

(5) Any number of groups of resonators may be simultaneously 
stimulated and each group can produce its separate nervous stimulus. 

Now it must be said at once that there is no conclusive evidence 
of the existence of such a series of resonators. The possibility that 
the transverse fibres of the basilar membrane may so act was, as we 
have seen, one of the earliest suggestions, and it has not yet been 
abandoned. We know that the fibres vary in length and thickness. 
There is reason to believe that they vary in tension, the shortest and 
lightest being nearest to the oval window and most tightly stretched. 
They are differentially loaded in the same sense by the liquid in which 
the membrane is immersed, and if we take all these facts into con- 
sideration the possible range of frequency is of the order of the range 

(f791) 17 
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of audible frequencies. Also, since they must be fairly heavily damped 
a group will be stimulated by any pure tone, and the louder the tone 
the larger will be the group. 

Several attempts have been made by Hartridge to establish the existence of 
these resonators by examining the sensat ion produced by a sudden phase change 
of TT in the stimulating tone. On the resonator theory we should expect a momen- 
tary silence while the excited resonators came to rest and started again. This 
Hartridge claimed to have observed.* As his interpretation of the observed 
sensation was not accepted, he returned to the subject again f and, using another 
technique (a siren in which all the holes wt^re equally spaced except one j)air for 
which the distance was halved), found an instant of silence in each revolution 
of the disc. In collaboration with Hallpike and Rawdon Smith J he observed 
the electrical response of the cochlea and of the auditory nerve of the cat to 
phase reversal in a stimulating tone. The variations in the i)otential were recorded 
by a cathode ray oscillograph. The record from the auditory nerve showed the 
silence. 'Hie record from the cochlea, on the other hand, showed an accurate and 
immediate reproduction of the change in the stimulating tone without any inter- 
ruption, suggesting that the part of the cochlea rcspoiLsible for tlie microphonic 
action is not resonating in character. Of course the part responsible for the 
microphonic action may not be the same as the part responsible for pitch per- 
ception, but this view seems difficult to maintain in view of the close correlation 
between pitch perception and the electrical re.sponso of the cochlea. 

However slender the evidence may be for the existence of a series of tuned 
resonators or for their identification with the fibres of the basilar membrane, 
there is very strong evidence that the perception of frequency is spatially dis- 
tributed along the membrane. Experiments have been made on animals by sub- 
jecting them to prolonged sounds of high intensity. 'J'hey have afterwards shown 
localized damage of the cochlea near the base for high-pitched sounds and near 
the apex for low-pitched sounds, and have also shown deafness for tones of pitch 
near to that of the stimulating tone. An examination of the microphonic response 
of the cochlea for various frequencies has given similar results. It has also been 
found by Hallpike and Rawdon Smith § that if in the measurement of the micro- 
phonic response of the cat an electrode is inserted at the base of the cochlea 
the response is greatest for high frequencies, while if it is inse^rted at the apex 
the response is greatest for low frequencies. Their results are shown graphically 
in fig. 17.17. Held and Kleinknecht || have produced localized damage of a small 
area of the basilar membrane of a guinea-pig by means of a very fine drill and 
found that the animal showed a selective deafness to tones of a particular pitch. 

Additional evidence is obtained from the microphonic action of the cochlea 
of a guinea-pig by Stevens, Davis and Lurie.CI By measuring the electrical 
response in the cochleas of guinea-pigs to pure tones before and after the pro- 
duction of localized lesions of the basilar membrane and afterwards subjecting 
the basilar membrane to careful histological examination, a correlation between 
position on the membrane and frequency response is obtained. In fig. 17.18 the 
circles represent results obtained by this method, position on the membrane 
being plotted against frequency. 

The results can be compared with results deduced for the human 
ear on certain assumptions. If it is assumed that the ear can always 
discriminate in pitch between two tones whose maxima are separated 

♦ Brit, y. Psychol., Vol. I2, p. 142 (1921). f Proc, Phys. Soc., Vol. 48, p. 145 (1936). 

I Proc, Roy. Soc., Vol. 122, p. 175 (193?) § Physiol., Vol. 81, pp. 25, 395 (1934)* 

il Pfiiigers Archiv., Vol. 216, p. 1 (1927). Q J. Gen. Psychol., Vol. 13, p. 297 (1935). 
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by a certain minimum distance on the basilar membrane, then just 
perceptible pitch difference (difference limens) will correspond to equal 



Fig. 17.17. — Graphs showing the relative responses obtained from basal and 
apical electrodes on the cochlea of the cat, for various stimulating frequencies. 
Note that the curves intersect at approx. 1200 c.p.s. 


steps along the basilar membrane. Taking the maximum and minimum 
audible frequencies for the two end-points and dividing the membrane 



Si- 


Fig. 17.18. — a'he correlation between the position of damage on the basilar membrane 
and the associated change in the audiograms. The solid line represents the integration of the 
data for human pitch discrimination, as explained in the text. The width of each rectangle 
represents the frequency range within which deviation from normal sensitiveness occurs, 
and its height represents the zone on the basilar membrane separating definitely normal 
from definitely abnormal hair cells. The centres of the circles indicate the centres of the 
peaks or depressions in the audiograms and the centres of normal or abnormal regions of 
the organ of Corti. 


up into the 1200 or so equal steps, we can plot position on the basilar 
membrane against frequency, and we get the solid line of fig. 17.18. 
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The end portions of the curve are a little uncertain, as they depend 
very largely on the loudness level selected for the observations, but this 
assumption and others make very little difference to the part of the 
curve which represents the range of frequency from 500 cycles/sec. 
to 10,000 cycles/sec. 

This spatial distribution of frequency does not, of course, require the 
existence of a series of resonators ; it only requires a point of maximal 
stimulation of the membrane whose position varies with frequency. 
Even so, however, the view is not without its difficulties. The region 
of the basilar membrane which is stimulated by a loud pure tone must 
be considerable if it is to explain the phenomenon of masking. To 
account for sensitiveness to small pitch differences we must assume 
that a displacement of the maximum by 0-02 mm. along the basilar 
membrane can be detected. This represents a space sensibility much 
greater than that of the finger-tip, although not greater than that of 
the retina of the eye. 

As an alternative theory it has been held that the whole basilar 
membrane responds to all loud tones and that the frequency of the 
stimulating tone is the same as the frequency of the impulses conveyed 
by the nerve. Now it is impossible for any single nerve fibre to carry 
high-frequency signals. After each signal has passed there is a recovery 
period during which the nerve fibre cannot pass another signal. The 
limit to the frequency which one fibre can transmit is about 1000 
cycles/sec., but by co-operation a group of fibres can transmit fre- 
quencies up to 2000 cycles/sec. or more, the fibres transmitting in 
rotation. There is strong evidence for this, but unfortunately no in- 
dication of the direct transmission of frequencies much above 2000 
cycles /sec. Thus the microphonic response from the cochlea occurs 
at all audible frequencies, but the potentials in the auditory nerve 
exhibit no high frequencies. The variation of pitch with intensity 
also tells against this view. Increase of intensity does not change the 
frequency of the signals, but it may very well change the point of 
maximal stimulation on the basilar membrane. There is still much 
work to be done, but the correlation between pitch sensation and 
position on the basilar membrane satisfies most of the experimental 
results and gives an easy and direct explanation of the phenomena of 
analysis. 

14. Deafness. 

Deafness may be conveniently rated by specifying the hearing loss 
(H.L.) given by 

H.L. = 10 login 

where / is the threshold intensity for the patient’s ear and /q is the 
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threshold intensity for the normal ear. Strictly speaking, for a complete 
specification each ear must be tested over the whole frequency range 
with pure tones. This involves the use of expensive apparatus, but 
the results so obtained are invaluable from the point of view of diagnosis 





Fig. 17.19. — Audiograms for typical cases of deafness 

The whole area enclosed represents the sensation area for a normal ear, the shaded 
portion the insensitive region for the ear examined. A shows hearing loss for high notes 
witii slightly increased intensity for notes of low and middle pitch. B shows hearing 
loss mainly for low notes. E shows nearly total loss of hearing. The units on the vertical 
scale are decibels of intensity level above or below the intensity level corresponding to 
maximum range of pitch. The units on the horizontal scale are ccnti-octaves of pitch 
above and below a frequency of 1000. 1 centi-octavc = 12 cents 3 savarts (approx.). 

and will no doubt soon completely supersede the older and more ap- 
proximate methods. The results can be plotted as shown in fig. 17.19. 

Fletcher * relates hearing loss as defined above with the results 
obtained by more rough-and-ready methods. Hearing can, for instance, 

♦ speech and Hearings p. 198. 
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be tested by the distance at which the subject can interpret numbers 
called by a speaker. It is difficult to control the intensity of the sound 
waves from the speaker or to specify it; it is very difficult to avoid 
reflections indoors and noise disturbances out of doors. Eliminating 
sources of error where possible and allowing for them where they 
cannot be eliminated, it is found that for a normal ear the distances 
at which the subject can interpret correctly 50 per cent of a series of 
numbers are for the average whisper 40 feet, for a loud whisper or 
quiet voice 222 feet, for a medium loud voice 1250 feet, and for a very 
loud voice 1^ miles. The way in which these distances are affected by 
hearing loss is shown in the following table. 

Maximum Distances in a Quiet Place free from Reflections for Interpreting 
Called Numbers by Persons having various Amounts of Hearing Loss 


Hearing Loss 

Average 

Whisper 

Loud 

Whisper or 
pp \'oice 

mj Voice 

ff Voice 

0 

39-5 ft. 

222 ft. 

1250 ft. 

H miles 

5 

22-2 ft. 

125 ft. 

704 ft. 

3950 ft. 

10 

12-5 ft. 

70 ft. 

395 ft. 

2220 ft. 

15 

7-0 ft. 

39-5 ft. 

222 ft. 

1250 ft. 

20 

4-0 ft. 

22-2 ft. 

125 ft. 

704 ft. 

25 

2-2 ft. 

12-5 ft. 

70 ft. 

395 ft. 

30 

15 in. 

7*0 ft. 

39-5 ft. 

222 ft. 

35 

8'5 in. 

4-0 ft. 

22-2 ft. 

125 ft. 

40 

4-7 in. 

2*2 ft. 

12-5 ft. 

70 ft. 

45 

2-7 in. 

15 in. 

7-0 ft. 

39-5 ft. 

50 

1-5 in. 

8*5 in. 

4-0 ft. 

22-2 ft. 

55 

0-8 in. 

4*7 in. 

2-2 ft. 

12-5 ft. 

60 

— 

2*7 in. 

15 in. 

7-0 ft. 

65 

— 

1-5 in. 

8-5 in. 

4-0 ft. 

70 

— 

0-8 in. 

4-7 in. 

2-2 ft. 

75 

— 

— 

2-7 in. 

15 in. 

80 

— 

— 

1*5 in. 

8*5 in. 

85 

— 

— 

0-8 in. 

4*7 in. 

90 

— 

— 

— 

2*7 in. 

95 

— 

— 

— 

1-5 in. 

100 

— 

— 

— 

0-8 in. 

1101 

115/ 

120 

May be reached by speaking-tube 

Totally deaf 


Similar tests may be made using the tick of a watch or the click 
of two coins. 

It is remarkable that a 25-db. hearing loss produces hardly notice- 
able deafness; at 35 db. ordinary conversation can still be followed; 
at 50 db. apparatus is required, and above this, as the threshold of 
feeling is approached, deafness becomes complete. 



CHAPTER XVIII 


Recording and Reproduction of Sound 

1. Sound Recording. 

The remarkable development which has taken place in the gramo- 
phone during the last thirty years is based to some extent on the 
perfection of the method of recording sound on discs in such a way 
that the sounds can be reproduced at will. Just because it can give 
us the music we want at the moment when we want it, there seems 
to be an obvious field for the gramophone w^hich the wireless can never 
successfully invade. Even with the resources of a number of foreign 
broadcasting stations at his disposal, the fastidious music lover is 
likely to have many opportunities for listening to music at times 
when the programmes offered make no appeal. For cinema films, too, 
the sound recording is frequently on discs, although it seems obvious 
that here I’ecording on film must ultimately supersede the disc method. 

The first sound records were made by Leon Scott in 1857 using 
the “ phonautograph The records were scientific curiosities used 
neither for purposes of analysis nor for reproduction. In 1877 Edison 
used the principle of the phonautograph to record sounds by indenting 
a trace of tinfoil covering the face of a metal cylinder. The 
tracing point made a track of varying depth (hill and dale recording). 
If alter the track had been made the tracing point was started at the 
beginning of the track and the cylinder rotated, the point reproduced 
its own motions, communicated them to the attached membrane, and 
so reproduced the sounds which had been the original cause of its 
vibration. In 1878 Bell recorded by a similar method on wax cylinders, 
the material being not merely indented but cut out. He recorded with 
a sharp stylus and stiff membrane and reproduced with a blunt stylus 
and limp membrane. The records were duplicated by an electrotype 
process and cast in wax, so that a softer wax could be used for record- 
ing and a harder wax for reproduction. In this same year Edison 
embodied these discoveries in the phonograph, the first practical 
talking machine. The next step was the gramophone patented by 
Berliner in 1887. The record was a disc instead of a cylinder 
and the track was a wavy furrow of uniform depth, the vibration of 
the recording stylus being across the track instead of up and down 
in it. The record was hand-driven and the sound-box had a small 
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conical horn attached. Later developments have consisted for the 
most part in the perfecting of the various elements in this early 
machine. A clockv^ork motor was introduced as driver, the record 
material was improved and tlie processing of the records made more 
efficient. The theory of the horn was developed and the design 
modified accordingly. Two new principles were introduced, that of 
electrical recording in 1924, and that of electrical reproduction in 
1925, with advantages which will be at once apparent. 

In the case of recording, the energy available for the work of cutting 
a record was at first entirely derived from the sound waves emitted 
by the soui’ce. The output was at best very small, and to get reasonable 



Fig. 18.1. — Diagram illustrating Maxfield and Harrison’s recorder, with 
equivalent electrical circuit 


results at all the source had to be very close to the instrument, and 
a large horn had to be used to concentrate the soimd on the diaphragm. 
This was a cramping condition for an individual performer, and any 
attempt to record an orchestral performance involved severe crowding 
of the performers. To record from a large orchestra or to record under 
ordinary concert conditions was impossible. 

A further diflEiculty arose from the fact that, in the mechanical 
system by means of which the energy of the sound waves was finally 
applied to the cutting tool, resonances were almost inevitable, and 
these could not be eliminated by large damping owing to the small 
amount of energy available. With the development of the wireless 
valve, however, distortionless amplification in almost any ratio can 
be applied to an electrical microphone, and there is the further advan- 
tage that by the use of lines the recording can be done at a point 
remote from the performance. 
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The record cutter was designed by Maxfield and Harrison * by 
applying to the mechanical system the principles of the electrical 
filter. Fig. 18.1 shows the essential parts of the mechanism, and on 
the left the corresponding elements of the analogous electrical filter. 
The current from the microphone is led to an electromagnet between 
the poles of which an armature is free to rotate. The armature is 
fixed to a shaft controlled by springs and carrying the recording stylus. 
In order to avoid selective frequency response it is essential that 



ZO 50 100 250 woo 5000 


Cycles 

Fig. 18,2. — Response curve of Maxfield and Harrison’s recorder compared with the 
response curve of an earlier acoustic recorder. The acoustic recorder curve is an example 
only, as the form varied greatly with the adjustment and from one instrument to another. 

The relative levels are quite arbitrary. 

the far end of the mechanical filter shall be terminated by a non- 
reactive mechanical resistance of appropriate value. This is secured 
by using a rod of gum rubber about 25 cm. long such that the torsional 
waves transmitted along it and reflected at the farther end are dis- 
sipated in the double journey. These principles of design were first 
laid down by Maxfield and Harrison t and marked an epoch in the 
perfection of recording and reproduction. The response curve of the 
electrical recorder as compared with that of an earlier acoustic recorder 
is shown in fig. 18.2. 

• Bell System Tech. Joum.^ Vo!, 5, p. 493 (1926). 

\ Journ. Amer. Inst, of Elec. Eng.^ Vol. 45, p. 243 (1926). 
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2. Recording on Discs. 

Tlie recording machine consists essentially of a heavy turntable, 
driven at a constant speed of rotation by means of clockwork operated 
by a weight. The recording point has a slow traverse across this along 
a radius of the disc, either from circumference to centre in the case of 
the ordinary record or from centre to circumference according to 
present practice for a record for use with a film projector. Sound 
pressure is converted by the microphone into voltage variations and 
these are amplified, corrected for distortion, and passed to an electro- 
mechanical recorder. The energy of the needle in vibration as it passes 
round the groove of a record is proportional to the square of the 
amplitude multiplied by the square of the frequency, or to the square 
of the velocity amplitude simply. In order that this may be constant 
for all frequencies the amplitude must vary inversely as the frequency, 
and the maximum velocity of the recording point must be constant 
for the same input energy for all values of the frequency. This is 
known as constant-velocity recording and is the most convenient 
for reproduction, as the common sound-box gives a sound pressure 
proportional to the velocity of the needle point and the common pick- 
up gives an E.M.F. proportional also to the velocity of the needle 
point. Recorders are specially designed on the principles set out 
above to give constant-velocity recording. 

The recording wax is a circular slab about 13 inches in diameter 
and 1| inches thick, which is composed of a metallic soap and has a 
highly polished plane surface. It is brought to the optimum tempera- 
ture, and the wax shavings produced in the process of recording are 
removed by a suction pipe close to the recorder box. The wax surface 
is then rendered conducting by brushing it with graphite or sputtering 
it with metal. From the record a negative is now produced by 
the electrodeposition of copper. This negative is a copper shell, the 
master shell, and could be used for the stamping of records directly. 
This would of course cause wear and a new recording would be neces- 
sary. To avoid this a second electrodeposition of copper is made, this 
time on the master shell, the surface of which is treated so that it 
can be separated from the deposited copper. This process gives a 
metallic replica of the wax, a positive known as the “ mother shell 
The electrodeposition is repeated on this and yields a new negative 
called the “ matrix shell which is backed and mounted in a press 
for the stamping of the actual records. 

The material of which the records are made is an intimate mixture 
of shellac, copal, resin, slate powder and carbon black. The mixture 
is passed along heated rollers, then cooled, and delivered in thin brittle 
sheets. The hydraulic press has a pair of heavy steel jaws in which 
are fixed the dies holding the matrices. These dies are hollow and 
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are fitted with a series of pipes through which steam or cold water 
can be passed. The labels are put in position above and below the 
lump into which the record material has been converted from its 
‘‘ biscuit ” form, and the pressing is carried out for about a minute 
with the press steam-heated. Cold water is then run through and 
the edges of the records trimmed and polished. When speed is essential 
the whole series of processes can be carried through in a few hours, 
although normally it takes several days. Until comparatively recently 
the material contained abrasive purposely introduced to grind the 
steel needle-point used in playing to the shape of the groove. The 
abrasive, however, adds to background noise, and with the use of 
reproducers of lower mechanical impedance homogeneous, non- 
abrasive material is replacing the older type. 

In order that there may be a long playing time the groove must 
be as narrow as possible and successive grooves as close as possible. 
The needle-point cannot in practice be reduced below a diameter of 
about *003 in., and even this figure gives a load on the point of several 
tons weight per square inch. The groove has a width of *006 in. and 
the wall dividing two grooves a width of •004 in. As the product of 
frequency and amplitude must be kept constant for constant intensity 
over all frequencies, low-frequency notes must have a large amplitude 
and two successive grooves tend to cut into one another if this minimum 
separation is not maintained. The distance between two successive 
grooves measured from centre to centre is thus ’01 in. Since the needle 
point has a diameter of -003 in. it cannot take a bend of less diameter. 
Therefore to reproduce a frequency of 5000 the disc must be run at 
a speed relative to the needle point of 5000 X -003 in. per sec. or 900 in. 
per min. To obtain this speed on a groove of 2 in. radius, which is the 
minimum used in practice, requires 900/47r revolutions per min. or 
about 72 r.p.m. The speed chosen in practice is usually 78 r.p.m. This 
determines the playing time for a given size of record. Thus if the 
outermost groove has a diameter of 12 in. and the iimermost a diameter 
of 4 in., then the difference in radius is 4 in., and since the pitch of the 
groove is *01 in. this allows for 400 revolutions. The time is 400/78 = 
5*13 min. The total length of the trace is the mean circumference 
multiplied by the number of revolutions — n X 8 X 400 — 10,050 in. 
™ 837 ft. or nearly a sixth of a mile. 

Attempts are now being made to develop commercially the “ hill 
and dale ” method of recording, and records have been produced * 
which give a wider range of frequency than the lateral cut. The closer 
groove spacing possible with an amplitude which is vertical instead 
of horizontal and the use of a slower speed of rotation (33^ r.p.m.) has 
made it practical to provide a 12-in. record which for music has a 
playing time of from 10 to 20 minutes. 

• liev. Set. Ifjst.f Vol. 5, p. 179 (1934). 
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The limitations of the method of disc recording are obvious. Better- 
quality reproduction is now demanded, and for the bass register this 
involves a wider pitch for the record groove and for the high-frequency 
components a faster speed. Both these changes would diminish the 
playing time, which is already too short. It seems that so far as these 
requirements are concerned it is impossible to avoid compromise. On 
the other hand, record material may be modified so as to give less 
surface noise, longer life and a cheaper record more easily carried and 
stored. 

3. Recording on Film. 

The possibility of recording and reproducing sound by a variation 
of a light beam seems first to have suggested itself about 1900. About 
this time Ruhmer is said to have produced photographic records 
using an arc, the light from which was varied by superposing the 
alternating current from a microphone on the current through the 
arc. The sound was afterwards reproduced by running the record in 
front of a constant arc so as to vary the light falling on a selenium 
cell. The variable current from the cell worked a loud-speaker. In 
1906 Lauste applied to the British Patent Office for a patent for a 
new and improved method of and means for simultaneously recording 
and reproducing movements and sounds The patent was accepted 
on 10th August, 1907, but it expired before it was worked. It appeared 
at a time when the development of the silent film was too rapid and 
when the unamplified voices were too thin to please an audience in 
a large hall; Lauste was twenty years ahead of his time. Meantime 
in 1923 de Forest took out patents for recording and reproducing on 
film with amplifiers, a demonstration was given at Finsbury Park 
Cinema, and in 1927 commercial backing was obtained on a large 
scale. The premiere of “ The Jazz Singer in September, 1928, and 
its run subsequently at the Regal Theatre, Marble Arch, marked the 
beginning of a spectacular development. The silent film was completely 
superseded in a few weeks almost. The demand for the new sound- 
film apparatus far outstripped the supply and skilled operators were 
unobtainable. Saturation in the matter of the number of theatres does 
not yet seem to have been reached, and the demand of the public is so 
uncritical that at most provincial theatres, at any rate, the standard of 
reproduction is far below what modern technique is capable of giving. 

4. Variable^density Recording. 

There are two methods of recording in use. In one of these the 
illumination fills the whole width of the sound track, but its intensity 
is varied so that the record varies in density. A reproduction of a 
piece of variable-density recording is shown on the right in fig. 18.3. 
The slit whose image is projected on the moving film is illuminated 
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with light of variable intensity. The intensity can be varied in one of 
two ways. We may either modify the source of light or modify the 
beam after it has left the source. The variable arc already referred to 
is an example of the former device. If a mercury arc is used the 
changes of intensity may be made very rapid. I)e Forest applied 
amplified microphone currents to an electric glow lamp. The difficulties 
inherent in the method arc (1) weakness of the source of light, 



Fig, 18,3, — Films showing the tw’o classes of sound track 


(2) difficulty of securing a proportionally between current strength and 
light intensity throughout the whole range of frequencies. The method 
has now been superseded. 

The alternative course is to modify the light beam by passing it 
through some sort of ‘‘ light valve ” operated by the microphone 
currents. This allows of the use of a very intense source of light and 
a very large range of values for the transmitted light. 

One form of valve is shown in fig. 18.4. It consists of a narrow slit between 
two strips of duralumin ribbon. The strips carry the amplified microphone 
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currents and are situated in a strong transverse magnetic field, the pole-pieces 
of the magnet being perforated to transmit the beam. The strips are subject 
to electrodynamic forces tending to open or close the slit and depending on the 
microphone current. The disadvantage of this method as compared with the 



LLnrcc^rf^rd 

SoundTratk 


Recorded 

Track 


variable glow lamp is the inertia of the ribbon, which is small but causes 
trouble at high frequencies. 

5. Variable- width Recording. 

Another method of light recording is to have a constant source 
illuminating a variable width of the slit wliose image is beijig projected 
on the moving film. This results in a record which has one edge clear 
and one uniformly dark, the appearance being as shown on the left 
in fig. 18.3. This result is secured by reflecting the light from the source 
on to the slit by means of an oscillograph mirror. The oscillograph 
may be a wire loop carrying the amplified speech currents and having 
the mirror attached, and it is suspended with the plane of the loop 
parallel to the lines of force of a strong magnetic field. 

The oscillograph may also consist of a moving magnet or it may 
embody the principle of the string galvanometer, a single duralumin 
ribbon being suspended in a strong magnetic field and carrying the 
microphone current. If the ribbon is designed with a natural frequency 
of about 10,000 it will compensate by resonance for high-frequency 
loss. 

This method obviously allows of 100 per cent modulation if the 
peaks run right across the track and if the transparent section transmits 
completely and the dark section is completely opaque. 

Variable-width recording gives negatives which are easier to handle 
than those given by the variable-density method. The former method 
produces a black-and-white record, the latter a record which must be 
developed to just the right point to give the best variation in density. 

In the actual talking-picture film the width available is about one 
inch and of this nine-tenths is devoted to the picture and one-tenth 
to the sound. The film moves through the apparatus with a speed of 
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90 ft. per min. or 18 in. per sec. — by jerks through the picture projector 
and steadily through the sound projector. The finest slit image which 
can usefully be projected on the moving film is about *002 in. This 
gives us for the upper limit of possible frequency 18/-002 = 9000, 
which compares favourably with that achieved by the disc. This 
limit was also set by the size of the film grain, but improvements in 
the film have already removed this cause of limitation and a greater 
fineness of slit may soon be achieved also. 

The processing of the film is automatic, the exposed film being 
driven through a series of tanks in which the film hangs in loops of 
length varying with the time 
required for that particular 
stage of the process. 

In a new method of 
recording * known as the 
Phillips - Miller, an opaque 
layer is removed from a 
travelling film by a chisel C 
operated by the microphone 
current. The film itself has 
three layers. The lowest and 
thickest (B) is translucent. 

On top of this is another 
translucent layer into 

which the chisel digs, remov- 
ing a strip of varying width 
from the top opaque layer C/^^. The process, which seems to have 
considerable possibilities, will be understood by studying fig. 18.5. 
The angle of the chisel edge is such that an alteration of width of 2 
mm. in the cut is produced by a vertical displacement of *05 mm. 

It is obvious that recording on film has many advantages for use 
in sound films. Synchronism between pictures and sound may be 
made automatic and transport is greatly simplified. The technique 
of processing sound films is still very yoimg and may be expected to 
show considerable improvement. If this type of recording could be 
adapted to the gramophone a much longer playing time would be 
possible and records would be lighter. Expense at present makes this 
use of the film impossible. 



Fig. 18.5. — The Phillips-Miller method of recording 


6. Magnetic Recording. 

A method of recording on a magnetic wire was first introduced 
by Poulsen about 1900 under the name of the “ telegraphone and 
was used for recording telegraph signals for subsequent transcription. 

• Soc. Franc. Phot, et Cini Bull.^ Vol. 23, p. 210 (1936). Further improvements are 
described in Revue Ginirale de V Electricite , Vol. 42, p. 148 (1937). 



510 


RECORDING AND REPRODUCTION 


[CakP. 


In 1924 Stille, a German engineer, substituted a tape for the wire 
and made other improvements. The system was taken up by the 
B.B.C. in 1930 under the name of the “ Blattnerphone ”, and after 
some further developments of method was introduced into the Empire 
Broadcast on Christmas Day, 1932, and has since been in fairly con- 
stant use for certain types of programme item. 

The method depends essentially on two properties of the magnetic 
tape, remanence and coercivity. It must retain the magnetization 
which is imposed on it and it must resist the demagnetizing effect due 
to the field between neighbouring portions. 
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Fig. 18.6. — (a) Wiping head; (b) Recording head; (c) Reproducing head 


The apparatus has been described by Barrett and Tweed * and consists of 
four essential parts: 

(1) A magnetic tape driven at constant speed. 

(2) A wiping head to magnetize the tape. 

(3) A recording head to vary the magnetization by amplified microphone 
currents. 

(4) A reproducing head where the passage of the magnetic variations of the 
tape may generate an induced alternating current which will actuate a loud- 
speaker. 

(1) The tape is usually of tungsten magnet steel of high coercivity and reman- 
ence. It is about 3 mm. wide and about 0*08 mm. thick. One spool has to run 
for about half an hour at a speed of some 90 metres per minute, so that about 2700 


y , I . E. Vcl. 82, p. 265 (1938). 
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metres are required. As the tape is rolled in 1000-metre lengths, soldered joints 
are necessary and introduce some difficulties. 

(2) The wiping head carries a direct current sufficient to saturate the tape, 
which leaves the head with its maximum remanent induction. The head may 
consist of a single pole-piece or a double pole-piece as shovm in fig. 18.6. The 
direction of magnetization is shown by the arrows. 

(3) The recording head is designed to produce the largest possible variations 
in flux consistent with linearity. As the length of tape in the magnetizing field 
must be very small for the recording of high frequencies, it is applied through 
sharpened pole-pieces, which are strips of magnetic alloy. The magnetization 
may be longitudinal, or parallel to breadth or depth. It is found that longitudinal 
with a depth component is best — i.e. with the pole-pieces on opposite sides of the 
tape. Arrangements in actual use are shown in fig. 18.6. The microphone current 
is superimposed on a steady demagnetizing current sufficient to bring the tape 
to a suitable magnetic state. 

(4) The reproducing head (fig. 18.6) consists as a rule of a single pole-piece with 
one end in contact with the tape and wound with a coil in which the variations of 
magnetic flux give a variable current. 

The method is particularly suitable for quick reproduction and 
for long programmes to be repeated as a whole. The records do not 
deteriorate appreciably with repeated reproductions. The other 
outstanding advantage of the method is that a used tape inserted 
into the apparatus is “ wiped ” clean by the wiping head and thus 
prepared for a new recording. Thus a record can be replayed at once, 
and if it is unsatisfactory the item can be re-recorded on the same tape. 
Some tapes have remained in good condition after as many as sixty 
recordings and hundreds of reproductions. 

7. Microphones. 

The microphone is essentially an arrangement for transforming 
sound into variations of electrical quantities. It is the first element 
of the telephone (the transmitter), in which case the variations of 
electric current are reconverted into sound by the receiver at a distant 
point. It is the first element of a broadcasting arrangement, in which 
case the electrical oscillations are reconverted into sound at a distant 
point by the loud-speaker. Finally, it is the first element of all processes 
for the electrical recording of sound either mechanically on disc, 
optically on film, or magnetically on steel tape. The sound waves 
impinge on a mechanical system, usually a diaphragm but sometimes 
a ribbon, and set it in vibration. In some types of microphone the 
processes are reversible. Just as a dynamo-electric generator may 
be run as a motor by passing current through the windings, so a 
microphone transmitter may often be used as a receiver or loud- 
speaker, changes in electrical current setting the diaphragm in vibra- 
tion and reproducing sound. 

When good quality reproduction is required it is important that 
any resonance of the mechanical system on which the sound waves 
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impinge should be avoided. Diaphragms are sometimes very tightly 
stretched so as to have a natural frequency well above the range which 
is important in speech or music. The ribbon microphone, on the other 
hand, is light and limp and heavily damped. 

8. Carbon Microphones. 

One of the earliest forms of transmitter, still one of the most widely 
used, depends on the variations of electric current produced by 
variations of pressure at loose contacts. In one of the first forms the 
current was transmitted through a nail which rested on two others, 
the arrangement being attached to a board which was set in vibration 

by speech sounds. It was soon found 
that carbon was the most efficient 
material, and in the modern telephone 
transmitter an electric current is modu- 
lated by the variation in resistance of 
carbon granules as a result of the motion 
of a diaphragm which confines them and 
which responds to rapid changes in air 
pressure. 

The granules are prepared from care- 
fully selected anthracite. They ate 
ground to the required size, washed to 
free them from dirt and from magnetic 
material, and put through a mesh of the 
required size. They are then heated to 
a fairly high temperature in an atmo- 
sphere of hydrogen. 

The current passes from granule to granule through minute irregu- 
larities in the surfaces in contact, and these points of contact increase 
in number with pressure and so low’^er the resistance of the mass. The 
hiss associated with the carbon microphone is attributed to local 
heating at the points of contact. One advantage of the carbon micro- 
phone is that fairly large currents may be obtained without amplifi 
cation. The sound energy is not transformed into electrical energy 
but is used to modify a current independently produced by a battery. 
The magnitude of this current is limited mainly by the hiss to which 
reference has just been made. The usefulness of the carbon micro- 
phone is somewhat prejudiced by a tendency of the carbon granules 
to “ pack When this happens the resistance of the microphone falls 
and it becomes very insensitive. 

Three types of carbon microphone may be mentioned; 

(a) The ordinary telephone transmitter . — There are numerous forms 
all belonging to this general type, one of which is illustrated in fig. 18.7. 
The sound waves impinge on a carbon diaphragm, the vibrations being 
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damped by soft packing round the edges so as to avoid sharp resonance. 
The diaphragm is held in a metal case and the current from a battery 
passes through the case to the diaphragm and from the central portion 
of the diaphragm through the carbon granules to the carbon block 
which forms the other terminal of the arrangement. 

(b) The button microphone . — This has been largely used for hydro- 
phone work. It can be screwed on to the centre of a large diaphragm 
which is used to pick up vibrations under water. The arrangement is 
shown in fig. 18.8. 

(c) The Reisz microphone is shown in fig. 18.9. It is used a good 
deal for broadcasting purposes. It consists essentially of a marble 
block with its front surface 


recessed to hold a layer of 
fine carbon granules between 
two carbon electrodes. It 
will be noticed that in this 
type of microphone the cur- 
rent passes parallel to the 
diaphragm, instead of nor- 

^ Muji DuLphra^rrt 
^ Carbon Discs 

CarboriGnuiides 
Cotton Wool 




Fig. 18,8. — Button microphone Fig. 18.9. — Carbon microphone, transverse 

current type 


mally to it as in the other types noted. The granules are retained 
in position by a non-resonant membrane of thin oiled silk or 
mica. The thickness of the layer is I to 2 mm. and is chosen to 
be just suflScient for practically complete absorption of the sound 
waves. This type of carbon microphone is less sensitive than the 
others; it shares with them the disadvantage of a slight hiss and 
when subjected to excessive peaks of sound pressure it gives the 
phenomenon known as “ blasting but if the sound pressure on the 
diaphragm is kept below about 20 dynes per sq. cm. it can be used as 
a high-quality instrument. It gives very little distortion and can be 
used either for broadcasting or for recording on wax or film. 

9. Condenser Microphones. 

In a letter to Tait in 1863 Kelvin refers to the sounds produced by 
a condenser when charged and discharged. Shortly after this the 
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possibility of using a condenser as a telephone was recognized and 
pursued by numerous investigators. The instrument in very much 

the form in which it is now used was first 
described by Wente.* In this paper he 
gives the result of a calibration over a 
frequency range from 0 to 10,000 cycles 
per second. The sensitiveness is nearly 
uniform and the apparatus is easily portable 
and has no delicate parts. It can be used 
either as receiver or as transmitter, its 
great merit being its freedom from dis- 
tortion and its only serious defect its lack 
of sensitiveness. The almost unlimited 
distortionless amplification which can now 
be achieved renders this defect compara- 
tively unimportant. 

The apparatus (fig. 18.10) consists of 
a thin metal diaphragm A under tension 
separated by a small distance from a plane 
metal plate B, the diaphragm and plate 
forming together an air condenser of 
variable capacity. C is a compensating 
diaphragm forming part of an air damping 
system. The microphone is placed in an 
electrical circuit as shown in fig. 18.11. 




If the area of the plates of the condenser is A and if Xq is the equi- 
librium distance between the plates, we have for the capacity at any 
instant t . 

0= — A4___ 

47r(Xo + a sinco^)’ 


Phys. Rev., Vol. lo, p. 39 (1917). 




XVIII] 


CONDENSER MICROPHONES 


515 


where we assume that the motion of one plate is simple harmonic 
and its amplitude is a. K is the dielectric constant. 


If 


C'o 


KA 

inx,. 


C=--- 


is the equilibrium capacity, 
C'o 


1 +( a/'jr„) sina>< 

If a is small compared with 

C = f'oA — ^ sincaA 

\ Xq / 

= (J^ iSlIl Coty 

where 27t/co is the frequency and C\ dep('nds on the amplitude. 

iJ‘ 


Since 


E - Hi 


i(lL 


{E — -j” 0^ sinco/) jidt, 

di 

(C'o + + (1 + RC^co Qo?>a)t)i ~ ECy^ cosojt = 0 . 


Let 


Zi„ sin {mot + <(>„). 


By substitution and determination of coefficients 
i — ^(^f) cos'll sin(w< + 

— ^ C 0 S <^1 sin(^i — ^ 2 ) sin(2w< + (f>^) 

together with terms of higher order in CJC^. 

In this expression 

cot CqRoj, tan {(f^i ^ 2 ) ~ ‘2^C^^Rco, 

For the highest efficiency R should be made large in comparison 
with I/CqCo, and in this case 

Ri~ 8in(a>« + (f>i) — sm(2ai^ + 

Oq ^^ 0 “ 

It follows that in order to get a pure sine voltage we must make 
Cl small compared with Oq- involves limiting the amplitude. 
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In the instrument described by Wente in his later paper ♦ the microphone 
has a natural frequency slightly over 10, (XK) cycles/sec. and a damping constant 
of 14,000. The diaphragm is of steel 0*0051 cm. in thickness, stretched so that 
its natural frequency in air is 7000. Annular grooves are cut into the back- plate 
to give the required damping. The air gap is 0*0025 cm. and the space surround- 
ing the back-plate is sealed off completely so as to exclude moisture. 



Fig. 18.12 


A condenser microphone embodying some unique features has been devised 
by Riegger f. The condenser whose capacity variations are determined by the 
sound waves is included in a high-frequency oscillating circuit as shown in fig. 
18.12. The result is, of course, a modified frequency of oscillation in the circuit. 
This oscillating circuit is inductively coupled with a second circuit whose fre- 
quency is adjustable. The current in this second circuit will depend on its fre- 
quency and will be a maximum at resonance. If the frequency of this resonating 
circuit is so arranged that the oscillations in the microphone circuit produce in 

it a current about half that obtained for ro- 



Fig. 18.13 


sonance, then, as is shown in fig. 18.13, small 
changes in frequency in the microphone circuit 
will cause large changes of current in the 
resonating circuit. 

A similar microphone is described 
by Trendelenburg J, and is shown 
in fig. 18.14. Its great merit is that 
it shows no resonance in the audible 
range. The oscillatory system con- 
sists of the thinnest metal foil, which 
is placed between two silk sheets 
and forms the back plate of the 
condenser. The front plate is per- 
forated. 

The performance of an improved 
design described by Bull § is in- Fig. 18.14 
dicated in fig. 18.15. This cali- 



bration curve enables the instrument to be used for measurements of sound 


intensity (see section 14, p. 307). The calibration may be a pressure calibration 
in which the microphone is placed at a displacement node in a stationary 
wave system and the velocity measured by a Rayleigh disc at the displace- 
ment antinode. The pressure amplitude at the node is calculated from the 
velocity amplitude at the antinode. The pressure calibration can also be carried 
out by means of the thermophone or pistonphone (section 14, p. 309). Alter- 
natively, the calibration may be carried out in the field of free progressive waves. 


• Phys. Rev., Vol. 19, p. 498 (1922). 

fWiss. Veroff. a. d. Siemens Konzem, Vol. 3/2, p. 67 (1924); Vol. 5/2, p. 120 (1926). 
X Zeitschr.f. tech. Phys., Vol. 5, p. 236 (1924); Vol. 7, p. 630 (1926). 

§^, Sci. Inst., Vol. 13, p. 39 (1936). 
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Tlie result in this case will differ from the result for the pressure calibration, 
owing to diffraction. For wave-lengths large compared with the external dimen- 
sions of the microphone the pressure at the face of the diaphragm is the same avS 
would have existed in the undisturbed wave. At higher frequencies, where the 





Fig. 18.15, — Calibration of condenser microphone 

(a) Pressure calibration ; (b) Field calibration for direction normal to diaphragm ; 

(c) Field calibration for direction parallel to diaphragm 


dimensions of the microphone are comparable with the wave-length, the wave- 
front is reflected and the pressure approaches a value twice that which would 
have existed in the undisturbed wave. Obviously this effect begins at a frequency 
of about 1200, and can only be obviated by an indirect method such as those 
mentioned in section 14, p. 307. 

10. Electrodynamic Microphones. 

Here we make use of a principle applicable either to transmitters 
or to receivers. If a variable current is passed through a conductor 




518 


RECORDING AND REPRODUCTION 


[Chap. 


in a magnetic field, the conductor is acted on by a variable force, 
and if the current is oscillatory the conductor is set in vibration. 
Conversely, if a conductor is made to oscillate in a magnetic field an 
oscillatory electromotive force is produced in it. 

(a) Moving-coil type . — One form of instrument * is shown in 
fig. 18.16. 

The diaphragm is given increased stiffness by being made dome-shaped in 
its central portion. The coil, consiKsting of a large number of turns of fine wire, 
is rigidly attached to the diaphragm and surrounds the central portion. It works 
in the circular gap between the central pole-piece and the peripheral pole-piece 
of a “ pot ” magnet. The peripheral portion Sq of the diaphragm is plane. Since 
the voltage generated by a coil moving in a magnetic field is proportional to the 



velocity, it follows that if the induced voltage is to represent the pressure the 
coil must have the same velocity per unit of pressure in the sound wave at all 
frequencies. This is equivalent to saying that if the diaphragm has a constant 
effective area the mechanical impedance (force per unit velocity) of the diaphragm 
must be the same at all frequencies. In the instrument shown this condition is 
practically achieved over a frequency range from 45 to 1000, the sensitiveness 
being about 9-5 x 10“* milli-volts per dyne per sq. cm. pressure. Used with a 
transformer giving a step-up ratio of 100 to 1, it gives a sensitiveness exceeding 
that of the condenser microphone and great uniformity of response. Owing to 
this greater sensitiveness and to the fact that no polarizing voltage is required, 
this type of microphone has superseded the condenser microphone for many 
purposes. 

(6) Ribbon type . — In this type the moving conductor is not a coil 
but a very thin corrugated strip of aluminium foil. The principle was 
first applied by Gerlach and Schottky.f A detailed investigation of the 
instrument was made by Olson. J 

The ribbon is surrounded by a baffle which increases the sound path from 
back to front of the ribbon, and the force causing motion of the ribbon is the 

♦ Wente and Thuras, Joum. Amer. Soc. Acoust.^ Vol. 3, p. 44 (1931). 
t Phys. Zeitschr., Vol. 25, p. 276 (1923), 

XJourn, Amer. Soc. Acoust., Vol. 3, p. 56 (1931). 
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difference in pressure between the front and the back arising from the phase 
difference due to this path. If the ribbon is very light it will take up the whole 
motion of the air, and for this reason it is said to be a “ velocity ” microphone. 

As in the case of the moving coil, the ideal to be aimed at is a mechanical 
impedance of the ribbon independent of the frequency over the range within 
which the instrument is to be used. By careful designing this has been secured 
and a uniform sensitiveness of about 1-2 milli-volts per dyne per sq. cm. pressure 
has been obtained over a frequency range from 100 to about 6000. The system is 
free from resonances, the natural period of the ribbon being below the range of 
audibility. This microphone has marked directional properties. For a source of 
sound in the plane of the ribbon, equal pressures are applied to the ribbon in front 
and behind and there is no movement. The maximum response is for a source 
on the normal to the plane of the ribbon, and the response falls off rapidly with 
the increase of the angle between this normal and the direction from the ribbon 
to the source. For this reason any particular source can be selected by a suitable 
orientation of the microphone and the difference of sound level between the 
source and the general background of noise can be enhanced. The microphone 
can be used to diminish the effects of excessive reverberation. 

When used for the measurement of the power of a source of sound 
of definite frequency this microphone can be made the basis of a null 
method due to Gerlach. An oscillating current of the same frequency 
as the source of sound is sent through the ribbon and the phase and 
amplitude of the current are adjusted until the ribbon is held still, the 
elcctrodynamic forces due to 
the oscillating current exactly 
balancing the mechanical 
forces due to the air waves. 

From the amplitude of the 
current and the strength of 
the applied magnetic field 
the intensity of sound at the 
ribbon may be calculated. 

11. Crystal Microphones. 

Reference has already been 
made to the phenomenon of 
piezo-electricity in connexion 
with the quartz oscillator 
(sections 5, p. 220, and 9, 
p. 323). The phenomenon is 
utilized in the crystal micro- 
phone, and Rochelle salt, 
which has a high piezo- 
electric coefficient, is used. 

Thin slices of the crystal are mounted as shown in the upper diagram of 
fig. 18.17. When the double sheet is bent under the action of the sound waves, 
one layer is thrown into compression while the other is thrown into tension. The 
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electrodes are connected bj that the effects are added. The mounting is shown 
in tlie lower diagram. It is, of course, also possible to mount the crystal so that 
it forms the diaphragm of the microphone. Two crystal slices about a quarter 
of an inch square are mounted in an insulating holder with an air chamber between. 
When a compression arrives from a source in the plane of the slices both are bent 
inwards, and conversely for a rarefaction. With suitable electrode connections 
the effects are again added, and a battery of these crystal elements can be com- 
bined to form one microphone. 




Fig. 18.18. — Microphone polar curves 
A Directional microphone. B Bi-directional microphone. 

12. Comparison of Microphones. 

Most microphones show a directional effect, that is, the response 
depends not merely on the intensity of the sound but also on the 
direction along which it reaches the microphone. This shows itself 
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in broadcasting by a variation in the ratio of the loudness of the direct 
sound and the loudness of the general reverberation associated with 
it, and in order to get natural effects this property of the microphone 
must be taken into consideration. The directional effect is a result 
of diffraction, as will be seen from fig. 18.18. For a frequency of 500 
the response of the microphone varies very little with direction, but 
for a frequency of 8000 the response for sounds coming from behind 
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is only 25 per cent of that for sounds coming from in front. All dia- 
phragm microphones yield results similar to those represented in the 
upper polar diagram, for they are pressure-operated. Pressure is, of 
course, a scalar quantity and a velocity-operated microphone behaves 
differently, as is shown in the case of the ribbon microphone in the 
lower diagram. This microphone is bi-directional, responding equally 
to sounds from behind and in front, but not at all to sounds coming 
from directions in the plane of the ribbon. 

Comparative response curves are shown in fig. 18.19, but these refer, 
of course, to individual microphones and can only be taken to represent 
the general type of curve applying to any given class of microphones. 
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The advantages and disadvantages of the various types have been 
summarized by Greenlees* as follows: 


Advantages and Disadvantages of Microphones 


Type of 
Microphone 

Advantages 

Disadvantages 

Carbon 

Robust. 

Reliable. 

High sensitiveness. 

Relatively low cost. 

Irregular frequency response. 
Background hiss. 

Polarizing current required. 
Liability to pack. 

Directional effects, frequency 
discrimination. 

Condenser 

Good frequency response. 
Absence of background noise. 

Requires associated amplifier, 
owing to high impedance. 

Fragile and affected by mois- 
ture. 

Directional effects, frequency 
discrimination. 

Moving- coil 

Good frequency response. 
Absence of background noise. 
Robust and reliable. 

Sensitive. 

Directional types have fre- 
quency discrimination. 
Diaphragm liable to flutter in 

1 w'ind. 

Ribbon 

Very good frequency response. 
Absence of background noise. 
Robust and reliable. 

Good directional effect, little 
frequency discrimination. 

Relatively low output. 

Very liable to wind flutter. 

Crystal 

Very good frequency response. 
Absence of background noise. 
Non-directional types have 
little frequency discrimina- 
tion with direction. 

Relatively low output. 

High capacity impedance re- 
quires local amplification. 

Diaphragm types have direc- 
tional effects wdth frequency 
discrimination. 


13. Reproduction from Disc (Mechanical), 

The recorded sound may be reproduced from the disc in either of 
two ways. It may be reproduced by means of a sound-box which 
transforms the vibration of the needle point as it traverses the record 
groove into sound waves by a purely mechanical transformation; or 
it may be reproduced by transforming the vibrations of the needle 
point into a variable electric current by means of a “ pick-up ”, 


Amplification and Distribution of Sound (Chapman & Hall, 1938). 
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amplifying this and then transforming it into sound waves by the 
use of some form of loud-speaker. The sound-box used in the modern 
gramophone has reached a high state of perfection, and there are com- 
petent critics who, for reproduction in a moderate-sized room where 
great intensity is not required, prefer its reproduction to that of the 
pick-up. In a large room or hall, however, it gives insufficient loudness 
and the electrical method is essential. 

The essential features of the sound-box are shown on the left in 
fig. 18.20. The needle point is one end of a lever which is pivoted just 
above the point and carries the 
vibrations to the central point 
of the diaphragm or by means 
of a “ spider ” to a ring sur- 
rounding the centre. For the 
diaphragm numerous materials 
have been tried, including iron, 
copper, aluminium, paper, jjarch- 
ment, wood, glass and mica. 

It is important that the dia- 
phragm should be light and 
that it should have as high a 
natural frequency as possible. 

Up to that frequency it vibrates 
as a whole. Above that fre- 
quency it tends to vibrate in 
parts, with marked loss of effi- 
ciency. Now the fundamental 
frequency for a diaphragm varies 
as \/(Stiffness/Mass), and this 
ratio is high for mica, thin glass 
and thin aluminium under ten- 
sion. Further, for any given material the fundamental frequency 
varies as where t = thickness and d ^ diameter. Hence, for the 
same fundamental frequency, if d is doubled t is quadrupled, and 
the mass is increased 16 times. This large increase in mass sets a 
limit to the size of the diaphragm which can be used. 

As in the case of the recording mechanism, so also in that of the 
sound-box, the relation of the various parts is determined by the 
application of the principles of electrical transmission as developed 
by Maxfield and Harrison so as to give a matched impedance system 
providing a one-directional flow of energy. The electrical analogues 
to the various parts of the H.M.V. sound-box are shown in the right 
in fig. 18.20, which is taken from a paper by Whitaker.* 

* Physics in Sound Recording, Institute of Physics, November, 1931; see also West, Ray, 
Soc, Arts Joum,, Vol. 79 (1931). 
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14. Reproduction from Disc (Electrical). 

Electrical reproduction involves the use of a pick-up, an amplifier 
system and a loud-speaker. In the design of these units very great 
advances have been made. Even where small intensities are required 
there are those who prefer electrical reproduction, and where large 
intensities are required there is no option. If price is no consideration 
the amplifier and loud-speaker may be designed to correct errors 
inherent in the pick-up. In all its various forms the method of the 
pick-up involves three processes: (1) the vibration of the needle 
generates an E.M.F. with a wave form corresponding to the wave in 
the groove, (2) this varying E.M.F. is amplified, and (3) a loud-speaker 
converts the electrical power back into sound. 

Since the pick-up is only a specialized type of microphone contrived 
so as to transform mechanical vibrations into variations of E.M.F., 
any of the principles upon which the microphone is based is available 
for the design of the pick-up. Thus we can have (1) the electro-magnetic 
type, operating either as a moving coil in a magnetic field or as a 
moving magnet in the neighbourhood of a fixed coil. In either case 
the E.M.F. developed is proportional to the rate of change of magnetic 
flux and therefore to the velocity of movement of the armature. In 
(2) the resistance type, the electrical resistance of carbon is varied by 
the varying pressure exerted by the pick-up needle. In (3) the electro- 
static type, the movement of the needle varies the capacity of a con- 
denser. These pick-ups have a very low output and require large ampli- 
fication. In (4) the piezo-electric type, the variations of pressure on a 
suitably chosen crystal produce the necessary variations of E.M.F. 
Of these four possible types we shall give further consideration to 
two, the electromagnetic and the piezo-electric. 

The success of the moving-coil loud-speaker raised great hopes of 
the successful design of a moving-coil pick-up, but these hopes have 
not so far been realized. The scale of the apparatus is so different in 
the two cases that the comparison is illusory. The coil attached to 
the needle must be small, light and rigid, and this means a very low 
output requiring considerable amplification. The design of the magnets 
also presents difficulties. The main line of development has therefore 
been in the direction of the “ moving-iron ” form, in which an iron 
armature varies its position in the magnetic field by rotation about 
a pivot in the centre. A diagram is given in fig. 18.21. The pick-up 
is a miniature electric generator, consisting of a small steel armature 
moving with the needle and swinging in the field of a permanent 
magnet. Around this armature is a coil c of fine wire forming the wind- 
ing, the ends being connected through the volume-control to the ampli- 
fier and loud-speaker. The volume-control is a feature possible in 
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electrical reproduction only. No real control of loudness is possible 
with the mechanical gramophone. 

In the crystal pick-up Rochelle salt crystals are used, as in the 
crystal microphone. They are strained by the movement of a pivoted 
stylus bar which carries the needle at its lower end. Both this pick- 
up and the magnetic one can be arranged to give a suitable response 
curve which emphasizes the bass and so makes large-amplitude re- 
cording unnecessary. 

The scratch reducer is an electrical filter designed to reduce the 
audio-frequencies that constitute the scratch. The frequencies of 
this noise may be above the range of the recorder, in which case they 



may be cut out with advantage. Such audio-frequencies as lie within 
the range of the recorder, however, cannot be cut out without impair- 
ing the fidelity of the reproduction. 

With the earlier forms of pick-up the great disadvantage was the 
extremely heavy record wear. As the pick-up took far less useful 
work off a record than a sound-box this was somewhat surprising. 
It was found to be due to the fact that the needle was mainly con- 
trolled by a series of masses and springs which introduced reactive 
forces on the record. Attention to this point in the design has resulted 
already in considerable improvement, and pick-ups are now available 
which produce less wear on the record than an ordinary soimd-box. 

15. Reproduction from Film. 

In reproduction from ordinary sound film the sound track passes 
with uniform speed through the sound-gate. As the film passes 
through the picture-projector in jerks, there must be some slack 
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between the projector and the sound-gate and adjustment must be 
made for the fact that the sound which is being reproduced at any 
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Fig. 18.22. — Frequency response for gas and vacuum cells 
Reproduced by permission from Pender-Macllw.un, Electricai Enginerra' Handbook, Communication- Eleeirontet 
(John Wiley & Sons, lac.. New York) 


instant is not that recorded at the side of the picture which is being 
projected at that instant. The exciting light must be as bright as 



lu/nens 

Fig. 18.23. — Current-illumination curves for 
gas cell with various series resistances 

Reproduced by permlaaion from Pender-Macllwain. 
Electrical Engineered Handbook, Communication- Eleo^ 
tronice (John wUcy & Bone, Inc., New York). 

commercial scale. More commonly, 
is a photo-electric cell. 


possible and must be concen- 
trated on a depth of film not 
exceeding *002 in. This may be 
achieved by using a real slit of 
this depth or, better still, the 
reduced image of a larger slit, 
so that choking with dust may 
be avoided. Having passed 
through the film, the light now 
falls on the light-sensitive ele- 
ment. In Lauste’s original 
patent this was a selenium cell, 
the variable resistance of which 
yielded a varying current in a 
suitable circuit. The disadvan- 
tages of this device were found 
to be (1) lag, and (2) loss of 
high frequencies. By the use 
of very thin layers these dis- 
advantages may be very largely 
overcome and the method has 
been successfully used on a 
however, the light-sensitive unit 


XVIIIJ 


REPRODUCTION FROM FILM 


527 


One type of photo-electric cell which is in common use consists of a central 
anode surrounded by a semi-cylindrical cathode coated with the light-sejisitive 
material. This consists as a rule of the alkali metals in some form. The sensitive- 
ness of the pure metals, however, is far below that of the same metals when 
given special treatment. The most sensitive cell at present in use consists of a 
silver plate which is oxidized and subsequently exposed to caesium vapour. The 
anode is connected to a positive high tension of about 90 volts. The cell may be 
evacuated or may contain gas. In the former case the current consists entirely 
of electrons emitted from the cathode. In the gas-filled cell the introduction of a 
trace of argon up to a pressure of 0-5 mm. of mercury gives an amplification of 
the current by ionization, but this must not be allowed to produce a visible glow 




Fig. 1 8 . 2 * 1 . — Three-stage amplifier for interrupted photo-electric currents 


dii^chargc or the sensitive surface will be injured, lliese gas-fillcd cells are slightly 
less effective at high frequencies, as can be seen from fig. 18.22. With a suitable 
series resistance the relation between the photo-electric current and the intensity 
of the light is very nearly linear, as may be seen from fig. 18.23. The connexions 
for a three-stage amplification are shovn in fig. 18.24. 

16. Loud-speakers. 

Just as the microphone is the first step in the process of electrical 
recording, so the loud-speaker is the last step in the process of electrical 
reproduction, whether from disc or film. It is therefore essentially 
a microphone w^orked backwards, and almost any principle which 
can be used as the basis of the action of a microphone can also be 
made the basis of the action of a loud-speaker. The requirements for 
a loud-speaker are (1) same pressure amplitude of air wave for the 
same value of the applied force at all frequencies, (2) freedom from 
asymmetrical distortion, i.e. freedom from the radiation of constituent 
tones not present in the original sound, (3) efl&cient damping of im- 
pulsive sounds. A weak or missing frequency range is very noticeable 
even to an untrained ear, except when it lies below about 400 or above 
about 3000. Similarly, an abnormally loud range distorts quality 
very noticeably. Asymmetrical distortion gives an unnatural ring to 
the reproduction and plays havoc with vowel sounds. 

On the whole we may divide loud-speakers into two main classes, 

(F791) 18 
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those with horns and those without. When a vibrating diaphragm 
is working into free air the mechanical impedance of the diaphragm 
is fairly large, while that of the air in free space is very small. The 
transmission is very inefficient in these circumstances, and in order 
to obtain sufficient sound output it is necessary to use a large dia- 
phragm and considerable amplitude. The use of these in no way 
improves the efficiency but, partly by resonance, secures good low- 
frequency radiation of sound; indeed, low frequencies are apt to be 
overdone in practice and the arrangement has the further disadvantage 
that there is little damping and crisp staccato efEects are spoiled in 
reproduction. 



Loud-speakers based on the large diaphragm and without horns 
have been developed principally for home use, owing to the size and 
cost of large horns. For efficiency the diaphragm ought to be set in 
a baffle board in order to prevent circulation of air between front 
and back. In the case of low frequencies the baffle board must be 
large, the diameter of the circle or the side of the square being not 
less than A/2. For reproduction down to a frequency of 100 this 
means a baffle board about 6 feet square. 

The commonest loud-speaker using the large diaphragm and no 
horn is probably the cone diaphragm driven by a moving-coil 
mechanism, somewhat similar to that already described in connexion 
with the microphone (fig. 18.25). The field electromagnet is designed to 
produce a strong magnetic flux across an annular gap. The voice-coil, 
to which the variable current is led, is attached to the conical dia- 
phragm and is free to move in the gap. The relation between the 
current and the driving force is linear and the force is independent 
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of the position of the coil in the gap for considerable movement. The 
diaphragm may be made of stiff paper of radius 10 to 15 cm., sup- 
ported round the periphery by a flexible annular strip of leather or 
rubber. McLachlan and Sowter * have shown that this flexible support 
acts as an auxiliary resonant diaphragm at low frequencies. If the 
cone has circular corrugations it will move as a whole at low fre- 
quencies, being effectively a single mass, but at high frequencies it 
will be equivalent to a series of masses connected by springs. By 
translating this into terms of inductances and compliances a diaphragm 
can be designed giving a fairly uniform response from about 90 to 
3500. To obtain a uniform response over a wider range the moving 
coil and the cylindrical strip on which 
it is mounted may also be divided by 
corrugations giving a series of masses 
and compliances, and with suitable 
design a fairly uniform response from 
80 to 10,000 can be secured. f 

In the coil-driven cone speaker the 
efl&ciency is small, something like 1 
per cent, but it is possible to get a 
fairly imiform frequency response and 
to radiate large power without ap- 
preciable asymmetric distortion. 

The coil drive may of course be applied to a plane diaphragm, 
and this is done in the H.M.V. loud-speaker. The diaphragm has 
a diameter of about 30 in. and consists of a flat sheet of duralumin 
about -002 in. thick, stretched almost to its elastic limit and bolted 
to stout aluminium rings round its edge. The moving coil is mounted 
on the diaphragm eccentrically so as to allow of modes of vibration 
having nodal diameters. The large diameter of the diaphragm eliminates 
circulation to a large extent and the arrangement gives a fairly uniform 
response from 50 to 5000. 

The large diaphragm required in lieu of a horn may also be driven 
by an arrangement of the “ moving-iron ’’ type, but this is less 
common. If the diaphragm is itself the armature it is hardly possible 
to get sufficient clearance between it and the magnet to allow sufficient 
amplitude at low frequencies. Numerous possible alternatives have 
been attempted.^ A typical arrangement is shown in fig. 18.26. The 
armature has to be controlled by a spring of fair stiffness to return 
it to its zero position after displacement, and this involves a resonance 
point in the audible range below which the low-frequency response is 
greatly curtailed. 

Loud-speakers in which the diaphragm radiates direct into the 

• Phil. Mag,, Vol. 2, p. 771 (1931). f Olson, Proc. Inst. Rad. Eng. (Jan., 1934). 
t Hanna, Proc. Inst. Rad. Eng. (Aug., 1925). 
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Fig. 18.26. — Magnetic loud-speaker 
mechanism 
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air have also been designed by using the attraction between two 
oppositely charged plates. One of these plates is fixed, the other is 
the diaphragm. A fairly high polarizing E.M.F. is applied between 
them and this is varied by the audio-amplifier. The theory is discussed 
by Hanna * and by Olson and Massa.t The driving mechanism is 
simple and the force is applied over the whole diaphragm, but the 
efficiency is low and the high polarizing voltage required places this 
speaker at a disadvantage as compared with the other types just 
discussed. 

Mention should also be made of the eddy-current loud-speaker 
devised by Hewlett, J of which a careful quantitative study has been 
made. It is capable of giving a pure tone of constant and measurable 
pitch and intensity over a wide range. 

17. Horn Loud-speaker. 

When a diaphragm is set in motion in free space the air in front 
of it is given a certain velocity and a pressure is set up which reactts 
on the diaphragm. This pressure is proportional to the air particle- 
velocity, and must obviously be small compared with the forces due 
to the inertia and stiffness of the diaphragm itself. The diaphragm, 
therefore, works with a very small load and so its motion is almost 
entirely determined by its own stiffness and mass. Its own natural 
frequencies will be pronounced and the useful work done by the 
diaphragm on the air will in general be small. 

Thus the first function of the horn is to load the diaphragm. If 
the horn is removed the sound energy is at once reduced and the 
diaphragm if magnetic may increase its amplitude so that it chatters 
against the pole-pieces. A receiver element without a horn is like a 
motor without a load or like a closed oscillation circuit without an 
antenna. The horn is the antenna of the loud-speaker. The other 
functions of the horn were first discussed by Hanna and Slepian.§ 

The horn must be designed to meet three requirements: 

(1) A given applied force acting on the diaphragm must cause the 
air at the throat of the horn to have a nearly uniform velocity over 
the whole audio-frequency range. This is secured by proper design 
of the air chamber above the diaphragm and the choice of a suitable 
area for the throat of the horn. 

(2) The area of the mouth of the horn must be such that little 
sound energy is reflected, otherwise air-column resonances will occur. 

•yourn. Amer, Soc. Acoust.^ Vol. 2, p. 143 (1931). 

t Applied Acoustics, p. 177 (Blakiston, 1934). X Phys. Rev., Vol. 19, p. 52 (1922). 

^Journ, Amer, Inst. Elect. Eng., Vol. 43, p. 250 (1924). See also Webster, Proc. Nat. 
Acad. Set. (1919); Hanna, Joum. Inst. Rad. Eng. (Aug., 1925); Maxfield and Harrison, 
Trans. Amer, Inst. Elec. Eng. (1926); Ballantine, yottrw. Frankl. Inst. (Jan., 1927); Hanna, 
ibid. (June, 1927); Hanna, Trans. Amer. Inst. Elect. Eng., Vol. 47 (1928); Olson and Massa, 
Applied Acoustics, pp. 181 et seq. 



XVIII] 


HORN LOUD-SPEAKER 


531 


(3) The law of increase of area of cross-section with length and the 
rate of increase must secure the maximum transmission of sound 
energy and a constant ratio of pressure and air velocity at the throat 
over the whole audio-frequency range. 

We consider first of all the throat of the horn and the air chamber 
into which the diaphragm works ; this is a coupling between the dia- 
phragm and the air within the horn. If the air chamber has a small 
volume, almost all the air displaced by the movement of the diaphragm 
will pass into the horn. If the throat area is small compared with the 
diaphragm area, the air in the throat will be given a proportionately 
high particle-velocity, and as the pressure generated is proportional 
to this velocity the reaction on the diaphragm will be correspondingly 
high and the work done on the air correspondingly great. It is in this 
way that the diaphragm is loaded. The load increases the useful work 
done by the diaphragm and smooths out its possible resonances. 
It would seem that the smaller the area of the throat the more efficient 
the arrangement. A limit is set to this, however, by the energy used 
up in overcoming viscous resistance if the diameter of the throat is 
less than a certain value. As we shall see later, the smaller the throat 
the longer the horn must be, and this is an additional disadvantage. 

The next point to be considered is the area of the mouth of the 
horn. This must be large enough to give negligible reflection in the 
audio-range. When waves escape from the confining walls of the horn 
there is an open-end ” reflection resulting in resonance if the fre- 
quency happens to be that of one of the proper tones of the horn. It 
was at one time thought that the chief function of the horn was to 
act as a resonator, but horns are now designed so as to suppress reso- 
nances. The wider the mouth of the horn the less reflection there is, 
and as a practical limit we may take the diameter of the open end to 
be at least one-quarter of the longest wave-length to be radiated. 

It now remains only to decide on the shape of the horn and its 
rate of expansion. For reasons indicated in Chapter IV the shape 
chosen is the exponential and the rate of expansion is fixed by the 
lowest frequency which it is desired to radiate. The exponential horn 
is a high-pass filter and its cut-off is determined by its rate of expan- 
sion. A low cut-off means a slow rate of expansion, and as we are 
already committed to a small throat and a large mouth there is no 
escape from the long horn, the ideal length being 15 to 25 feet, as 
indicated in section 6, p. 119. 

A practical design by McLaohlan* is shown in fig. 18.27. It is a moving-coil 
type and the diaphragm, which is shaped to give rigidity, is within the coil. The 
coil and diaphragm are attached to a flexible amiuhis, the outer edge of which 
is securely clamped to the electromagnet. The obstruction H, apart from reduc- 
ing the throat area and thereby increasing the air particle-velocity, acts as a 


Nature^ Vol. 128, p, 517 (1931). 
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“ phase equalizer The clearance between the diaphragm and H gradually 
increases with the radius. Thus during vibration the velocity of the air particles 
most remote from the horn is increased, so that up to quite high frequencies the 
pressure from all parts of the diaphragm arrives in the main column in sub- 
stantially the same phase. With a long exponential horn this arrangement will 
give efficiencies in the neighbourhood of 30 per cent over a considerable range of 
frequencies as against 1 to 10 per cent for the cone loud-speaker without horn. 


Diaphragm. 

{A l-Alioy) ExponcatLal Horn 

\(A-Aoe^^) 



H’- Phase Egucdiser for 
Higher Fregnencies 


Fig. 18.27 


The horn loud-speaker is thus a more efficient instrument, and 
when well designed it gives better reproduction, particularly in the 
high-frequency range. But it has one notable disadvantage. The 
horn required for the best reproduction is impossibly large for a private 
house and cannot always be accommodated in a picture-house. In 
these circumstances it was only to be expected that an attempt should 



compound hom loud-speaker showing the low-frequency horn developed ; (c) Equivalent 
electrical circuit of the dynamical system. 


be made to combine the good reproduction of the long horn with the 
compactness of the hornless type. Various attempts have been made 
to achieve this by bending the hom and even by folding it in a cabinet. 
In some cases very good results are obtained. A more ambitious 
scheme has been attempted by Olson and Massa * in their compound 

•yowrn. Amer, Soc, Acoust,, Vol. 8, p. 48 (1936). 
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horn loud-speaker. In view of the fact that a folded horn tends to 
give defective high-frequency reproduction owing to interference of 
the shorter waves, they add a short straight horn for high frequencies 
and work both horns from the same unit. The apparatus is shown 
in fig. 18.28. The long horn terminates in an annular opening sur- 
rounding the mouth of the short horn. The response characteristic is 
fairly smooth from 50 to 10,000. 

18. Task of Reproduction. 

Ideal reproduction involves the radiation of air waves identical 
in composition with those originally received within the audible range. 
This requires an apparatus capable of handling air waves of frequencies 



Fig. 18.29. — Gramophone 1897 Gramophone 1912 Gramophone 1928 


between about 25 cycles/sec. and 25,000 cycles/sec. and of power 
between limits in the ratio of 10^^ : 1. Within this range there must 
be no frequency distortion; the ratio of the intensities of the com- 
ponent frequencies must remain imchanged. There must also be a 
complete absence of asymmetric or non-linear distortion; no new 
frequencies may appear. It is very important to know how far these 
requirements are achieved in actual practice, and every manufacturing 
firm producing gramophones or wireless sets has its methods of 
test. Fairly rigorous methods are discussed by Ballantine,* Fay and 
Hall t and Davis.J The kind of progress which has been made to- 
wards the ideal in the case of the gramophone is shown in fig. 18.29, 
taken from the paper by Whitaker already quoted. It represents the 

•Journ, Amer. Soc. Acoust., Vol. 5, p. 10 (1933). f Ibid., Vol. 5, p. 46 (1933). 

X PHI. Mag., Vol. 15, p. 309 (1933)- 
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progress acMeved by the H.M.V. gramophone between 1897 and 
1928. There is a notable extension in the bass and an increasing gain 
in the flatness of the response curve. The corrugations in the 1928 
curve, however, are still considerable, and show how far short of 
achieving the physical ideal the instrument then was. 

Fortunately, however, we are primarily concerned with the judg- 
ment of the ear and the ear is on the whole a tolerant judge. We can 
narrow the range of frequencies. If we omit all frequencies below 
50 cycles/sec. and all frequencies above 5000 cycles/sec. the average ear 
remains fairly well satisfied. This is about the range of a good domestic 
loud-speaker. A very good and carefully designed loud-speaker may 
give from about 40 cycles/sec. to 7000 cycles/sec., while an additional 
loud-speaker unit (compound or otherwise) will extend this range up- 
wards to 12,000. We may also narrow down the power range. It is never 
desired to reproduce very loud sounds, and the power ratio covered 
in orchestral music does not exceed 10® : 1. Even this, of course, is 
very considerable and it is diflS.cult to get good reproduction at low 
intensities without overloading at high intensities. So far as distortion 
is concerned we may safely say that the distortion represented by 
the departure of the 1928 response curve in fig. 18.29 from a straight 
line would pass completely unnoticed by the great majority of listeners. 

So far as the telephone engineer is concerned, of course, the only 
requirement is intelligibility, and this is tested by the articulation 
tests already referred to in section 12, p. 3G2. Articulation is mainly 
dependent on the high-frequency range; /, v and th require very high 
frequencies and are responsible for 50 per cent of telephone mistakes. 

While good articulation is a sufficient criterion for telephone 
conversation, it is not sufficient for broadcasting, where a sustained 
talk even with perfect articulation might very soon become intolerable. 
Here naturalness is a further requirement both for speech and for 
music, and this is a demand much harder to meet. Together with 
those already considered, it limits us to reproduction at about the 
original loudness level. The ear is more sensitive to frequencies at 
the middle of the range than to those near the low-frequency end 
of the range. It follows that if while keeping the ratio of intensities 
for the various frequencies constant we raise the whole loudness level, 
the bass is emphasized, while lowering the loudness level weakens the 
bass. This p%siological distortion can easily be tried out on any 
broadcasting set and explains the unnatural impression created by the 
speaking voice when the reproduction loudness level is too high. 
Apart from this particular type of physiological distortion, the produc- 
tion of the subjective tones referred to in section 5, p. 472, gives 
physiological distortion of another type. 

Another requirement for naturalness is what is called “ auditory 
perspective To give perfect reproduction of an orchestra in this 
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respect would involve a separate pick-up microphone for each instru- 
ment connected to a separate loud-speaker unit suitably placed in a 
similar room for reproduction. Fortunately again, the ear is not so 
exacting as the physics of the problem might lead us to fear. The 
necessary conditions are discussed by Fletcher and others * and by 
Aigner and Strutt, f and it has been shown that it is generally sufficient 
to have two microphones, one on each side of the platform at the send- 
ing end, and two loud-speakers similarly placed in the reception hall. 


• Bell Syst. Tech. Journ., Vol. 13, p. 239 (1934). 
t Zeiis.f. tech. Phys., VoL 15, p. 355 (i934)- 
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Acoustics of Buildings 


1. Source of Sound in an Enclosure. 

Clearly if we have a source of sound in an enclosure with perfectly 
reflecting walls there will be practically no dissipation of energy and 
the energy-density in the room will build itself up indefinitely so 
long as the source continues. If, on the other hand, the walls are 
completely absorbent no sound will be reflected and the situation in 
the enclosure will be the same as if the boundary walls were removed 
— the energy-density will diminish from the source outwards and the 
intensity will vary inversely as the square of the distance from the 
source. In most actual cases of buildings we have to deal with an 
enclosure whose walls reflect fairly copiously but show a definite 
amount of absorption which limits the maximum to which the loud- 
ness of a sound in the room can rise when the source is continuously 
sounded. 

In order to develop a formula which will enable us to represent 
the phenomenon analytically, let us assume that the interior of the 

enclosure has a homogeneous 
distribution of energy and in- 
tensity immediately the source 
starts to sound. 

If E is the value of the 
energy -density and the energy 
stream is the same in all 
directions, then in any element 
of volume dV the amount of 
energy EdV, Of this energy 
d-S the fraction moving in a direc- 

Fig. 19,1 tion which will ultimately pass 

through the element of area dS 
(fig. 19 . 1 ) is {dioliTT)EdV, where is the angle subtended by dS at 
the element of volume dV, 



But 


j dS cos 6 


630 
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where 9 is the angle between the normal to dS and the direction from 
dS to dVy and r is the distance from the element of volume to the 
element of area. 

Now with centre at dS and radii r and r + dr describe two circles. 
From the element of area dS draw two lines intersecting these circles 
and making with the normal to dS angles 9 and 9 + d9 respectively. 
If the figure is now rotated about the normal the small area lying 
between the two circular arcs and the two lines will sweep out an 
element of volume which we may take as dV. 

We then have 

dV ~ Area X Length of path 
— rd9dr X 2'n-rsin0 
/. dV = 27Tr'^ 9 d9 dr. 

The energy in this element of volume which will ultimately fall 
on dS is given by 

dco « EdS co^9dV 

_ EdS cos 9 sin 9d9dr 

“ 2 

_ EdS mi29d9dr 

4 • 

If we extend this to the whole shell between the two hemispheres, 
the energy falling on dS becomes 

/.0=7r/2 

lEdSdrl Bm29d9==lEdSdr. 

*' 0=0 

To get the energy striking dS per second we must integrate for r 
from 0 to c, and we obtain 

lEdsflr^lEcdS. 

Let a be the coefficient of absorption, i.e. the fraction of incident 
energy absorbed. Then the energy absorbed by the element of surface 
per second is J EcadS. 

Energy absorbed in whole enclosure per second 

= J EejadS = J EcA^ 

where A == Jad/S is the total absorption of all the surfaces. 

Let E be the rate of emission of the source, F the volume of the 
enclosure, EV the energy in the enclosure at a given instant. 
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Then the rate of increase of energy is B — J EcA, 
which is equal to 


d .JITT. fr SE 

^(Er)orV-^. 


Put 

then 


Ac 

dt ■ 
hVdE 
E - bVE ' 


E - bVE, 


bdt, 


or 


]og(E-bVE)= -bt+ C. 


If we measure t from the instant when the source starts, then for 
t==0,E = 0; 

c = logi’, 
log(l - 67^) -bi, 


E 

or 1 — 6 V 

or E =■■ ^(1 - c-^') - (1 - 

For the steady state we put ^ = oo and the maximum energy* 
density E is given by 

For decay of intensity we have as before the relation 
log {E - bVE) = -bt + 0. 

In this case when t 0, E ^ E and £* — 0, 
log(-6Fj&)-C, 

/. E^Ee~^^ 


Ac 


^-ActlAV^ 


The term usually applied to the persistence of audible sound after 
the source has ceased to operate is reverberation, and. the time of rever- 
beration T is defined as the time taken for the energy-density to fall 
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to the minimum audible value from an initial value 10® times as great, 
i.e. a range of 60 decibels. In this case 


log. 


E 


log^ 10®. 


= 6 loge 10, 


or 




24 log^ 10 . F _ kV 


Ac 


A * 


For measurements in feet k = *05 ; for measurements in metres 
k=- -16. 

The time of reverberation is the most im])ortant criterion of the 
suitability of a room for public speech or for music, and this particular 
definition was adopted by W. C. Sabine * partly owing to the fact that 
the standard source of sound which he used for experimental purposes 
gave an initial energy level in the rooms in which he tried it of about 
10® times the minimum audible. 

In the above discussion, in which we have followed fairly closely 
the analysis of Franklin,! several assumptions have been tacitly or 
explicitly made. These may be summarized as follows: 

(1) The rate of emission of energy by the source is constant and 
is independent of the energy level in the enclosure. 

(2) The energy distribution is uniform in all parts and the trans- 
mission of energy equal in all directions. 

(3) Superposition effects may be neglected. 

(4) The dissipation of energy is confined to the bounding surfaces 
of the enclosure and the dissipation taking place in the air in the 
enclosure is negligible. 

(5) The coefficient of absorption of the surfaces is independent of 
intensity. 

The relation T^kVjA was first deduced experimentally in the 
course of his study of the acoustics of halls by W. C. Sabine, and the 
close agreement between his experimental results and the theoretical 
relation just established would seem to justify the assumptions made. 

More recently M. J. 0. Strutt J has shown from much more 
general considerations that the time of reverberation as here defined 
is, for large enclosures, proportional to the quotient of the volume 
and the total absorbing power and is independent of the position of 
the source and the shape of the enclosure. His assumptions do not 
involve a uniform distribution of the energy in the steady state, but 
they do involve a large enclosure, i.e. one for which the frequency of 

• Collected Papers on Acoustics (Harvard Univ. Press, 1922). 
t Phys. Rev.y Vol. 16, p. 372 (1903). ^ Phil. Mag., Vol. 8, p. 236 (1929). 
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tlie source is much higher than the lowest of the resonance frequencies 
of the enclosure, and consequently one in which the linear dimensions 
are large compared with the wave-length of the sound. 

2. Decay of Sound Energy of Free Vibrations in an Enclosure. 

The air in any enclosure has a large number of possible modes 
of vibration, corresponding to the partial tones which it would emit 
if vibrating freely. 

Thomas Yoimg * calls attention to these partial tones in the fol- 
lowing passage: 

“ When the walls of a passage, or of an unfurnished room, are smooth and 
perfectly parallel any explosion, or a stamping with the foot, communicates an 
impression to the air, which is reflected from one wall to the other, and from the 
second again towards the ear, nearly in the same direction with the primitive 
impulse. This takes place as frequently in a second, as double the breadth of 
the passage is contained in 1 130 ft. ; and the ear receives a perception of a musical 
sound, thus determined in its pitch by the breadth of the passage. On making 
the experiment, the result will be found accurately to agree with this explanation. 
If the sound is predetermined, and the frequency of vibrations such as that each 
pulse, when doubly reflected, may coincide with the subsequent pulse proceeding 
directly from the sounding body, the intensity of the sound will be much increased 
by the reflection; and also, in a less degree, if the reflected pulse coincides with the 
next but one, the next but two or more, of the direct pulses. The appropriate 
notes of a room may readily be discovered by singing the scale in it; and they 
will be found to depend on the proportion of its length or breadth to 1130 feet.” 

In general when a source is soimding in the enclosure the vibrations 
are forced and the air is not thrown into resonant vibration. Never- 
theless, it seems at least possible that in this case the air reverts to free 
vibration when the source ceases to sound, and that the reverberation 
which follows the stopping of the source is the decay of these free vibra- 
tions. This seems most probable if the value of a, the absorption 
coefficient, is small. 

For a rectangular room bounded by reflecting surfaces whose linear 
dimensions are Zg? h the possible frequencies for free vibrations are 
given by 



in which c is the velocity of sound and p, q, r arc integers. 

If we cover two pairs of opposite faces with complete absorbent 
we have essentially a one-dimensional system and 



• Works, edited by Peacock, Vol. i, p. 73 (1855). 
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whicli gives the possible frequencies for an organ pipe closed (or open) 
at both ends. 

Knudsen * calculated the first thirty-four possible values of / for 
a room 8 ft. X 8 ft. X 9*5 ft., assuming the velocity of sound to be 
1125 ft. per sec., and found the values to lie between 59*1 cycles /sec. 
and 231*4 cycles/sec. A constant-output source whose frequency 
could be varied between these limits was operated in the room and 
the resulting intensity estimated (1) by oscillograph, (2) by aural ob- 
servation made just outside the door. Every frequency predicted by 
theory was verified by experiment. When a note of frequency cor- 
responding to the lowest frequency mode (j9 — 1, q — r — {)) was 
sounded, exploration of the air in the room by moving the oscillograph 
from point to point gave clear evidence of the existence of the cor- 
responding mode of vibration. Observations made with the oscillo- 
graph during decay were most instructive. The predominant frequency 
in the record of the decaying sound was not the frequency of the 
source which had just ceased but the nearest frequency in the calculated 
series corresponding to possible modes of vibration. Further, the 
oscillograph record often showed beats, and these could always be 
identified as due to two neighbouring members of the series of free 
vibrations. It is clear, therefore, that the decay of free vibrations is 
an important element in the phenomenon of reverberation. 

3. Discontinuous Decay of Sound Energy in an Enclosure. 

The decay of sound energy in an enclosure with partially absorbing 
boundaries has been subjected to a fundamentally different treatment 
by Schuster and W^aetzmann,| and by Eyring.J The method can be 








A 

s b 

B 




Fig. 19.2 


best understood by considering each reflected beam of sound as a direct 
beam coming from the image of the source as formed by reflection 
at the sui‘face. 

To simplify matters assume the enclosure to be a tube AB with 
partially absorbing ends and perfectly reflecting sides. Let the source 
be situated at S (fig. 19.2) and the point of observation at 0. When the 
source is first started 0 receives no sound until the instant (I — a — 6)/c, 

• Journ, Amer. Sor. Acoust.^ Vol. 4, p. 20 (1932). 

f Ann. d. Physik^ Vol. 5, p. 671 (1929). 

XJoum. Amer. Soc. Acoust.^ Vol. i, p. 217 (1930). 
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when it receives the direct beam from S. The intensity at 0 remains 
constant at this value until it receives the reflected beam from A 
at the instant (i + a — 6 )/c, when the intensity suddenly increases. 
The new beam has an intensity /(I — a). Presently it receives the 
beam reflected from B at the instant {l-{- b — a)/c, and this beam also 
has an intensity 7(1 — a), A and B being assumed to have the same 
coefficient of absorption a. The result is the same as if the source, its 
image in A and its image in B had all started simultaneously, the sound 
reaching 0 from the two images in the order of their remoteness. 
Second reflections must, however, be taken into account. S^, the image 
of S in A, will produce an image S 4 in B and Sg, the image of S in B, 
will produce an image S 3 in A. AVhereas S^ and Sg have intensities 
7(1 — a), the images S 3 and S 4 have intensities 7(1 — a)^. Subsequent 
reflections give more remote images of further diminished intensity. 

During decay the converse process takes place. When the soure.e 
of sound is stopped all the images are simultaneously extinguished, 
but while the direct beam from the source stops almost at once, sound 
from the images continues to reach 0 , the contributors of the various 
sources being cut off again in order of the remoteness of the image. 

By applying this method to an enclosure of any shape Eyring has 
obtained the formula 


— /S Jog„(l — a) 


for the time of reverberation as defined by Sabine. In this formula 
k has the same value as in the formula developed by Franklin, F is 
as before the volume of the enclosure, S is the total area of the boundary 
walls, and d is the average coefficient of absorption defined by the 
relation 

5 ^ ~l~ » » • 

+ ^2 + ^3 + • • • 


where is the coefficient of absorption of the area s^, that of the 
area and so on. 


Thus 


a = 


27 


Sas 

"S’ 


These two formulae 


T 


kV ^ kV 
A Ttas 


(Franklin), 


and 


kV 


— (Eyring), 


—S log, (1 — d) 

look as fundamentally different as the methods by which they are 
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derived. It is worth while, however, to observe that if a is small 

logo (! — «) = —a 
and the second formula reduces to 

Sd SuaS a ’ 
which is identical with the first. 



0 -1 4 -6 ’8 JO 

Average CoeiTicUvd of Ahsorptlon 

Fig. 10.3. — Comparison of reverberation formulae : A Sabine ; B Eyring 

Where d is large, however, the two formulae lead to different values 
of T, and in this case there is no doubt that the second formula is to 
be preferred. If, for instance, the w^alls of the enclosure are completely 
absorbent, a == 1 and the formulae reduce to 

hV 

T = (Franklin), 

T = 0 (Eyring). 

In this case since there is no reflection there is no reverberation, 
and the second formula gives the correct result. Fig. 19.3 gives a com- 
parison of the values of T for various values of d calculated by the 
two formulae, from which it appears that the difierence is about 10 
per cent for d — 0-2 and about 30 per cent for d = 0*4. 
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A further modification of Eyring’s formula is suggested by Millington.* This 
relationship is 

T _ 0 05V 

'LSi log^{l - Oi) 

where S-i and are corresponding values of area and coefficient of absorption. 
For small values of a this modified formula, like the Eyring formula, approxi- 
mates to the simpler formula used by Sabine, and when a is large it fits the ex- 
perimental values well. 

4. Time of Reverberation for an Enclosure. 

Before the analysis given in the preceding paragraphs had been 
worked out the subject had acquired very great practical importan(3e. 
The design of rooms and halls for public speech or music had, until 
1900, no scientific basis; in fact, the problems involved had not even 
been clearly stated. It was recognized that some buildings were good 
and some bad, but few people had ever asked themselves the question 
In what does this goodness essentially consist?” That it consists, for 
public speech at least, in avoiding a reverberation which is too pro- 
tracted seems first to have been clearly stated by Dr. D. B. Reid.*}* 
He says: “Any difficulty in the communication of sound in large 
rooms arises generally from the interruption of sound produced by a 
prolonged reverberation.” Clearly if the reverberation of a syllable 
persists so as to prolong the sound while several successive syllables are 
pronounced, intelligibility will suffer and acoustic conditions will be bad. 

The first systematic investigation of the problem of good hearing 
was undertaken by W. C. Sabine J at Harvard when he was consulted 
about the Fogg Art Museum of that university. Here the acoustic 
conditions were so bad that a speaker could hardly make himself 
intelligible. A rough test showed that when it was empty, the time of 
reverberation for a syllable spoken in an ordinary tone of voice was 
about 5| sec., a period of time during which the original syllable 
would have been followed by some twelve or fifteen others. When 
the hall was filled with an audience the conditions were much improved, 
but still far from satisfactory. The first requirement was obviously 
to reduce the time of reverberation. In order to get accurate results 
it was necessary to work with a definite soui-ce of sound and to measure 
accurately the time of reverberation of the hall under different con- 
ditions. The source of sound chosen was an organ pipe of the Gems- 
horn Stop with a frequency of 512. The wind, supplied from a double 
tank, was turned on and off by an electropneumatic valve. The time 
of reverberation was at first measured by a stop-watch which was 
started at the instant when the source of sound ceased to act and 
stopped at the instant when the sound ceased to be audible. It might 

^ Joum. Amer, Soc, Acoust,, Vol. 4, p. 69 (1932). + British Association Report (1835). 

t Loc. dt. 
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reasonably be objected that the latter instant is not a very definite 
one, but the consistency of the observations by the same observers 
at different times and by dijfferent observers at the same time is a 
suflBlcient answer to this objection. A more accurate method was 
adopted later, when the instant at which the air supply to the pipe was 
cut off was electrically recorded on a chronometer and the only duty of 
the observer was to press the key when the sound ceased to be audible. 

Experiments were first made on the effect of introducing cushions 
from a neighbouring lecture room. When the length x of cushions in- 
troduced was plotted against the reciprocal of the time of reverberation 
the resulting graph was a straight line intercepting the a;-axis at — 146. 
This point corresponds to an infinite time of reverberation and there- 
fore no absorption, and suggests that the absorption of all the surfaces 
originally present in the room was equivalent to 146 metres of cushion. 
This gives us the empirical relation 

AT = K, 

where A is the total absorption, T the time of reverberation, and K 
a constant for the room. 

Experiments in other rooms of different volumes showed that for 
each room a similar relationship held, A being measured in terms of 
the same cushions. On comparison of the constant K with the volume 
F for each room it was found that the ratio K/V was approximately 
constant. We thus have, dividing both sides by F, 

AT K , 
v' F ■ 

where k is now a constant applicable to all the rooms. That is, 

t-K 

A' 


which is of the same form as the equation already deduced by theoretical 
treatment. 

The great weakness in this empirical relation is that A is measured 
in terms of length of a particular t 3 rpe of cushion, a purely arbitrary unit. 
Sabine got over this difficulty by treating open window as a complete 
absorber and rating the cushions in terms of this unit by finding what 
area of open window produced the same diminution in the time of 
reverberation as so many metres of cushions. Taking A in terms of 
this unit he obtained the relationship 


T = 
T = 


A 

•053F 


(in metres), 


(in feet), 


A 
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equations which compare very closely indeed with those obtained in 
the earlier sections. 

Typical graphs showing these results are given in fig. 19.4. On the 
left we have I/Iq plotted against t, where I is the intensity at any 
instant and is the minimum audible intensity. The figure is drawn 
for the case where 

The initial part of the curve represents the growth equation 

j- =: 10(1 - 

The second part of tlie curve represents the decay equation 

^0 



Fig. 19.4. — Growth and decay of sound intensity in an enclosure 


The maximum intensity attained is for convenience the maximum 
used by Sabine multiplied by 10^^. 

In the right-hand diagram we have 10 log//7o, i.e. the intensity level, 
plotted against t. 

The intensity level corresponding to the minimum audible now 
becomes the new zero, and it is reached at the same instant by 
the gi’owth curve and again by the decay curve as the threshold of 
audibility is by the two curves in the left-hand diagram. 
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5. Coefficients of Absorption. 

The absorption of sound is essentially the dissipation of the sound 
energy into heat, and in so far as it is affected by a bounding surface 
it is mainly due to one of two causes, porosity and flexural vibrations. 
The theory of the action of pores has been discussed by Rayleigh * 
and Paris.| It accounts for the high coefficient of felt, carpets, rugs, 
&c., and a number of proprietary products now manufactured in 
large quantities. The absorption coefficient of any given material 
increases with the thickness used, up to a certain limiting value. The 
marked difference which is found in the coefficient for painted and for 
unpainted brick at once shows the importance of porosity. 



Fig. 19.5. — The numbers give the frequencies of the test tones 

In the case of flexible materials not rigidly mounted the material 
is of course set in vibration and the damping forces called into play 
dissipate the sound energy. 

A comparison of the results of measurements brings out two im- 
portant points. In the first place, there is a marked and consistent 
difference between the coefficients obtained by the stationary-wave 
methods and those obtained by the reverberation-chamber methods. 
Generally speaking the reverberation coefficient is greater than the 
stationary-wave coefficient, and the discrepancy is greater at low fre- 
quencies than at high. In the second place, the coefficient is greater when 
measured for small samples than when measured for large ones. This 
effect again is more marked for sources of high pitch than for those of 
low pitch. The results for a highly absorbent felt are shown in fig. 19.5. 

* Phil. Mag., Vol. 39, p. 225 (1920). f Pt^oc. Roy. Soc., A, Vol. 115, p. 407 (1927). 
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It will be noticed that for high frequencies the coefficient is some- 
times considerably greater than unity. The explanation of these facts 
is fairly obvious. The edges screen the centre of the area, and sound 
waves approaching the centre nearly tangentially are largely absorbed 
in the marginal regions of the specimen. Further, the dimensions of 
the sample are small compared with the wave-length and diffraction 
effects come in. 

If, for instance, we had a small absorbent patch on the walls of 
the test chamber and perfectly reflecting walls elsewhere, dissipation 



$i J2S m 512 1024 ms 4096 

Fig. 19.6. — Absorption coefficient for an 
audience; lower curve per person, upper 


curve per sq. metre. 



64 J28 256 512 1024 2043 4096 

Fig. 19.7. — Variation of absorption co* 
efficients with pitch 


would take place only at the patch and energy would flow toward the 
absorbent area from all parts of the room. The net energy flux incident 
upon the absorbing surface would be greater than that toward an equal 
non-absorbing area, and this difference would be greater the greater 
the absorptivity and the smaller the area. 

The coefficient of absorption varies markedly with frequency. As 
a rule it increases with increasing frequency, but if the coeflicient is 
plotted against frequency every kind of curve can be obtained by 
selection from the large number of materials for which measurements 
have been made. Some absorb most strongly in the region of low 
frequency; some absorb most strongly in the region of high frequency: 
some show a maximum with diminution for lower and higher pitch; 
some are claimed to be “ straight-line absorbents which means that 
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they absorb equally strongly throughout the range of audible fre- 
quencies. 

These variations of absorbing power have important consequences 
for music. We may choose an absorbent effective in regions of high 
pitch which will increase the relative importance of fundamentals 
and conduce to purity of tone. Or we may choose one absorbing 
mainly at low frequencies, which will tend to emphasize high partials 
and increase brilliance of tone. An audience tends to disturb the 


balance of an orchestra or choir by absorbing mainly above middle pitch, 
and the very different acoustic conditions obtaining at rehearsals in 


any empty hall and in a “ full house ” 
account for some unexpected failures 
and a few unexpected successes. 

In some cases it is obviously 
necessary that we should measure 
the absorption of individual objects 
instead of area. For instance, the 
audience is known to be one of the 
most important elements in the 
acoustic problem. Rooms which are 
impossible owdng to reverberation 
when empty are at least tolerable 
when full. The measurement in this 
case presents no new difficulty. The 
time of reverberation of a room 
may be measured with an audience 
and closed windows. The audience 
is then cleared and windows opened 
until the same time of reverberation 



is attained. This gives a not Fig. lo.s.-Variation of absorption 
very nattering equivalence between 

persons and open window space. Sabine’s early figures suggested 
4*7 sq. ft. of open window per person, and in practical work this 
figure is still largely used, although more recent determinations sug- 
gest that this value is rather high. Chrisler * gives 4*1 as the value 
for a frequency of 512, An audience may of course also be rated per 
unit of area, and both methods are shown in fig. 19.6 (in square metre 
units instead of square feet, from W. C. Sabine’s early results). A 
selection of typical absorption curves is shown in fig. 19.7. There has 
been tremendous activity in the production of patent absorbing 
materials, and the results for some of these are shown in fig. 19.8. 
Great progress has been made since the early days when felt was 
almost the only suitable material available. More modern materials 
are cheaper, cleaner, less inflammable and equally effective. 


^ Journ. Amer. Soc. Acoust., Vol. 2, p. 127 (1930). 
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From what has already been said it will be obvious that a coefficient 
of absorption is not an exactly determined quantity. The method of 
measurement, the size of the sample, the method of mounting, &c., 
all affect the result and exact agreement will not be attainable until 
it is possible to prescribe these conditions with precision. Fortunately, 
however, for practical purposes the approximate value is all that is 
required, and this can be interpreted in the light of the information 
available as to the conditions of measurement. 

It is commonly assumed that absorption takes place only at the 
surfaces, but it has been showm that for moist air and high frequencies 
considerable absorption takes place in the air itself (sec Chapter V, 
p. 130). 

6, Measurement of Coefficients of Absorption. 

Reference has already been made in Chapter VIII (p. 205) to the 
stationary-wave method of measuring absorption coefficients. As a 
method it is open to one serious criticism — it measures the coefficient 
of absorj)tion for normal incidence only, though in actual position in 
a room the absorbent surface is exposed to beams of sound incident 
at all possible angles. It is also open to the objection that the material 
can be used only in small samples, and that it is almost impossible 
to mount the sample in conditions similar to those occurring when the 
material is mounted in bulk. In any case, what is measured is the 
ratio of pressure amplitudes or velocity amplitudes in the direct and 
reflected wave trains respectively. 

The measurement can be approached in a way which links it up 
much more directly to reverberation theory. We have already (p. 538) 
derived the relation 


if E 


0 , 


dE 

dt 


EcA 

iV 


It has also been shown that for the decay of sound in a room after 
the source has been cut off we may write 

where E is the energy-density (supposed uniform) in the room t sec. 
after the source has been cut off. Further, 2 = iEj Ac. 

Suppose we have two sources whose outputs are E and E' respec- 
tively, giving maximum energy-densities of S and 2' respectively. 
Let Eq be the minimum audible energy-density and T and T' the re- 
spective times of decay to the threshold of audibility. Then 

=r 2e-‘’T, Fa = 2’e-’>r. 
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where 


MT'-T) 


•• 

or 

. , _ 47 log^' - log^ 

• • ^ e T ~T ‘ 

Test chambers for measurements of absorbing power have to be 
very carefully constructed. They must exclude all extraneous sound; 
they must have a small absorbing power so as to give a long time 
of reverberation; they must be large enough to contain considerable 
samples of absorbing material. Sabine’s method of calibrating his 
chamber was to take four organ pipes as nearly identical as possible, 
and find the value of T for one, two, three and four pipes respectively, 
combining the l^ipes in every possible way so as to eliminate possible 
differences. If S' is the initial intensity produced by n pipes, 
S the intensity produced by one pipe, the time of reverberation 
for n pipes, and the time of reverberation for one pipe, then 

. _ 4F iogw 

Plotting logn against gives a straight line, and the slope 

of this line multiplied by 4F/c gives the absorption of the chamber. 
As the absorption varies with the frequency, this must be done for 
several frequencies, and the method adopted by P. E. Sabine * at the 
Riverbank Laboratories used the frequencies 128, 256, 512, 1024, 
2048, 4096. 

Taking the equation for a single source, we have 

S U'r 


AcEn 


iS AcT^ 


. ^ „4F, 4E 

^ Joum, Frankl. Tnst.^ Vol. 207, p. 341 (1929). 
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This equation enables us to determine for this particular 

source and observer. The equation then enables us to plot time of 
reverberation against absorbing power, and hence from the time of 
reverberation to calculate the coefficient of absorption of any material 
placed in the chamber. 

The defects of the method are fairly obvious, but it yields un- 
expectedly good and consistent results. The measurement of the 
time of reverberation is a difficult one to make and requires absolute 
silence if the end-point is to be exactly marked. Further, as T is at 
the best small, great accuracy is impossible. Finally, it is open to the 
disadvantage of subjectivity with its inevitable uncertainty of judg- 
ment and possible variation of sensitiveness. 

A variation of the experimental method which has certain advan- 
tages is the substitution of a loud-speaker of variable output for the 
series of organ pipes. For a good-quality moving-coil loud-speaker 

E = kC\ 

where E is the sound output, C is the input alternating current, and 
i is a constant. We therefore have 

^^^4F/ logC,^-logCA 

c \ i\ — / 

This gives a much wider range of initial intensity. 

With a view to eliminating imcertainties involved in judgments 
by ear several modifications of the method have been adopted. Wente 
and Bedell * have used a relay and chronograph. In effect this involves 
the use of a microphone, the amplified current from which attracts 
an armature. When the current falls below a certain value the armature 
is released and a record made on a revolving drum. The paper on 
the drum can thus be made to give a record of the time taken to fall 
from the initial value to another set by the sensitiveness of the armature. 
In this experiment it is this second value that is varied. Instead of a 
variable initial intensity produced by from one to four pipes and a 
constant final intensity fixed by the threshold of audibility, we have 
a fixed initial intensity and a variable final intensity produced by 
varying the sensitiveness of the instrument. Other automatic methods 
dispensing with the ear have been used by Norris, f Hunt % and others. 

Measurements have also been made by using an oscillograph to 
record the actual decay of sound in a room. The fluctuations of in- 
tensity make it difficult to obtain exact data, but by taking special 
precautions Chrisler and Snyder § obtained curves of decay which 

* jfoum. Amer. Soc. Acoust,^ Vol. i, p. 422 (1930)* 

tyottm. Amer, Soc, Acoust.^ Vol. 3, p. 361 (1932). X Ibid., Vol. 5, p. 127 (i 933 )» 

§ Bt/f. Stands. Journ. Res., Vol. 5, p. 957 (i93o)* 
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proved to be logarithmic and used these to check the results obtained 
by ear. Fig. 19.9 shows how close the values of A lie for the various 
frequencies from 128 to 4096. 

It is possible, of course, to determine A by quite a different relation- 
ship. We may use a source of known output and measure the maximum 
energy-density in the enclosure when the source is sounding. Since 


P. 

A 


Ac’ 

cP 

\E' 



60 IZS 256 512 1024 2m 40% 

FrcqiLtnzy 


Fig. 19.9, — Comparison of absorption measurements by ear and by oscillograph 


Now add the new absorbent A' and we shall get a new value J? 
for the maximum energy-density. Then 


4 + ^' = 


\E' 


A' 



P'/P is calculated from i'/I, the ratio of the intensities, which 
can be measured by any of the methods outlined in Chapter XI. This 
method of determining A' has the advantage of eliminating the ear. 
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Table X 


Absorption coefficients of various Materials 


Material 

Frequencies in cycles/sec. 

250 

600 

1000-2000 

Ordinary wall and ceiling surfaces: 




Lime plaster . . 

0-02-0*03 

0-03-0-04 

0-03 

Hard plaster . . 

001-0-02 

0-01-0-02 

0-02-0-03 

Unpainted brick 

0-03 

0-03 

0-05 

Wood-panelling, 3-ply 

0-01-0-02 

0-01-0-02 

0-01-002 

Curtains : 




Cretonne 

— 

0-15 

— 

Medium weight 

— 

0-2-0-4 

— 

Heavy, in folds 

— 

0-5-1 -0 

— 

Floor coverings : 




1 Wood block in mastic 

0-03 

0-06 

0-10 

Cork carpet, ^ in. thick 

0*03 

0-07 

0-20 

Porous rubber sheet, i in, thick 

0-05 

0-05 

0-20 

Axminster carpet, J in. thick 

0-05 

0-10 

0-35 

„ „ on J in. felt under- 




lay 

0-15 

0-40 

0-65 

„ „ on i in. rubber 




underlay 

o-or> 

0-20 

0-45 

Turkey carpet, J in. thick 

0-10 

0-25 

0-30 

„ „ on i in. felt underlay 

0-30 i 

0-50 

0-65 

Special absorbents: 

Acoustic plasters in, to 1 in. thick) 




on stone 

0-15 

0-25 

0-30 

Fibre boards, plain, i in. thick, on 




battens 

0-30-0-40 

0-30-0-35 

0-25-0-35 

Medium efficiency tiles, on battens . . 

0-40 

0-40 

0-50 

High efficiency tiles, with perforated 




surfaces, on battens 

0-50 

0-80 

0-85 

Acoustic felts, 1 in. thick, perforated 




covers on hard surface 

0-30 

0-70 

0-80 

Acoustic felts, J in. thick, on battens 

0-25 

0-45 

0-70 

Wood wool-cement board, 1 in. thick, 




on battens . . 

0-30 

0-60 

0-70 

Sprayed asbestos, 1 in. thick 

0-50-0-60 

0-65-0-75 

0-60-0-75 

Slag wool or glass silk about 2 in. 




thick, on battens . . 

0-70 

0-85 

0-90 

Cabot quilt, 3-ply, 2 layers . . 

0-40 

0-70 

0-70 
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Material j 

Frequencies in cycles/sec. 

250 

500 

1000-2000 

Individual objects in open window 




units (ft.): 




Audience per person . . 

4-3 

4-7 

50 

Chairs, bent ash 

0-16 

0-17 

0-21 

Cushions, hair, 2| sq. ft. under canvas 1 




and plush . . 

M 

1-8 

1-6 


but it has the same disadvantages as all instrumental methods of 
determining the average sound intensity throughout a volume. 

Table X exhibits the results of measurements, mostly based 
on work done at the National Physical Laboratory. These resulj.s 
are in fair agreement with similar figures from other laboratories, 
but methods of measurement must be more carefully standardized 
before close agreement can be expected.* 

If comparative measurements are sufficient they can be very 
quickly and accurately made by a method f used by the Electro- 
acoustical Engineering Co. of America. The reverberation chamber 
with the usual highly reflecting walls is built with a recessed cavity 
about 4 ft. wide, 6 ft. deep, and extending the whole height of the 
chamber. Over the front of this cavity there slides vertically a solid 
steel shutter made of 2-in. planks covered with ^-in. polished steel 
plates. The cavity is tilled with absorbing material, loosely packed 
near the shutter and more densely packed near the wall remote from 
the opening, so as to form an almost complete absorber for all wave- 
lengths. A sample of the material is introduced into the room with the 
shutter closed and the intensity of sound at the microphone is read on 
the amplifier output meter. After the reading is noted the sample is 
removed and the shutter is opened until the meter reading is the same 
as with the sample present. If the sample is always of a standard size 
it is obvious that the shutter can be graduated so as to read percentage 
absorption direct. In this method it is not necessary to know the total 
absorption of the chamber. Here again we are faced with the difficulty 
of determining the average intensity in the chamber and therefore of 
making that as uniform as possible. 

The highly reflecting walls produce a very marked and very com- 
plicated superposition pattern depending on the position of the source. 
The intensity therefore varies from point to point in a very marked 
way. Not only so, but the superposition pattern varies with wave- 
length and is different for each partial tone present. As the absorption 

•See Willig, yowrn. Amer. Soc. Acoust,, Vol. lo, p. 293 (1939). 

t Olson and Massa, Applied Acoustics, p. 332. 
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varies with pitch the relative importance of these partials varies pro- 
gi'essively. Finally, the sporadic changes in intensity which occur 
at any one point during the decay of sound in a room are very marked 
and make the regular decay curve difficult to disentangle. To eliminate 
these difficulties the following precautions are adopted: (a) observa- 
tions are made at a number of points, (6) a large slowly revolving steel 
mirror is used to produce a cyclic change of the interference pattern, 
(c) the source is a “ warble ” tone, the frequency varying cyclically 
between two limiting frequencies, (d) the source is made to revolve 
slowly.* 

In reverberation measurements it is usual to assume that there 
is no reaction on the source, i.e. that its output is independent of its 
position and of the absorption in the room. Under the conditions out- 
lined above this is probably true. It is further assumed that absorption 
is a surface effect and not a volume effect. That this is not stricily 
true has been shown by Knudsen.t It appears that for comparatively 
low frequencies the volume absorption is negligible, but that for 
frequencies over 2000 it depends on relative humidity. 

7. Time of Reverberation and Acoustic Design. 

We are now equipped with the data required to calculate the time of 
reverberation as defined by either of the two formulae already given. 
As most buildings are relatively ‘‘ live ”, i.e. have a small average co- 
efficient of absorption, the simpler formula of W. C. Sabine gives us 
a sufficiently close approximation. A typical calculation by Bagenal J 
for Queen’s Hall, London, is shown below. 

The volume referred to is of course the air volume contained by all the bound- 
ing surfaces of the room and is calculated from the internal dimensions. The 
volume per scat is shown because of its value as an index of acoustic conditions. 
The larger this figure the greater the time of reverberation tends to be and the 
less satisfactory the acoustic conditions. The first two columns in the above 
table give the nature of the surface; the third column gives the area in square 
feet in the case of surfaces or the number in the case of chairs or persons ; column 
4 gives the coefficient of absorption; column 5 is the product of 3 and 4 and givet, 
the number of “ open window units ” of absorption (O.W.U.). Column 6 gives any 
reason known for adjusting the figures in column 5; and column 7 gives the net 
value of the absorption. It will be noted that, allowing 10 per cent for the shading 
of the floor by chairs and 25 per cent for the sound transmitted by the glass, the 
total permanent absorption is 5684. Adding the orchestra and choir, we get 
rehearsal conditions, 7282. For the audience we subtract the absorption per 
seat from the absorption per person and get total absorption with one-third of 
the seats full, 9577, and with all seats full, 14,170. From these values of the total 
absorption the corresponding times of reverberation are calculated. 

• Knudsen, Phil. Mag.j Vol. 5, p. 1240 (1928). 

Journ. Amer. Soc. Acoust., Vol. 3, p. 126 (1931). 

I Bagenal and A. Wood, Planning for Good Acoustics^ p. 112 (Methuen, 1931). 
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Queen’s Hall 

Volume 422,000 c. ft. Seating 2026. Volume per seat audience 208 c. ft. 


Absorbent 

Remarks 

Area 
(sq ft.) 
or 

Number 

Coefficient 

Absorp- 

tion 

O.W.U. 

Adjustment 

Nei: 

Absorp- 

tion 

O.W.U. 

Hard plaster 

Early fibrous on 
wood 

19,400 

0025 

485 

— 

485 

Glass 

Responds to low 

1,000 

0027 

27 

Add 25 

34 


tones 




per cent 
for trans- 







mission 


Vents 

— 

180 

0*5 

90 

— 

90 

Wood panel- 

Responds to mid- 

5,080 

01 

508 

— 

508 

ling 

die and upper 
middle tones 






Dado linings 

Corrugated 

1,500 

01 

150 

— 

150 


fibre 






Oil-painted 

Muffled middle 

1,200 

012 

144 

— 

144 

canvas 

tone 






over wood 
Wood floor 


11,250 

006 

675 

Less 10 

608 

and stag- 





per cent 


ing 





for shad- 
ing 


Carpeting 

Large part on 

4,790 

0-2 

958 


863 


felt mat 






Linoleum 

Balcony only 

3,280 

0-03 

98 


89 

on wood 
Organ case 

Pipes, wood. 

1,000 

0-08 

80 


80 


small curtains 






Upholstered 

Horsehair and 

2,026 

Average 

2633 

— 

2633 

seats 

cloth half 


1-3 per 





backs, 1200 
with arm pads 


seat 







Total permanent absorption 

, 5684 

Average 

On wooden 

90 

Per 

423 

— 

423 

orchestra 

chairs 


person 

47 




Average 

On staging 

250 

47 

1175 

— 

1175 

choir 






Audience 

Coefficient 

2026 

3-4 

6888 

— 

6888 

full 

4-7 — 1-3 






Audience 

*» 

675 

3*4 

2296 

— 

2295 

one-third 






1 


Time of reverberation ; 

Hall empty (-06 X 422,000)/5684 = 3-7 sec. 

Rehearsal conditions (-05 X 422,000)/7282 = 2-9 sec. 

One-third audience (*06 X 422,000 )/9577 = 2*2 sec. 

Full audience, choir and orchestra ( 05 X 422,000)/14,170 =» 1*6 sec. 
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Clearly the formula puts us in a position to correct a room in 
which the reverberation is considered excessive by the introduction 
of an appropriate amount of absorbent applied to walls or ceiling. The 
procedure will be clear from an actual case, that of the University 
Examination Hall at Cambridge. Built originally to accommodate 
candidates in University Examinations, it came to be used also for 
lectures, especially in connexion with the Summer Schools held under 
the auspices of the Extra-mural Board. With large audiences con- 
ditions were quite tolerable, but with small or medium audiences the 
conditions were very difficult, especially for foreign students. The 
following table indicates how the absorption of the various surfaces 
was calculated. 


Reverberation before Correction 
Vol. 162,000 c. ft. Seating 1000. Vol. per seat 162 c. ft. 


Absorbent 

Remarks 

Area 

(sq. ft.) or 
Number 

Co- 

efficient 

Units of 
Absorp- 
tion 

o.w.u. 

Adjustment 

Net No. of 
Units of 
Absorption 
O.W.U. 

Hard plaster 

Lime plaster 

10,40(i 

0025 

260 



260 

ceiling and 

distempered 






part walls 







Cflass 

— 

1,260 

0027 

34 

— 

34 

Wood 

Oil painted 

3,370 

0-06 

202 

— 

202 

panelling 







Floor 

Cork 

5,400 

004 

216 

Less 10 per 

195 






cent for 






i 

shading 


Wood chairs 

- 

1,000 

01 p€*r 

100 

— 

100 




chair 






Total permanent absoiption . . 

.. 791 

Full audi- 

On wood 

1,000 

4-7 less 

4600 



4600 

ence 

chairs 


0'l=--4-6 




Half audi- 

>» 

500 


2300 

__ 

2300 

ence 








In this case the volume of the hall is 162,000 c. ft., and if wc calculate t, the 
time of reverberation for full audience and half audience from the simple formula 
already given, 

/ = 0 05 VIA, 

we get 

t for full audience 1*6 sec.; 

t for half audience 2*6 sec. 

Thus the time of reverberation was satisfactory for a full audience but excessive 
for a half audience, and this accounted for the numerous complaints received 
when the hall was used as a lecture-room, especiaUy with small audiences. 
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A wall treatment was recommended rather than a ceiling treatment, for 
reasons of cost. The available wall area above the wood panelling of the room 
amounted to 2040 sq. ft., and on this was placed, in the form of largo panels, two 
layers of triple-ply Cabot quilt, screened with canvas and distempered. The 
treatment is practically invisible, and the above table has now to be modified 
as follows: 

Hard plaster 10,400 less 2040 0 026 

8300 sq. ft. 

Tri})le-ply quilt, two layers 2040 sq. ft. 0*7 

and canvas 

Remainder as in above table 
Total p(irma.nent absorption 

t for full audience 1-2 sec.; 

t for half audience 1*8 sec. 

'^I'liis gives good audibility witli a full audience and a very marked improve- 
ment for smaller audiences. The hall is also used on occasions for music and is 
considered good. 


209 units 

1428 units 

631 units 
2168 units 


It will at once be apparent that all the data required for a cal- 
culation are available in advance of actual construction, and that 
therefore it is possible to design in advance instead of building first 
and correcting afterwards. It is essential, however, that we should 
know what time of reverberation to aim at. We might expect that 
for public speech a very short time of reverberation would be preferred. 
This would avoid overlap of syllables and give clear articulation. 
This is the condition found in the open air, where reverberation is. 
absent and the only difficulty which faces a speaker is that of gener- 
ating sufficiently intense sounds to reach the whole of his audience. 
Incidentally, it may be noted that the Greek and Roman theatres, 
avoided the difficulties of reverberation by being open to the heavens, 
and this partly accounts for the high praise which their acoustic qualities 
have quite rightly w on. But a speaker does not prefer these conditions, 
either in the open air or in a highly absorbing room. The room appeara 
to him to be “ dead ”, and he misses the sense of power which a little 
reverberation gives him. He has to work harder to produce the same 
loudness. 

The most acceptable conditions for speaker and audience seem to* 
correspond to a time of reverberation of about 1 sec. for small rooms^ 
increasing to 1-6 sec, or even 2 sec. for large rooms, where in any 
case speaking tends to be more deliberate. The rapidity of speech 
is of course very important, and by speaking slowly and not too loudly 
a speaker can make himself intelligible in a room with a time of rever- 
beration far above the preferred value. An attempt has been made 
to estimate “ articulation ” numerically, the percentage articulation 
being the percentage of meaningless syllables correctly heard in an 
auditorium by the average observer. The syllables are called in groups. 

(F7dl) 19 
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of three by a speaker and recorded by a group of observers. Knudsen * 
has done this for a nunaber of rooms similar in shape and varying 
in volume from 200,000 to 300,000 c. ft., with the results shown in 
fig. 19.10. 

This is not of course directly applicable to connected speech, where 
a large proportion of the syllables wrongly recorded would have been 
rightly inferred from their context. Tests made by Fletcher f indicate 
that 70 per cent articulation corresponds to 98 per cent intelligibility, 



Fig. 19.10. — Cxroup of curves showing how the loudness of a speaker’s voice affecta 
the hearing of speech in auditoriums. These curves are for an auditorium having a 
volume of 400,000 cu. U. 

(a) Speech amplified ; (b) Loudest speaker in this series ; (c) Moderately loud speaker ; 
(d) Average speaker ; (e) Moderately weak speaker ; (f) Weakest speaker in this series 


while 80 per cent articulation gives 99 per cent intelligibility. It seems 
fair to conclude, then, that, given a speaker sensitive to the conditions, 
a time of reverberation of 2-5 sec. is manageable. These results are of 
course dependent to some extent upon loudness, as is seen in fig. 19.10. 
The stronger the source, the shorter is the value of the time of rever- 
beration which gives the highest percentage articulation. The effect 
of reverberation is also seen in fig. 19.11, which gives some results of 
Knudsen (loc. cit.). 

The matter of musical taste is not less important. We can approach 
the quest for the preferred time of reverberation either by attempting 


jfoum, Atner. Soc. Acoust.^ Vol. i, p. 57 (1939). f Speech and Hearing^ p. 266. 
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to adjust various rooms to suit musical taste or by calculating the 
time of reverberation for a series of rooms pronounced good for tlieir 
purpose by qualified musical critics. W. C. Sabine used both methods. 
He nrranged for ilic performance of a selec^tion of pianoforte pieces 
in ii series of five difierent. rooms b(‘fore a group of experts. Each 
room was then adjusted by adding or riunoving absorbing material 
uni/il 1 h(‘ experts pronounced it just right. He found that musical taste 
was unexpeel (‘dly aeeurat-e, the calculated time of reverberation in 
each case lying between 0*95 and 1*05 sec. The other experiment he 
carried out in connexion with the d(^sign of a ru^w concert room at 
Boston, Expert opinion settled on the Leipzig Gewandhaus as the 



lO.n. — C'urves showing the interfering effect of reverberation upon the hearing of speech 

Tlie lowti cur^c represent.s the most probable fit with the observed data. 'Fhe upper curve 
has been corrected for loudness, and corresponds to a loudness of 70 db. 


best concert room in Europe, and having calculated its time of rever- 
bcTation he set himself to design the new concert room with the same 
time of reverberation. The experiment was a complete success and 
the new concert room which he designed has earned high praise. 

It seems obvious that different types of music will demand different 
times of reverb(u*ation. When the music depends for its effect on 
precision of detail, as commonly in chamber music, a short time of 
reverberation seems indicated, but with music depending on massive- 
ness and })ower, as in the case of choral and organ music, a longer 
time of ixiverberation is called for. Musicians and singers, like speakers, 
demand some reverberation and strongly resent having to perform 
in a room which is acoustically dead. There are grounds for think- 
ing that in this matter tJi(‘ taste of the artist and of the audience is 
not identical, and that for this reason it is desirable to surround the 

(fT'U) 19* 
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artists with highly reflecting surfaces and to introduce the required 
absorbent at the farther end of the room. In fig. 19.12 the times 
of reverberation for a number of well-known buildings are plotted 
against the cube root of the volume. The time of reverberation is 


Rjeverbtration Tune in Seconds 



calculated for full audience and frequency 512. The points all lie in a 
comparatively narrow band and represent a strong case for the con- 
tention that there is at least an “ acceptable range of reverberation 
times a phrase which P. E. Sabine urges in preference to the 
commonly used term “ optimum time of reverberation 

The Hastings White Rock Pavilion is an example of a building 
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in the design of which acoustic requirements were regarded as of con- 
siderable importance. The analysis is as follows: 


Absorbent 

Remarks 

Area 
(sq. ft.) 
or 

Number 

Coefficient 

Absorp- 

tion 

O.W.U. 

Adjustment 

Net 

Absorp- 

tion 

O.W.U. 

Plaster, 

hard 

Keene’s or 
fibrous 

22,500 

002 

450 

— 

450 

Wood, plat- 
form floor 
and stag- 
ing 

Oak 

1,175 

006 

70-5 

Less 10 
per cent 
for shad- 
ing by 
players 

63 

Wood, panel- 
ling round 
orchestra 

Oak, J in. 5-ply 
panels, 2-in. 
air space 

526 

01 

52-6 


52-6 

W(Jod, doors 

Oak, 2-in. 

774 

006 

46-4 

— 

46-4 

Glass, lay- 
light and 
windows 


224 

0027 

6 


6 

Carpet area 
on ground 
floor pro- 
menades 

Five-frame Wil- 
ton on thick 
under- mat 

9,600 

0-25 

2400 

Less 10 
per cent 
for shad- 
ing by 
seats, &c. 

2160 

Curtains 

Thin 

224 

015 

33 

— 

33 

Vents 

— 

100 

0-5 

50 

— 

50 

Upholstered 
seat, arms 
not uphol- 
stered 

Goat liair 

i 1,400 

17 

per seat 

2380 


2380 

Settees, 
large up- 
holstered 

Seating each 5 
people 

15 

20 units 
each 

300 


300 


Total permanent absorption . . . . 5541 

Audience full Take coefficient 1400 3 0 4200 — 4200 

at 4-7 -1-7 = 

3*0 

Audience 466 3*0 1398 — 1398 

one- third 

Rehearsal Neglect plat- 40 4*7 188 — 188 

average form chairs 

orchestra 

Volume 280,000 c. ft. Volume per seat of audience 200 c. ft. 

Full audience 1-44 sec. 

Audience and orchestra 1-4 „ 

Rehearsal 2-44 „ 

Hall empty 2*5 „ 

The time of reverberation with the hall full is only 1*4 sec., falling on the lower 
limit of the reverberation values given in fig. 19.12. This provides clear speech 
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conditions, and to maintain those conditions with a small audience upholstered 
seats and thick carpeting are provided. As a result of this the total variation 
between hall full and hall empty is only about 1 sec. 

Recording and broadcasting studios present a very special problem. 
They involve at the moment of reproduetion a single channel from 
the source and so are in a sense equivalent to monaural listening, 
as contrasted with binaural listening where the sound is separately 
conducted from the source to each of the two ears. Now binaural 
listening seems to enable the observer to deal successfully with a 
greater amount of reverberation, perhaps because location of the 
direction of the source is facilitated and therefore discrimination betweeji 
direct and reflected sound is made easier. This suggests the desirability 
of a shorter time of reverberation. 

In addition to this the reverberation in the studio is reproduced 
and superimposed on the reverberation in the listening room or picture- 
house, which almost suggests the desirability of eliminating the rever- 
beration completely. 

As a matter of fact, in the early days of broadcasting this was 
attempted, and the performers were j)laced in rooms so dead ” that 
artistic satisfaction w^as impossible. Not only did the ‘‘ dead ” room 
seem oppressive, but it was realized that reverberation considerably 
eased for singers and orchestra the strain of keeping in tune. For this 
reason there was developed the ‘Mive and “dcad^’-end studio in 
which the artistes are placed in one end and all the absorbent in the 
other. 

So far as musical recording is concerned, there seems to be no neces- 
sity for a very low time of reverberation. Successful records have 
been made by the Philadelphia Symphony Orchestra in an empty 
hall for which the time of reverberation was 2*3 sec., and P. E. Sabine * 
tells how he was able to vary the time of reverberation of a broad- 
casting studio from 0*25 sec. to 0*64 sec. in three steps. Of the listeners 
16 preferred the shortest time of reverberation, 32 the medium time, 
and 73 the longest time (which, of course, is still short). 

In general, however, there seems to be no doubt that on the one 
hand a fairly short time of reverberation is desirable, and that on the 
other hand there are objections to excessive absorption. It has been 
suggested f that the effect of diminished reverberation may be obtained 
by changing the proportion of direct sound to reflected sound. There 
are two ways in which this may be achieved. One is to place the 
artistes near to the microphone — a practice which bristles with diffi- 
culties. The other is to use a directional microphone which will dis- 
criminate between the sound direct from the source and the sound 


* Acoustics and Architecture^ p. i68 (McGraw-Hill, 1932). 
t Olson and Massa, Applied Acoustics^ p. 343. 
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reflected from surfaces and constituting the reverberation. The latter 
plan has given good results. 



Fig. 19.13. — Optimum volume of studio 
(a) Maximum number of performers; (b) Optimum number of performers 


In these matters the experience of the B.B.C. is of great value, 
and the results of this experience together with an account of experi- 



Fig. 19.14. — Optimum reverberation time for studios (based on data due to F, R. Watson) 


ments on coefficients of absorption have been given by Kirke and 
Howe.* In the matter of time of reverberation at the standard fre- 


jfourn. Inst. Elect. Eng.^ Vol. 78 , p. 404 ( 1936 ). 
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quency of 512, B.B.C. design is based on curves given by F. R. Watson.* 
The need for varying sizes of studio is imposed by the need for different 
types of musical performance, and fig. 19.13, based on a graph first given 
by Watson, shows the relationship between size of studio and number 
of performers in the form in which it is given by Kirke and Howe. 
Fig. 19.14 shows the corresponding relation between size of studio and 
time of reverberation. Another matter of great importance is the 
best form for the reverberation /frequency curve. For a time the 
‘‘ straight-line absorption ” was aimed at, i.e. efforts were made to 
secure equal absorption at all frequencies. The studios which without 
exception have proved the most satisfactory, however, have had a 



Fig. 19.15. — Reverberation characteristic of Cardiff studio 


reverberation/frequency curve of the form shown in fig. 19.15, which 
refers to the Cardiff studio. The absorption is relatively constant up 
to a frequency of 600 or 700 and then increases slightly in the range 
of higher frequencies. 

8. Other Conditions for Good Acoustics. 

We have so far treated reverberation as the only important factor 
in acoustic design and have neglected entirely the shape of the room. 
For small rooms reverberation is the main factor to be considered. 
In large rooms, however, the general design is important, and we 
ought to aim at securing three conditions: (1) adequate loudness, 
(2) imiform distribution, (3) absence of echoes. 

The importance of adequate loudness has been investigated by 
Fletcher, and his results are shown in fig. 19.16. It will be seen that 
speech is most easily intelligible when the sensation level is about 
75 decibels, which is greater than that for ordinary conversation. If 


• Acoustics of Buildings (Wiley, 1923). 
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the sensation level lies between 50 db. and 110 db. the articulation is 
90 per cent, which is entirely satisfactory. Below 50 db. the articu- 
lation drops off rapidly as the loudness is diminished. 

Measurements of the loudness actually attained by speakers have 
been made by Knudsen,* and he has deduced from these measurements 
the power output of the speakers. Thus if J? is the average energy- 



Fig. 19.16. — Articulation and loudness. The figures were originally given 
in terms of sensation level and this measurement has been retained 


density of the sound in the hall during a speech and S is the cor- 
responding sensation level which is measured, then 

-S = 10 logio 

where is the minimum audible energy-density for speech. 

Knowing S and Eq, we can calculate E, and then since E = 
iEjAc, we can calculate E^ the power output of the source. 

For five speakers in a room of volume 770 c. m. the average power 
ranged from 4*5 microwatts to 66-2 microwatts, the average for the 
five being 27*4 microwatts, and the average sensation level attained 
was 50*7 db. With eight speakers in a room of larger dimensions the 
average power output was 48*9 microwatts and the average sensation 
level 45*7 db. Thus although the speakers increased their output, 
they did not succeed in attaining the same sensation level, 

• Journ. Amer. Soc. Acoust.^ Vol. i, p. 56 (1929). 
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Adequate loudness is secured by the reflecting properties of the 
walls, floor and ceiling. Without reflectors the carrying power of the 
unaided human voice is comparatively poor. Andrade * refers to an 
experiment by M. Gustave Lyon, the designer of the Salle Pleyel in 
Paris, in the course of which two observers were suspended below 
two small balloons in mid-air and, being deprived of all reflecting sur- 
faces, found it impossible to communicate with one another at distances 
exceeding about II metres. This figure seems unreasonably low, but 
everyone who has spoken in the oj)en air is alive to the value of reflecting 
surfaces. A wall behind the speaker economizes effort tremendously. 



and the excellence of the Greek theatres, to which reference has already 
been made, though due in part to the absence of reverberation, is also 
due in part to their effective use of reflecting surfaces. The reconstruc- 
tion of the Stage House at Oropos showed that the actors had a 
reflecting wall behind them and another excellent reflector in the large 
paved area in front, from which the sound was sent up over the tiers 
of the auditorium. 

In a rectangular hall it is obvious that each of the six bounding 
surfaces gives rise to a sound image of the source, and these images 
in turn act as sources, each producing a new set of secondary images, 
and so on. The application of the principles of geometrical optics to 
the design of an auditorium suggests modifications in the rectangular 
shape. If we consider, for instance, the section in fig. 19.17, it will be 
apparent that I^ is the image of S in the ceiling, and that the useful 

^Nature, Vol. 130, p. 332 (1932). 
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part of the ceiling for reinforcing sound at the back of the hall is CD. 
If we introduce a splay AB, we substitute a useful reflecting surface 
for the comparatively useless part AE of the original ceiling and get 
a useful beam under the gallery. The phenomenon is of course very 
gn'atly modified by diffraction, but the advantage of applying these 
principles to design is established. A glance at fig. 19.17 will convince 
us that there is a similar case for side splays on plan. Two develop- 
ments of the design suggest themselves — the fan -shaped plan where 
the side walls are all splay, which has been found very satisfactory, 
and the paraboloid reflector, as used at the Hill Memorial Hall, Ann 
Arbor, Michigan. In this case the whole back ceiling and side walls 
in the neighbourhood of the speaker form an immense paraboloidal 
reflector with the speaker at the focus. The reflected beam is uniform 
and passes to the back of the hall, where it is absorbed as completely as 
possible at the rear wall. The result is good speaking conditions with 
accommodation for an audience of 5000. The disadvantages are: (1) 
even with the large-scale reflector the area wdthiri which a speaker can 
stand is limited, and (2) all the incidental noise in the auditorium 
is focused on the speaker. If this type of design is to be cflective 
it must, owing to diffraction effects, be designed on a generous scale, 
and it is ap})licable only in cases where all the speaking is done from 
one point. Th(‘ problem presented by a council chamber or debating 
assembly can only be solved by a reflector equally effective for speakers 
in all parts of the hall, and this is best achieved by a low flat ceiling. 

Concave surfaces always tend to give uneven distribution of sound, 
and henc*e if they are desired for artistic reasons they must be very 
carefully planned. The circular plan is never very good from the 
acoustic point of view, and the domed ceiling or barrel-vault ceiling 
must have a curvature suitably designed. If a domed ceiling has a 
radius of curvature nearly equal to its height at the centre, then soimd 
from a source at floor level will be focused again on the floor level. 
If, on the other hand, the radius of curvature is twice the height, a 
fairly uniform distribution of sound at floor level will be obtained. 
Similar considerations will apply to the barrel-vault ceiling. 

In all cases of reflection the difference in the time of arrival at the 
position of an auditor of the direct and reflected sounds is a very 
important consideration. Reverberation may be regarded as a con- 
tinuous succession of echoes giving the sensation of an uninterrupted 
sound of diminishing intensity. A strong reflection occurring at a 
sufficiently long interval after the direct sound, however, gives the 
impression of a distinct echo and is very disturbing. To avoid this 
the time interval must not exceed about 1/15 sec., and therefore the 
path difference must not exceed about 80 ft. This means that reflections 
from the back wall should be avoided if the length of the hall is much 
in excess of 40 ft. A combination of curved surfaces and long path 

(f791) 10** 
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dilferences is most troublesome; the Albert Hall provides a good 
instance of these defects. 

From this point of view one of the best examples of design is 
the Salle Pleyel in Paris, which is shown in section in fig. 19.18. 
The absorption at the back is made as complete as possible, and 
the whole design is intended to make the first reflections from the 



Fig. 19.18 


boundaries effective over as large an area of the auditorium as possible. 
The excellence of the acoustic result is generally admitted.* A more 
recent example of this kind of design is the Music Hall of the Rocke- 
feller Center, New York. 

9. Protection against Noise. 

The protection of buildings against noise is one of the most in- 
sistent problems of the architect. The use of new methods of con- 
struction and new building materials has intensified the problem and 
given rise to much disappointment and annoyance. 

In the case of oflSces, committee rooms, halls, churches, &c., on 
noisy sites there is the difficulty due to the actual masking effect of 
air-bome noises transmitted by the windows. Fig. 19.19 gives the effect 
of various noise levels in reducing the percentage articulation and 
interfering with the reception of speech. In the case of dwelling-houses 
there is the annoyance caused by the transmission of air-borne noises 
from outside and also, particularly in flats, the transmission from 
floor to floor and from room to room. The Department of Industrial 
and Scientific Research has given a good deal of attention to the problem 


Andrade, Nature^ Vol. 130, p. 332 (1932). 
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and has issued a publication containing general advice to architects 
and a valuable collection of statistics.* 

Noise invades a room in three ways: (a) by percolation of air- 
borne noise through interstices of the fabric or through openings; (b) 
by transmission due to diaphragm action of walls, floors, doors and 
windows; (c) by transmission due to structure-borne vibration, com- 
municated to the parts of a building through the air or through the 
ground or by direct impact, e.g. a footstep. 

With regard to (a), the amount of sound which will pass through a 
small crack or aperture is surprising. P. E. Sabine f quotes laboratory 
tests to show that a metal surface with the proper size and spacing 



Fig. 19.19. — Curve showing the interfering effect of noise upon the hearing of speech 


of holes in which the area of the perforations is only J of the total area 
can transmit 97 per cent of the sound falling on it and remain highly 
reflecting for light. This serves to emphasize the importance of tignt- 
fitting windows and doors if designed as protection against noise. 
With regard to (6), it has been shown that massiveness is the important 
quality for a defensive wall or partition. Much experimental work 
has been done on the transmission of noise through partitions. P. B. 
Sabine has used a method depending on the measurement of the time 
of reverberation in two chambers separated by various test partitions. 
The theory of the method has been discussed by Buckingham. J Direct 
measurements of transmission have also been made at the National 
Physical Laboratory by Davis and Littler.§ These and later experi- 
ments are discussed by Constable and Aston ||, who give results for 

• Building Research, Bulletin No. 14 (1933)* \Joum. Frankl. Inst, , Vol. 217, p. 443 (1934). 

X Scientific Papers of the Bureau of Standards, Vol. 20, p. 194 (1924-6). 

§ Phil, Mag., Vol. 7, p. 1050 (1929). ll Phil. Mag., Vol. 23, p. 161 (1937). 
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a great variety of materials. The measurements were made by using 
a loud-speaker as source in a highly absorbing chamber, and an ex- 
ploring microphone in another highly absorbing chamber, the two 
chambers communicating through an aperture which could be closed 
by the partition under test. When the sound reduction in decibels is 
plotted against the logarithm of the mass of the partition per square 
foot the graph is an almost perh^ct straight line at low frequencies 
and only slightly curved at high frequencies. Fig. 19.20 shows the 
results for a selection of common materials. The insulation of a If -in. 
brick wall amounts to about 48 db. If the thickness of the wall is 
doubled its insulation is only increased to about 53 db. On the other 



Fig. 19.20, — Relation between sound reduction in decibels and weight per square foot 
of single homogeneous partitions 

Sound reduction averaged for fiequenrie.s 200, 1500, 500, 700, 1000, 1600 and 2000 
cycles per second 


hand, two entirely separate 4J-in. brick walls would each give an 
insulation of 48 db. or about 96 db. in all. This suggests the use of 
non-homogeneous double or multiple partitions. The efllciency of 
these is very great if the components are entirely separate. If the 
air space between is bridged by numerous ties or filhid with insulating 
material the coupling thus provided may cause the stmctiu’e to vibrate 
as a whole, and as Constable has shown, this may for certain frequencies 
give even less insulation than either component singly.* 

Windows are of course a source of special difficulty. When they 
are open for purposes of ventilation sound enters freely. If the window 
faces on to a noisy site it must be kept closed and the necessary ventila- 
tion must be provided otherwise. The following figures are given by 
McLachlan.f 

• Proc. Phys. Soc., Vol. 48, pp. 690, 914 (1936). 
t Noise (Oxford University Press, 1935). 
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Noise in third-floor office in Fleet Street, London 


Source of Sound 

Condition 

Windows shut 

H V'cntdators 
and 1 window 
open 

All Ventilators 
and 5 windows 
open 

Microphone 

outside 

window 


phons 

phons 

phons 

phons 

Medium traffic 

(iO 

64 

69 

75 

Heavy traffic 

65 

73 

76 

80 

Buses starting 

69 

— 

— 

— 

Motor- horns 

70 

— 

t — 

82 


Double glazing adds greatly to the insulation efficiency, especially 
if there is a heavy mounting and a reasonable air space. The air, how- 
ever, may act as a coupling between the two planes and for low fre- 
quencies there is a spacing which gives minimum insulation. The 
results for a particular case are shown graphically in fig. 19.21. The 
following figures for 21-oz. glass are from Constable and Aston (loc. 
cit.), the reduction being given in decibels. 





Average sound reduction for frequencies 

Construction 

Mass in 
Ib./sq. ft. 

'rhitkness 
in inches 

20t) and 
.300 

500, 700 
and 1000 

1000 and 
2000 

200 , 800. 

.500, 700. 
1000, 16,000 
and 20,000 

Single glazing 

L3 

3 

3 2 

20 

27 

37 

28 

J)ouble glazingl 
at 8 in. ) 

2-6 


40 

52 

66 

53 

7 in. 


' 1 a 

36 

47 

62 

48 

6 in. 


iii's 

36 

50 

67 

51 

5 in. 

1 


35 

49 

64 

49 

3 in. 

1 


28 

52 

64 j 

49 

2 in. 


2 

23 

49 

64 

46 

1 in. 


J 1 6 

30 

42 

65 

42 

1 in. 


1 1 

1 6 

22 

36 

56 

38 

J in. 


7 

16 

23 

32 

52 

35 

¥ in- 


16 

24 

27 

50 

33 

1 


The protection of the various rooms in a house against noises 
originating in other rooms raises very much the same problems and 
requires very much the same treatment.* The most troublesome 
noises are structure-borne, i.e. carried from room to room through 
the material of the building. The conduction of sound is less efficient 

• A discussion of the results of a long series of tests is given in Building Research, Bui 
letin. No. 14 (D. S. I. K., 1933). 
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0 2 4 6 8 0 Z 4 6 8 

Seporahjon between sheets ( inches) SeparaUon between sheets (inches) 


Fig. lO.lil. — The influence of spacing of the components upon the noise insulating value 
of a double window of 21-oz. glass, showing a position of minimum insulation 




Sectional Blevaiion ^ Proposed new mrk 


Fig. 19.22. — Sectional plans of acoustics laboratory, National Physical Laboratory 
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through a discontinuous medium such as a wall of bricks set in lime 
mortar than along a more homogeneous material like concrete or steel. 
Where steel-frame construction is used it is particularly important to 
reduce transmission by the use of anti-vibration mats under stanchions 
and the sound insulation of joints at bearings. Unbridged air cavities 
between rooms are the most effective, but completely unbridged 
cavities are only possible in the case of two separate structures, each 
on its own foundation. This is the method of construction used in 
acoustical testing laboratories; fig. 19.22 shows the sectional plans for 
the building at the National Physical Laboratory. Reverberation 
can be measured in one room, transmission through a partition in 
the pair of rooms in the centre, and transmission through various 
floor and ceiling constructions by means of the upper and lower trans- 
mission rooms. 
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Absorption coefficients, 547. 

measurement of, 550. 

•— — table of, 554. 

Absorption, effect of frequency on, 648. 
Absorption in gases, supersonic, 130. 
Absorption in liquids, supersonic, 138. 
Absorption, intramolecular, 133. 

Acoustic correction of rooms, 558. 
Acoustic design of rooms, 556. 

Acoustic filters, 113. 

Acoustical conductivity, 105. 

Acoustical imj^edance, 104. 

Acoustical reactance, 105. 

Acoustical repulsion, 156. 

Acoustical resistance, 104. 

Ae‘.olian tones, 387. 

Aircraft, location of, 189. 

Airwaves from projectiles, 328. 
Amplitude, 13, 40, 54. 

— of eardrum, 462. 

— of forced vibration, 83. 

— measurement of, 300, 452. 

Analysis of sounds, 332. 

— by diffraction grating, 347. 

— by ear, 336. 

— by resonators, 345. 

— graphical, 341. 

— harmonic, 340. 

— heterodyne, 346. 

— of musical notes, 348. 

— of speech sounds, 351. 

— of vowel sounds, 351. 

Articulation and frequencies in speech, 

362. 

Asymmetric systems, 472. 

Attenuation by heat conduction, 127. 

— by heat radiation, 128. 

— measurement of, 129. 

— by viscosity, 125. 

Attenuation constant, 126. 

Audibility, abnormal, 169. 

Audibility and pitch, 129. 

— of distant sounds, 169. 

— threshold of, 460. 


Audiograms, 499. 

Audiometers, 486. 

Aural combination tones, 482. 

Aural harmonics, 472. 

Baffle plates, 141. 

Band- pass filter, electrical, 112. 

Bars, longitudinal vibrations of, 384, 417. 

— transverse vibrations of, 420. 

Basilar membrane, 459. 

Beats, 195, 490. 

— and dissonance, 490. 

— of combination tones, 481. 

— subjective, 491. 

BeU Telephone Laboratories, 308, 312, 
351, 467, 484. 

Bells, 463. 

Binaural beats, 490. 

Binaural compensator, 192. 

Binaural superposition, 188. 

Bird-call, 28. 

Blattnorphone, 610. 

Blowing pressure, 409. 

Boundary, free, 146. 

— rigid, 145. 

Bowed strings, 382. 

Broadcasting studios, 564. 

Broca tube, 139. 

Bureau of Standards, 205. 

Carbon microphone, 612. 

Cavitation, 291. 

Cell, photo-electric, 627. 

Cent, 316. 

Centi-octave, 83, 316. 

Characteristic impedance, 148, 290. 
Circular aperture, 217, 229. 

Circular membrane, 429, 434. 

Clarinet, 348, 408. 

Claude orthophone, 189. 

Closed pipes, 394. 

Cochlea, 469. 

— microphonic action of, 478. 483. 
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Combination tones, 478. 

aural, 482. 

beating of, 481. 

Compensator, binaural, 192. 

Compliance, 101. 

Composition of S.H.M.s, 178, 208. 
Condenser microphone, 613. 

Conductivity, acoustical, 105. 

Conical horn, 118. 

Conical pipes, vibrations in, 398. 

Comet, 360. 

Crova’s disc, 18. 

Crystal microphone, 619. 

Crystals, velocity of supersonic waves in, 

286 . 

Cylindrical pipes, vibrations in, 396. 

Damped membrane, 442. 

— oscillations, 47, 440. 

Deafness, 498. 

— temporary, 487. 

Decay of vibrations, 43, 60. 

Decay of sound in enclosure, 540. 

discontinuous, 641. 

Decibel, 464, 465. 

Decrement, logarithmic, 60. 

Diaphragm, circular, 434. 

Difference tone, 478. 

Diffraction, 11, 214, 218. 

— through a circular aperture, 217. 

— of light by supersonic waves, 273. 

— through a slit, 12, 214. 

Diffraction grating, 233, 348. 

Dilatation, 66. 

Direction of sound, perception of, 492. 
Directional effect of microphone, 620. 
Disc, Crova’s, 18. 

Disc, Rayleigh, 106, 306, 307, 308, 405, 
616. 

Disc, recording on, 604. 

— reproduction from, 622. 

Dispersion of sound waves, 136. 
Displacement diagram, 2. 

Dissipation of energy, 123. 

Dissonance, 196, 490. 

Distortion, 78, 472. 

Doppler’s Principle, 324. 

Double source, 200. 

Ear, asymmetry of, 474. 

— intensity sensitivity of, 460. 

— musical analysis by, 336. 

— pitch sensitivity of, 469. 

— structure of, 467. 


Echo, 143. 

— multiple, 144. 

Echo -sounding, 152, 225. 

Edge tones, 391. 

Electrical filters, 110. 

Electrical impedance, 97. 

Electrical oscillations, 95. 

Electrical reactance, 99. 

Electrical recording, 602. 

Electrical reproduction from disc, 624. 
Electrically -maintained forks, 320. 
Electrodynamic microphone, 617. 
Enclosure, decay of free vibrations in, 640. 

— discontinuous decay of sound in, 641. 
End correction for pipes, 406. 

Energy, dissipation of, 123. 

— of forced vibration, 87. 

— of plane waves, 287, 289. 

— of simple harmonic vibrations, 46. 

— of spherical waves, 293. 

— transfer of, 67. 

Energy-density of plane waves, 289. 

of spherical waves, 293. 

Exponential horn, 116. 

Feeling, threshold of, 462. 

Film, recording on, 606. 

— reproduction from, 526. 

Filters, acoustical, 113. 

— electrical, 110. 

— magnetostriction, 346. 

Filtered notes, pitch of, 363. 

quality of, 363. 

Finite amplitude, waves of, 70. 

Flame, manometric, 404. 

— sensitive, 29. 

— singing, 89. 

Flexural waves, 466. 

Flue pipes, 401. 

Flute, 349, 406. 

Fog, effect on transmission of sound, 161. 
Forced vibration, 76, 433. 

energy of, 87. 

of circular diaphragm, 434. 

normal functions, 436. 

phase of, 81. 

transients, 438. 

Forcing, double, 473. 

Fourier’s theorem, 337. 

Free boundary, 146. 

Free vibration, 76. 

Frequency, 13, 40, 54, 314. 

— absolute determination of, 319. 

— effect of temperature on, 406. 

— effect on absorption, 548. 
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Frequency, of resonator, 105. 

— by siren, 316. 

— by stroboscope, 318. 

Frequency range of speech, 361, 
Frequency standard, 320. 

Fresnel’s rule, 181. 

Fresnel zones, 229. 

Gauze tones, 92. 

Graphical analysis, 341. 

Graphical composition of S.H.M.s, 180, 

210 . 

Grating, diffraction, 233, 347. 

Green’s theorem, 238. 

Harmonic analysis, 340. 

Harmonics, 333, 336, 472. 

Harp, aeolian, 387. 

Hearing, theories of, 494. 

Heat conduction in sound waves, 127. 
Heat radiation in sound waves, 128. 
Helmholtz resonator, 103. 

Herschel tube, 185. 

Heterodyne analysis, 346. 

Heterogeneity, effect on sound trans- 
mission, 160. 

High-frequency waves, absorption in 
gases, 1,30. 

High-pass filter, electrical, 112. 

“ Hill and dale ” recording, 505. 

Horn (instrument), 360, 409. 

Horns, 114, 630. 

Hot-wire microphone, 231, 248, 303, 
404. 

Huygens’ Principle, 6, 11, 13, 214, 229, 
240. 

Hydrophones, 140. 

Image due to wave, 7. 

Impedance, acoustical, 104, 

— characteristic, 148, 290. 

— electrical, 97. 

— mechanical, 101. 

— of pipes, 108. 

— unit area, 148. 

Inharmonic partials, 335. 

Intense sounds, velocity of, 260. 
Intensity, 289, 290. 

— and loudness, 464. 

— measurement of, 296, 296, 297, 298, 
305, 311, 312. 

— perceptible increments of, 467. 

— of spherical waves, 294. 

— threshold of, 296, 460. 

Intensity sensitivity of ear, 460. 


Interference, 9, 184. 

— in plates, 206. 

Interferometer, supersonic, 258, 270. 
Intervals, musical, 314. 

Intra-molecular absorption, 133, 

Inverse square law, 6. 

Kundt’s tube, 254, 300. 

circulation in, 256. 

striae in, 255. 

with liquids, 268. 

La Courtine explosion, 173. 

Liquids, sound waves in, 136. 

— supersonic interferometer, 270. 

— supersonic waves in, 269. 

— velocity of sound in, 267. 

Loaded string, 47, 412. 

Location of sound, 492. 

— of aircraft, 190. 

Logarithmic decrement, 60. 

Longitudinal vibrations of rods and 

strings, 75, 384, 417. 

Longitudinal wave, 2. 

Loud-speaker horn, 530. 

Loudness, definition of, 464. 

— effect on pitch, 47 1 . 

— perceptible increments of, 467. 
Loudness scale, 468. 

Loud-speaker, moving-coil, 528. 

— moving-iron, 629. 

Low-frequency waves, 176. 

Low-pass filter, electrical, 111. 

Magnetic recording, 510. 

Magnetostriction filter, 346. 
Magnetostriction oscillator, 223, 323- 
Magnification duo to resonator, 106. 
Maintenance of forced vibrations, 94. 

— of tuning forks, 320, 322. 

Manometric flame, 404. 

Masking of sounds, 484. 

Mechanical impedance, 101. 

Mel, 471. 

Meldo’s experiment, 376. 

Membrane, basilar, 459. 

Membrane, circular, 429, 434. 

— damped, 442. 

— modes of vibration of, 4.30, 439. 
Membrane, rectangular, 431. 

Mersenne’s Laws, 368, 376. 

Microphones, 611. 

— calibration of, 307-311. 

— co-uparison of, 620, 622. 



592 


SUBJECT INDEX 


Microphone, carbon, 612. 

— condenser, 613. 

— crystal, 619. 

— directional effect of, 620. 

— electrodynamic, 617. 

— hot-wire, 231, 248, 303, 404. 

— moving-coil, 618. 

— Heisz, 613. 

— ribbon, 618. 

Microphone response, 621. 

Micropbonic action of cochlea, 478, 483. 
Modes of vibration of air in enclosure, 

640. 

of membrane, 430. 

of air in pipes, 395, 404. 

Moving-coil loud-speaker, 628. 
Moving-coil microphone, 618. 

Moving-iron loud-speaker, 529. 

Multiple echo, 144. 

Musical intervals, 314. 

Myriaphone, 188. 

National Physical Laboratory, 28, 37, 205, 
307, 487, 671, 676. 

Noise, 485. 

— definition of, 486. 

• — effects of, 487. 

— measurement of, 486. 

— protection against, 570. 

Noise levels, 489. 

Normal functions, 427, 436, 

derivation of, 444. 

Oboe, 348, 408. 

Ohm’s Law, 340, 476, 479. 

Oldebroek explosion, 175. 

Open-end correction, 263. 

Open pipe, 394. 

Organ pipes, 387. 

Orthophone, Claude, 189. 

Oscillations, electrical, 96. 

Oscillator, magnetostriction, 223, 323. 

— quartz, 220, 323. 

Overblown pipe, 401. 

Partial reflection, 8, 147, 160, 204. 

Partial tones, 333, 335. 

Partials, inharmonic, 336. 

Pendulums, Barton’s, 88. 

Penetration of sound in water, 137. 
Period, 40, 64. 

Phase, 40, 64. 

— of forced vibration, 81. 

Phase difference and quality, 364. 
Phillips-Miller recording, 509. 


Phon, 464. 

Phonautograph, 342, 601. 

Phonic wheel, 25. 

Phonodeik, 342. 

Phonograph, 342. 

Photo-electric cell, 527. 

Photography of sound waves, 35. 
Pianoforte action, 381. 

Piccolo, 407. 

Pick-up, 624. 

— moving-iron, 624. 

— crystal, 625. 

Piezo-electric effect, 220. 

Pipes, conical, 398. 

— cylindrical, 396. 

— effect of temperature on frequency of, 
405. 

— end correction for, 406. 

— flue, 401. 

— impedance of, 108. 

— organ, 387. 

— overblown, 401. 

— reed, 407. 

— underblown, 401. 

— velocity in, 250. 

Pistonphone, 310. 

Pitch, 314. 

— and audibility, 129. 

— and quality, 482. 

— effect of loudness on, 471. 

— of filtered notes, 363. 

— logarithmic measurement of, 316. 

— perceptible increment of, 469. 

— sensation scale of, 471. 

Pitch sensitivity of ear, 469. 

Plane waves, propagation of, 50. 

velocity of, 66, 242. 

Plates, interference in, 206. 

— thick, 452. 

— velocity of supersonic waves in, 281. 

— vibration of, 448. 

Plucked strings, 377. 

Position-finding at sea, 278. 

Potential energy of plane waves, 288. 
Power, source of sound, 312. 

— transmitted by piano waves, 290. 
Pressure amplitude, measurement of, 312. 
Pressure magnification of resonator, 106, 
Pressure of sound waves, 34, 154, 298. 
Pressure, blowing, 409. 

Prism, sound, 347. 

Production of vowels, 361, 369. 

Profile theory of vowel sounds, 360. 
Projectiles, air waves from, 328. 
Pulsatance, 55, 
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Quality, 332. 

— and phase difference, 363. 

— of filtered notes, 363. 

Quartz oscillator, 220, 323. 

Quincke tube, 186. 

lladiometer, 34. 

Kayleigh disc, 106, 305, 307, 308, 405, 
516. 

Keactancc, acoustical, 105. 

— electri(^al, 99. 

KectanguJar membrane, 431. 

Recording, 501. 

— on disc, 504. 

■ — on film, 506. 

— hill and dale ”, 505. 

— magnetic, 510. 

Phillips-Miller method, 509. 

— variable-density, 506. 

- variable-width, 608. 
l((‘(‘ds, 424. 

Heed ])ipes, 407. 

Hefleetiiig power, 205. 

Ih liec tion, 0, 8, 143, 145, 147, 160, 228, 
373. 

I vcf ruction of a wave, 8, 158. 

Ih'isz microphone, 513. 

Hepruduction from disc, 522, 624. 

— from film, 525. 

Repulsion, acoustical, 156. 

Resistance, acoustical, 104. 

Resisted simple harmonic motion, 47. 
Resonance, 76. 

— sharpness of, 78. 

— velocity, 85. 

Resonance theory of hearing, 496. 
Resonators, analysis by, 346. 

— - frequency of, 105. 

— Helmholtz, 103. 

Reverberation, 143, 638. 

- time of, 539, 642, 644, 646. 

Ribbon microphone, 618. 

Ripple tank, 23. 

Rods, longitudinal vibrations of, 76, 384, 
417. 

— velocity of sound in, 76, 280. 

^Savart, 316. 

Scattering, 8. 

Scebeck’s tube, 186. 

Sensation level, 466. 

Sensitive flame, 29, 

Sharpness of resonance, 78. 

Silent area, 169. 

Silvertown explosion, 171. 


Simple harmonic motion, 40, 46, 47. 

conqjosition of, 178, 208. 

Simple harmonic waves, 53. 

Singing flames, 89. 

Siren, 316. 

Slit, diffraction through, 12, 214. 

Slit tones, 391. 

Snell’s Law, 9. 

Solid, w aves in, 73. 

supersonic waves in, 282, 

Sound-box, 523. 

Sound-prism, 347. 

Sound-ranging, 263, 278. 

Sound-wave photography, 34. 

Sound waves, visible, 35. 

Source, doubk?, 200. 

— strength of, 199. 

Sp(^ech frequencies and artifailation, 362. 
Speech sounds, analysis of, 351. 

frequencies of, 361. 

Spherical waves, 59, 66. 

energy of, 293. 

energy-density of, 294. 

Standard tuning fork, 425. 

Standards, frequency, 320. 

Stationary vibration, 16, 196, 204, 249, 
253. 

Striae in Kundt’s tube, 255. 

Strings, bowed, 382. 

longitudinal vibrations of, 384. 
plucked, 377. 

— struck, 381. 

"-reflection of transverse waves on, 373. 
■ - transverse vibrations of, 366, 367, 
369, 371. 

Stroboscope, 318. 

Struck strings, 381. 

Subjective beats, 491. 

Submarine sound signals, 278. 

Summation tone, 479. 

Sujierposition, 9, 178. 

— binaural, 188. 

Supersonic generators, 220. 

Supersonic interferometer, 268, 270. 
Supersonic waves, 225. 

diffraction of light by, 273. 

velocity of, 257, 269, 281, 282, 285. 

Synthesis of vowels, 359. 

System of n degrees of freedom, 414. 

Tank, ripple, 23. 

Telcgraphonc, 610. 

Temperature and frequency of pipes, 405. 

frequency of tuning forks, 425. 

velocity of sound, 246. 
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Temperature gradient and sound trans- 
mission, 166. 

Tetra chord, 367. 

Thermophone, 308. 

Threshold intensity, 29<», 460. 

Threshold of feeling, 462. 

Tones, aeolian, 387. 

— combination, 478. 

— gauze, 92. 

— difference, 478. 

-- partial, 333, 335. 

— slit, 391. 

— summation, 479. 

TononifTer, 195, 318. 

Transients, 79, 438. 

Transverse vibrations of bars, 420. 

of strings, 47, 367. 

Transverse waves, 2. 

on strings, 366), 371. 

Trombone, 409. 

Trumpet, 409. 

3'uning-forks, 424. 

maintained, 320, 322. 

— standard, 425. 

— temperature coefficient, 425. 

Under blown pipe, 401. 

Undograph, 177. 

Unit area impedance, 148. 

Variable -density recording, 506. 
Variable-width recording, 508. 

\'elocity of sound, effect of intensity on. 
260. ' 

— effect of temperature on, 245. 

— effect of wind on 246. 

— at low temperatures, 262. 

— of piano sound waves, 55, 242. 

Velocity of sound in gases, 250. 

in liquids, 265, 267, 268. 

— in rods, 75, 280. 

in solids, 73. 

in s€;a-water, 266. 

long-distance measurements, 246. 

Velocity of supersonic waves in crystals, 
285. 

in gases, 257. 

in liquids. 209. 


Velocity of supersonic waves in plates,. 
281.' 

in solids, 282. 

Velocity-magnification ol re.sonator, 106. 
\'elocity resonance, 85. 

Vibrations, asymmetric, 472. 

— in conical pipes, 398. 

— in cylindrical pipes, 396. 

Vibrations, forced, 76, 433. 

Vibralion.s, free, 76. 

— of air columns, 393. 

— of membranes, 429. 439. 

— of plates, 448, 452. 

of rods, longitudinal, 417. 

— of rods, transverses 420. 

— stationary, 16, 196, 204, 249, 253. 
Vinycomb wave model, 15. 

Violin, 350. 

Viscosity attenuation, 126. 

Viscosity, kinematic, 126, 389. 

Viscous damping, 124. 

Vortices, 388. 

Vowel sounds, 351. 

profile theory of, 360. 

synthesis of, 359. 

Water waves, 2, 19. 

Wave equation. 55. 

Waves from projectiles, 328. 

— ill rods, 75. 

— in solids, 73. 

— of finite amplitude, 70. 
plane, 50. 

— • simple harmonic, 53. 

— spherical, 59, 66. 

Wave-front and ray, 4. 

Wave-length, 13, 65. 

Wave-length constant, 65. 

Wave models, 13. 

Wave-number, 55. 

Wheel, phonic, 25. 

Wind, effect on velocity of sound, 240. 
Wind gradient, effect on transmission of 
sound, 161. 

Work done in forced vibrations, 94. 

Zone plate, 232. 

Zones, Fresnel, 229. 
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